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FOREWORD

Measure concentration ideas developed during the last century in various parts of
mathematics including functional analysis, probability theory, and statistical mechanics,
areas typically dealing with models involving an infinite number of variables. After early
observations, and in particular a geometric interpretation of the law of large numbers by
E. Borel, the real birth of measure concentration took place in the early 1970s with the new
proof by V. Milman, relying on Lévy’s inequality (of isoperimetric nature), of Dvoretzky’s
theorem on spherical sections of convex bodies in high dimension. The inherent concept of
measure concentration emphasized by V. Milman through this proof turned out to be one
of the main achievements of analysis of the second part of the last century. It opened a pos-
teriori completely new perspectives and developments with applications to various fields of
mathematics. In particular, prompted by the concept and results, in the 1980s and 1990s
M. Talagrand undertook a deep investigation of concentration inequalities for product
measures, emphasizing a revolutionary new look at independence. Viewing namely ran-
dom variables depending (in a smooth way) on the influence of many independent random
variables (but not too much on any of them) as essentially constant led him to groundbreak-
ing achievements and striking applications. Particularly with the tool of celebrated convex
distance inequality, M. Talagrand developed applications to combinatorial probability, stat-
istical mechanics, and empirical processes. Simultaneously, the entropic method, relying
on an early observation by I. Herbst in the context of logarithmic Sobolev inequalities and
developing information theoretic ideas, became a powerful additional and flexible method
in the investigation of new concentration properties.

Since then, the concentration-of-measure phenomenon has spread out to an impressively
wide range of illustrations and applications, and became a central tool and viewpoint in the
quantitative analysis of a number of asymptotic properties in numerous topics of interest
including geometric analysis, probability theory, statistical mechanics, mathematical stat-
istics and learning theory, random matrix theory or quantum information theory, stochastic
dynamics, randomized algorithms, complexity, and so on.

This book by S. Boucheron, G. Lugosi, and P. Massart is a most welcome and complete
account of the modern developments of concentration inequalities in the context of the
probabilistic method. The monograph covers most of the important and recent develop-
ments, with constant attention to illustrations and applications which make the theory so
fruitful and attractive. The emphasis put on information theoretic methods is one main fea-
ture of the exposition and there is considerable benefit in this approach for a number of
fundamental results and tools, for example the convex distance inequality or sharp bounds
on empirical processes of fundamental importance in statistical applications. The mono-
graph covers further basic and most illustrative examples of the current research, including
dimension reduction, random matrices, Boolean analysis, transportation inequalities, and
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isoperimetric-type bounds. The style adopted by the authors is a perfect balance from
the basic and classical material up to the most sophisticated and powerful results, always
accessible and clearly reachable. Young and confirmed scientists, independently of their
background, will find with this book the ideal path toward the powerful ideas and tools
of concentration inequalities, suggested and illustrated with the most relevant applications
and developments.

It is an honour and a pleasure to write this preface to this wonderful book, which is sure
to be a huge success.

Michel Ledoux
Université de Toulouse
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Introduction

The topic of this book is the study of random fluctuations of functions of independent ran-
dom variables. Concentration inequalities quantify such statements, typically by bounding
the probability that such a function differs from its expected value (or from its median) by
more than a certain amount.

The search for concentration inequalities has been a topic of intensive research in the last
decades in a variety of areas because of their importance in numerous applications. Among
the areas of applications, without trying to be exhaustive, we mention statistics, learning the-
ory, discrete mathematics, statistical mechanics, random matrix theory, information theory,
and high-dimensional geometry.

While concentration properties for sums of independent random variables were thor-
oughly studied and fairly well understood in classical probability theory, powerful tools to
handle more general functions of independent random variables were not introduced until
the appearance of martingale methods in the 1970s; see Yurinskii (1976), Maurey (1979),
Milman and Schechtman (1986), Shamir and Spencer (1987), and McDiarmid (1989).

A remarkable series of papers in the mid-1990s by Michel Talagrand provided major
new insight into the problem and opened many exciting new research directions. The main
principle, as summarized by Talagrand (1995), is that “a random variable that smoothly
depends on the influence of many independent random variables satisfies Chernoff type
bounds.” This book provides answers to the natural question hidden behind this citation:
What kind of smoothness conditions should we put on a function f of independent random
variables X, . . ., X,, in order to get concentration bounds for Z = f(Xj, . . ., X,,) around its
mean or its median?

In this introductory chapter we briefly review the history of the subject and outline the
contents, as an appetizer for the rest of the book.

Before getting started, we emphasize that one of the main driving forces behind the
development of the theory was the need to understand random fluctuations of suprema
of empirical processes defined as follows. Let 7 be a set that for now we assume to be finite
andletXj, ..., X, beindependent random vectors taking values in R7.We areinterested in
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concentration properties of sup__,- Z:‘:I X;s (where X; = (Xi,s) seT)- Throughout the book
we will regularly return to this example and discuss implications of the general theory.

1.1 Sums of Independent Random Variables
and the Martingale Method

The simplest and most thoroughly studied example is the sum of independent real-valued
random variables. The key to the study of this case is summarized by the trivial but
fundamental additive formulas

Var (Xn: X,-) = Xn:Var (X)

and

Yy x (M) =D () (L)

i=1

where ¥y (A) = log Ee*Y denotes the logarithm of the moment generating function of
the random variable Y. These formulae allow one to derive concentration inequalities for
Z =X, + -+ + X, around its expectation via Markov’s inequality, as shown in Chapter 2.

Hoeffding’s inequality

One of the basic benchmark inequalities for sums of independent bounded random vari-
ables is Hoeffding’s inequality (Theorem 2.8). It may be proved by noting that for a random
variable Y taking values in an interval [, b],

(b-a)’

Var(Y) <
ar (Y) < 2

which, through an exponential change of the underlying probability measure detailed in

Lemma 2.2, leads to the following bound for the log-moment generating function of
Y - EY:

A2(b-a)?

Yy _er(X) < —s

IfXj,...,X, are independent random variables taking values in [a;,b1], .. ., [a,, b,] the
additivity formula (1.1) implies that

}\42
Yz gz(A) < 71/ forevery A € R

where v = )_,(b; - a;)*/4. Since the right-hand side corresponds to the log-moment gen-
erating function of a centered normal random variable with variance v, Z — EZ is said to be
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sub-Gaussian with variance factor v. The sub-Gaussian property implies that Z — EZ has a
sub-Gaussian-like tail. More precisely, as it is proved in Section 2.6, for all t > 0,

P{|Z-Ez| > t} <27/@),

In his influential paper Hoeffding (1963) points out that the same result holds true under
the weaker assumption that Z is a martingale with bounded increments. This simple
observation is the basis of the martingale method for proving concentration inequalities, a
powerful methodology that is still actively investigated. Hoeffding’s inequality for martin-
gales was more explicitly stated in the subsequent work of Azuma (1967) and Hoeffding’s
inequality for martingales with bounded increments is often referred to as Azuma’s inequal-
ity or the Azuma-Hoeffding inequality. However, it took some time before the power of the
martingale approach for the study of functions of independent variables was realized, see
McDiarmid (1989, 1998), Chung and Lu (20064, 2006b), and Dubhashi and Panconesi
(2009) for surveys.

The bounded differences condition

One of the simplest and more natural smoothness assumptions that one may consider is
the so-called bounded differences condition. A functionf : X" — R of n variables (all taking
values in some measurable set X') is said to satisfy the bounded differences condition if

there exists constants ¢j, ..., ¢, > 0 such that for every xy, ..., x4, y1, ..., y» € X" and
foralli=1, ..., n,
|f(x1) ceey g ~)xn) _f (xlf s e Xicly Yiy Xitl - - ~;xn)| =<

In other words, changing any of the n variables, while keeping the rest fixed, cannot cause a
big change in the value of the function. Equivalently, one may interpret this as a Lipschitz
condition. Indeed, defining the weighted Hamming distance d, on the product space X as

n

dc(xly) = Z Ci]l{x;?‘}’n}’

i=1

the bounded differences condition means that f is 1-Lipschitz with respect to the metric d..

The sum of bounded variables is the simplest example of a function of bounded
differences. Indeed, if Xj,...,X, are real-valued independent random variables such
that X; takes its values in the interval [a;, b;], then f(Xy,...,X,) = D1, X; satisfies the
bounded differences condition with ¢; = b; — a;. The basic argument behind the martingale-
based approach is that once the function f satisfies the bounded differences condition,
Z=f(X,...,X,) may be interpreted as a martingale with bounded increments with
respect to Doob’s filtration. In other words, one may write

n
Z—EZ=§:Ai (12)
i=1
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where  A; = E[Z|X,,...,X;] - E[Z|X,,...,X;,] for i=2,...,n and A=
E[Z|X;] - EZ, and notice that the bounded differences condition implies that, con-
ditionally on Xj, ..., X; ;, the martingale increment A; takes its values in an interval of
length at most ¢;. Hence Hoeffding’s inequality remains valid for Z with v = (1/4) Y 1, cZ.
This result is known as the bounded differences inequality, also often referred to as
McDiarmid’s inequality. In this book we offer various alternative proofs and variants of this
fundamental inequality (see Sections 6.1 and 8.1).

Another approach to understanding the concentration properties of Lipschitz functions
of independent variables is based on investigating how product measures concentrate in
high-dimensional spaces. The main ideas behind this approach, dominant in Talagrand’s
work, are briefly explained next.

1.2 The Concentration-of-Measure Phenomenon
Isoperimetric inequalities and concentration

The classical isoperimetric theorem (see Section 7.2) states that among all compact
sets A C R" with smooth boundary and a fixed volume, Euclidean balls are the ones
with smallest surface area. This result has the following equivalent formulation that
allows one to ask and investigate the same question in general metric spaces. Writing

d(x,A) = infye, d(x,y) and
A = {x eR":d(x,A) < t}

for the t-blowup of A (with respect to the Euclidean distance d), the isoperimetric the-
orem states that for any compact set A and a Euclidean ball B with the same volume,
A(Ar) = A(By) for all t > 0. Here the Lebesgue measure A and the Euclidean distance d
play a fundamental role but the same question may be asked for more general measures
and distance functions. For our purposes, probability measures are closer to the heart of the
matter. An equally interesting, though somewhat less known, case is the isoperimetric prob-
lem on the sphere. The corresponding isoperimetric theorem is usually referred to as Lévy’s
isoperimetric theorem — proved independently by Lévy (1951) and Schmidt (1948). Again
this theorem can be stated in two equivalent ways but the one that is more important for
our goals is as follows: Let S* = {x € R" : ||x|| = 1} denote the unit sphere in R" and let
w denote the uniform (i.e. rotation invariant) probability measure on S"!. For any meas-
urable set A C S""!, if Bis a geodesic ball (i.e. a spherical cap) with 14(B) = w(A), then, for
allt > 0,

w(As) = 1u(By),

where the t-blowups A; and B, are understood with respect to the geodesic distance on
the sphere. The first appearance of the concentration-of-measure principle may be deduced
from this statement. Indeed, by considering a half-sphere B, one may explicitly compute the
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measure of the spherical cap Bf and Lévy’s isoperimetric theorem implies that for any set
A C §" ' with u(A) > 1/2, the complement A¢ of the t-blowup of A satisfies

(A < D,

In other words, as soon as jt(A) > 1/2, the measure of A¢ decreases very fast as a func-
tion of t. This is the essence of the concentration-of-measure phenomenon whose importance
was perhaps first fully recognized by Vitali Milman in his proof of Dvoretzky’s theorem.
Unlike the original formulation of the isoperimetric theorem, the inequality above may be
generalized to measures on abstract metric spaces without any reference to geometry.

Lipschitz functions

Consider a metric space (X, d) and a continuous functional f : X — R. Given a probab-
ility measure P on X, one is interested in bounding the deviation probabilities

P{f(X) = Mf(X)+t} and P{|f(X)-Mf(X)| =t}

where X is a random variable taking values in X’ with distribution P and M f(X) is a median
of f(X). Given a Borel set A C X, let

A = {xeX:d(x,A) <t}

denote the t-blowup of A where t > 0. Now observe that if f is 1-Lipschitz (..
f(x) -f(y) < d(x,y) forall x,y € X), then taking A = {x eX :f(x) < Mf(X)}, for all
X € At)

flx) < Mf(X) +t,
and therefore
P{f(X) = Mf(X) +t} < P{A}} = P{d(X,4) = 1}

We can now forget what exactly the set A is and just use the fact that P{A > 1/2}. Indeed,
defining the concentration function

aft)=  sup  P{d(X,4) >t}

1
ACX:P{A}>;

we obtain

P{F(X) = MFX) +1] < a(t).

Changing f into —f, one also gets

P{f(X) < Mf(X) -t} < a().
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Combining these inequalities of course implies the concentration inequality
P{f(X) -Mf(X)| =t} <2a(t).

The conclusion is that if one can control the concentration function «, as in the case of
the uniform probability measure on the sphere, then one immediately gets a concentration
inequality for any Lipschitz function.

What makes this general principle attractive is that the concentration function o may
be controlled without determining the extremal sets of the isoperimetric problem and any
upper bound for the function « yields concentration inequalities for all Lipschitz functions.

The Gaussian case

The principle described above is nicely illustrated in the case when (X,d) is the
n-dimensional Euclidean space R" and P is the standard Gaussian probability measure in
R". Indeed, in this case the isoperimetric problem is connected to that of the sphere via
Poincaré’s limit procedure. The Gaussian isoperimetric problem was completely solved
independently by Borell (1975) and Tsirelson, Ibragimov, and Sudakov (1976). The
Gaussian isoperimetric theorem, stated and proved in Section 10.4, states that for any Borel
set A C R"if H C R"isahalf-space with P(H) = P(A), then P(AS) < P(H{)forallt > 0.

The Gaussian isoperimetric theorem reveals the exact form of the concentration func-
tion. Indeed, define the standard normal tail function by

and for any Borel set A C R", lett4 € R be such that 1 - ®(t4) = P(A). Then, taking H to
be the half-space (00, t4) x R"!, we see that

P(A) =P(H) and P(H') = ®(ty +1).

Now, if P(A) > 1/2, then t4 > 0, and therefore P(H{) < ®(t). Hence, the Gaussian iso-
perimetric theorem implies that the concentration function o of the standard Gaussian
measure P is exactly equal to the standard Gaussian tail function .

Putting things together, we see that if X is a standard Gaussian vector in R” and
f + R" = Risa 1-Lipschitz function, then, forall t > 0,

P{f(X)-Mf(X) 2t} <®(t) <"

Concentration of product measures

The Gaussian isoperimetric inequality implies sharp concentration inequalities for smooth
functions of independent normal random variables. However, if we wish to understand
random fluctuations of functions of more general independent random variables, then we
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need to study the concentration of general product measures. In order to do this, the
first step is to define an appropriate distance on a product space /. A natural candidate
is the Hamming distance, or more generally, a weighted Hamming distance which offers
more flexibility. For any vector & = (¢4, . . ., &,) of non-negative real numbers and for any

x=(x1,..,%.),9= 1., ,) € X", define

dOt (x)y) = Z ai]l{xt#yt}'
i=1

Let X = (Xj, ..., X,) be a vector of independent random variables, each taking values in
X and denote by P the distribution of X. Then by a simple consequence of the bounded
differences inequality, we have the following concentration property of the product prob-
ability measure P with respect to the weighted Hamming distance d,: for every A C X
with P{X € A} > 1/2,

Pldy(X,A) > t} < /@) )

where ||| denotes the Euclidean norm of the vector «. (See Section 7.4 for the proof.)
This implies thatif f : X" — R s 1-Lipschitz with respect to the distance d,, it satisfies
to the sub-Gaussian tail bound

P{f(X) = Mf(X) +t} < &/Clel”,

We illustrate this inequality by considering the special case of the supremum of a
Rademacher process. Let X" = {~1,1}" and

n n
flx) = max E : o = E : O g () Xy
1= 1=

where 7 is a finite set and (o) is a collection of real numbers indexed by i=1,...,n
and t € 7, and t*(x) € T denotes an index for which the maximum is achieved. For all

Xy € {_1; 1}n’
@) -f() < ;amw(xi -y <2 lergg;x |etie| L)

Thus, f is 1-Lipschitz with respect to the weighted Hamming distance d, where
o = 2 maxseT |otl-,t| for all i. As a consequence, if X is uniformly distributed on the hyper-
cube {-1, 1}", the random variable

n
X = iXi
fX) g;a;c;a,t

satisfies

P{f(X) > Mf(X) +t} < /0
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where the “variance factor” v is defined by v = 4 ) | maxe7 aft. This result is not com-
pletely satisfactory as v can be much larger than the largest variance of the individual random
variables Zt”: 1 % X;. One would ideally expect to be able to exchange the order of the sum
and the maximum in the above definition of v.

Indeed, such a result is possible (by paying the modest price of losing some absolute
multiplicative constant in the exponent), thanks to the celebrated convex distance inequality
of Talagrand (proved in Section 7.4) which is one of the major milestones of the theory.

To see how this works, note first that setting o;(x) = 2 ’a,-,t*(x) | , the supremum of the
Rademacher process f defined above satisfies

f(x) —f(J’) = Zai(x)l{x,#y,b (14)

i=1

a relaxed regularity condition as compared to the Lipschitz property with respect to some
given weighted Hamming distance d,. The beauty of Talagrand’s convex distance inequal-
ity is that it guarantees that the following uniform version of (1.3) holds for all v > 0 and
foreveryset A C X" withP{X € A} > 1/2:

P { sup dy (X,A) > t} <2/,

a€[0,00)":[ler||2<v

Now one can play a similar game as for the case of Lipschitz functions before. Choosing
A={xe X" f(x) < Mf(X)}, for every x € X" such that dy () (x,A) < t, the regular-
ity condition (1.4) implies that f (x) < Mf(X) + . Hence, taking v = sup__ . 3 1., oZ(x),
we have

{xe X" f(x) = Mf(X) +t} C {x€ X" : dyp(xA) >t}

lel><v

C {xeX”: sup da(x,A)zt},

and therefore,
P{f(X) = Mf(X) +1t} < 261/,

If we consider again the example of the maximum of a Rademacher process, we see that
v <4sup,.; Y o, aft and we obtain a concentration inequality of the desired form. This
example highlights the power of Talagrand’s convex distance inequality and the interest in
considering the relaxed regularity condition (1.4) as opposed to Lipschitz regularity with
respect to some given weighted Hamming distance. Indeed, the convex distance inequal-
ity became the key tool for obtaining improved concentration inequalities in countless
applications, some of them shown in detail in this book.

Nevertheless, this regularity condition may be too restrictive in some cases. To under-
stand the shortcomings of this condition, consider the fundamental example of the
supremum of an empirical process defined as follows. Let 7 be a finite set and for
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i=1,...,nletx; = (xi,t)teq* be a vector whose components are indexed by 7. Writing
x = (x1,...,%,), we may define f(x) = maxee7 ) ., &;¢. Note that the maximum of a
Rademacher process is a special case. However, the study of suprema of general empir-
ical processes is more involved. Indeed, if we try to use the approach that turned out to
be successful for Rademacher processes, the increments of f are controlled by

n

F@) ~f(9) £ %0 Vi)

i=1

where t*(x) € 7 is a point at which the maximum of ) . | «;, is achieved. At this point we
see how lucky we were in the case of Rademacher processes by simultaneously benefiting
from the special structure of x;; = @;jx; and the boundedness of the x;’s to end up satisfying
(1.4). Dealing with general empirical processes is a significantly more intricate issue. By a
substantial deepening of the approach that led to the convex distance inequality, Talagrand
(1996b) was able to derive a Bennett-type concentration inequality for the suprema of
empirical processes (see Theorem 12.5 for a somewhat sharper version). The authors of this
book were awestruck by this achievement of Talagrand but collectively confess that they
were unable to go further than a line-by-line reading of the proof. However, Talagrand’s
work stimulated intensive research partly in the search for more transparent proofs. Today,
following the path opened by Ledoux (1997), a more accessible proof is available by what
we call the entropy method. This method, briefly sketched in the next section, is one of
the central topics of this book. We feel that many of the most important concentration
inequalities can be obtained in a principled and transparent way by the entropy method.
In particular, the reader will find in this book a complete proof of Talagrand’s inequality for
empirical processes.

We would like to emphasize that, apart from an exciting mathematical challenge, the
study of concentration properties of the supremum of an empirical process is strongly
motivated by applications in mathematical statistics, machine learning, and other areas.
This is why we keep this example as one of the recurring themes of this book.

1.3 The Entropy Method

The entropy method replaces Talagrand’s subtle induction arguments by sub-additive
inequalities (often called “tensorization” inequalities in the literature) that follow naturally
from the convexity of entropy and related quantities like the variance.

The Efron—Stein inequality

Perhaps the simplest inequality of this type is the Efron—Stein inequality that, in spite of its
simplicity, turns out to be a surprisingly powerful tool for bounding the variance of general
functions of independent random variables. This inequality, studied in depth in Chapter 3,
can be stated as follows. Let X = (Xj, . . ., X,,) be a vector of independent random variables
and denote by x® = (X1,...,Xi1,Xir1, - - -, X) the (n — 1)-vector obtained by dropping
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X;. Let E¥) and Var") denote the conditional expectation and variance operators given X' @,
Then Z = f(X;, . .., X,) satisfies

Var (Z) < E Xn:Var(i)(Z).

i=1

This inequality was proved by Efron and Stein (1981) under the additional assumption
that f is symmetric and by Steele (1986) in the general case. As pointed out by Rhee and
Talagrand (1986), the Efron-Stein inequality may be viewed as a martingale inequality.
The argument, detailed in Section 3.1, may be summarized as follows. Since the martingale
increments are orthogonal in L,, the decomposition (1.2) implies that

Var (Z) = X:EAI2

i=1

Now using the independence of the X;, the martingale increments may be rewritten as
A;=E [Z - E(i)Z|X1, .. .,X,-] and the Efron-Stein inequality is obtained by a simple use
of Jensen’s inequality. This proof emphasizes the role of the Efron-Stein inequality as a
substitute for the additivity of the variance for independent random variables.

Sub-additivity of entropy

The Efron-Stein inequality has an interpretation that gives rise to far-reaching generaliza-
tions. In particular, it paves the way to appropriate generalizations of (1.1) which was the
key to exponential inequalities for sums of independent random variables. Indeed the vari-
ance may be viewed as a special case of a ®-entropy defined as follows. If ® denotes a convex
function defined on an interval I and Y is an integrable random variable taking its values in
I, then the ®-entropy of Y is defined by

Ho(Y) = E®(Y) - ®(EY).

By Jensen’s inequality, the ®-entropy is non-negative and it is finite if and only if ®(Y) is
integrable. The variance corresponds to the choice @ (x) = x%, while taking ®(x) = xlogx
leads to the definition of the “usual” notion of entropy Ent(Y) of a nonnegative random
variable Y.

As it turns out, the sub-additive property of the variance expressed by the Efron-Stein
inequality remains true for a large class of ®-entropies (characterized in Chapter 14)
that includes the ordinary entropy. More precisely, if Y is a nonnegative function of the
independent random variables X, . . ., X, then

Ent(Y) <E Y Ent?(Y)
i=1

where Ent¥)(Y) = ED®(Y) - & (E¥(Y)) with ®(x) = xlog x. Applying this sub-additive

inequality to the random variable Y = ¢*Z is the basis of the entropy method.
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Herbst’s argument

The sub-additivity property of entropy seems to have appeared first in the proof of
the Gaussian logarithmic Sobolev inequality of Gross (1975). In fact, the Gaussian logar-
ithmic Sobolev inequality, combined with an elegant argument attributed to Herbst, leads
smoothly to the Gaussian concentration inequality. We sketch the argument here and refer
to Chapter 5 for the details. To handle distributions other than Gaussian, one needs to
modify the argument as the logarithmic Sobolev inequality does not hold in general. This is
done in Chapter 6.

The Gaussian logarithmic Sobolevinequality states that if X is a standard Gaussian vector
inR"andg : R" — Ris a continuously differentiable function, then

Ent (¢*(0) = 26| Ve0|].

The proof of this inequality relies on the sub-additivity of entropy. The connection between
the Gaussian logarithmic Sobolev inequality and concentration is established by Herbst’s
argument that we will face in various contexts. In the Gaussian framework it is especially
simple to explain.

Indeed, if f : R" — R is a continuously differentiable 1-Lipschitz function, then for all
x e R, ” Vf(x) “ < 1,and forany A > 0, we may apply the Gaussian logarithmic Sobolev
inequality to the function g = ¢*//2. Since forall x € R,

2 M 2 f(x) A A (x)
|95 = 5 [ V@] 0 < S,

we derive from the Gaussian logarithmic Sobolev inequality that

Ent (e)‘f(X)) A2
1<
EHNX) T 2
Now the next crucial observation is that, defining F(1) = log Ee*(X)-Ef(0)]

Ent (¢4/(9)

A0 = AF'(A) - E()).

This way we obtain the following differential inequality for the logarithm of the moment
generating function

d (p(x)> _F() FR) _1
dA A A A2 T2

which one can integrate and obtain that forall A > 0,

)\‘2
F(A) < —.
) =2
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This leads to the Gaussian concentration bound
P{f(X)-Ef(X) >t} <"/

This bound has the same flavor as that which we obtained from the Gaussian isoperimetric
theorem, except that the median is replaced by the mean. This is typically what happens
when one uses the entropy method rather than the isoperimetric method. If one does not
care too much about absolute constants in the exponential bounds, this difference is neg-
ligible since starting from a concentration inequality around the median one can obtain
a concentration inequality around the mean and vice versa, simply because the difference
between the median and the mean is under control.

1.4 The Transportation Method

We also discuss an alternative way of proving concentration inequalities, the so-called trans-
portation method. The method was initiated by Marton (1986) who built on ideas from
information theory due to Ahlswede, Gacs, and Kérner (1976) and Csiszar and Kérner
(1981). The method is based on a beautiful coupling idea. Given some cost function d,
the transportation cost between two probability measures P and Q is defined by

min Epd(X,Y),
PeP(P,Q)

where P (P, Q) denotes the class of joint distributions of the random variables X and Y such
that the marginal distribution of X is P and that of Y is Q. The transportation cost measures
the amount of effort required to “transport” a mass distributed according to P into a mass
distributed according to Q, relative to the cost function d. The transportation problem con-
sists of constructing an optimal coupling P € P (P, Q), that is, a minimizer of Epd(X, Y).
In order to explain the link between the transportation cost problem and concentration, we
describe the main ideas within the Gaussian framework.

The core of this connection lies in bounding the transportation cost by some function
of the Kullback-Leibler divergence D(Q || P) where we recall that whenever Q is absolutely
continuous with respect to P, D(Q||P) = Ent(dQ /dP). In the Gaussian case such a trans-
portation inequality is available for the quadratic cost. In particular, the following inequality,
due to Talagrand (1996d), is proved in Section 8.5: Let P be the standard Gaussian prob-
ability measure on R" and let Q be any probability measure which is absolutely continuous
with respect to P. Then

min ZEP(X,- - Yi)2 <2D(Q/IP).

PeP(P,Q) P

The Gaussian concentration inequality may now be derived from this transportation
inequality by an argument due to Bobkov and Gétze (1999). The sketch of the argument is
as follows: Assume that f : R” — Ris a 1-Lipschitz function, that is,
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" 1/2
fO)-f(x) < (Z(xz —yi)2> forall x,y e R"

Then Jensen’s inequality implies that for any probability distribution P coupling P to
Q < P,onehas

; 1/2
Eqof - Epf =Ep[f(Y) -f(X)] < (Z Ep (X; - Yi)2> .

Hence, the transportation inequality implies that

Eqf - Exf < v2D(Q|P).

Now the concentration of the random variable Z = f(X) (where X is a standard Gaussian
random vector) may be obtained by the following classical duality formula for entropy that
we prove in Section 4.9:

¥, (1) = sup [A (Eqf - Eef) - D(Q|IP)].
QKP

Combining the last two inequalities, we get that forany A > 0,
)\2
Veon(3) = sup [1/2D(QIP) - D(QIP)] = 7,
simply because 2ab — a> < b*. This implies the same Gaussian concentration inequality as
that derived from the Gaussian logarithmic Sobolev inequality and Herbst’s argument.

In Chapter 8 we offer a detailed account of the transportation method for proving con-
centration inequalities, pioneered by Marton (19964, 1996b). In particular, we show how
this method allows one to prove not only the bounded differences inequality but also
Talagrand’s convex distance inequality.

As far as we know, there is no clear hierarchy between the entropy method and the trans-
portation method. As we will see, there are various results that one can prove by using one
method or the other and there are also results that one can get by one method but not the
other. The entropy method is quite versatile, easy to use, and performs especially well when
dealing with suprema of empirical processes. However, the entropy method often faces dif-
ficulties when one tries to use it to prove inequalities for the left tail (i.e. upper bounds for
P{Z < EZ - t}fort > 0). On the other hand, the transportation method is often more effi-
cient for left tails but turns out to be less flexible than the entropy method, especially when
used for empirical processes.

1.5 Reading Guide

We were guided by two principles while organizing the material of this book (see Fig. 1.1).
First, we tried to keep the exposition as elementary as possible and illustrate the theory
with numerous examples and applications. Our intention was to make most of the material
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accessible to researchers and mathematically mature graduate students and to introduce
the reader to the main ideas of the theory while keeping technicalities at a minimal level,
at least in the first half of the book. This led us to a somewhat nonlinear structure in which
the same topic is revisited several times throughout the book, but with different degrees
of depth. Very roughly, the material may be split into two parts going from Chapter 1
to 9 and from Chapter 10 to 15. The first chapters expose the general tools required to
prove concentration inequalities together with applications of the theory to many examples.
Chapters 2, 3, and 4 include inequalities for sums of independent random variables (such
as Hoeffding’s inequality that we introduced above), variance bounds for functions of
independent variables related to the Efron-Stein inequality, and the basic information-
theoretic tools needed to develop the entropy method, such as the sub-additive inequality
for entropy. In Chapters S and 6 we present the essence of the entropy method building
upon logarithmic Sobolev inequalities (or their modifications) and Herbst’s argument. In
Chapter 7 we investigate the connection between isoperimetry and concentration while
Chapter 8 is devoted to the transportation method. Chapter 9 is entirely dedicated to
the intricate concentration and isoperimetric properties of the simplest product space, the
binary hypercube. We describe some fascinating applications to the study of threshold phe-
nomena. More precisely, we consider general monotone functions f : {-1,1}" — {0, 1}
of several binary random variables and consider independent binary random variables
Xy, ..., X, with distribution P{X; = 1} = 1 - P{X; = -1} = p. We are interested in the
behavior of P{f(Xj, ..., X,) = 1} asafunction of the parameter p € [0, 1].Iff is increasing
in each variable (and not constant), this probability grows monotonically from 0 to 1. Using
the technology based on logarithmic Sobolev and isoperimetric inequalities, we establish
surprisingly general sufficient conditions under which P{f(Xj, ..., X,) = 1} “jumps” from
near 0 to near 1 in a very short interval of the value of the parameter p.

The second half of the book contains some more advanced material. It includes a deep-
ening of the general tools and their applications. In Chapter 10 we further investigate
isoperimetric problems in the binary hypercube and Gaussian spaces. In particular, we
reproduce Bobkov’s elegant proof of the Gaussian isoperimetric theorem.

Chapters 11-13 are devoted to our canonical example; the supremum of an empirical
process. Chapter 11 covers inequalities for the variance of the maximum, mostly building on
the Efron—Stein inequality, while in Chapter 12 we derive various exponential inequalities.
In Chapter 13 we present some tools to control the expectation of the supremum of an
empirical process and combine them with the concentration inequalities established in the
previous chapters.

Finally, in Chapters 14 and 15 we describe a method for proving moment inequalities
for functions of independent random variables. The method is based on a natural exten-
sion of the entropy method that leads to moment inequalities interpolating between the
Efron-Stein inequality and exponential concentration inequalities.

Each chapter is supplemented by a list of exercises. These exercise sections have several
roles. Some ask the reader to complete arguments that have only been sketched in the text.
Our intention was to make the main text as self-contained as possible but the proof of a few
results that are somewhat technical and not crucial for the main stream of the arguments
are relegated to the exercise sections. Most of these exercises come with detailed hints and
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the reader should not have major difficulties in filling in the details. Many other exercises
describe related results from the literature whose proof may be more difficult. In all cases,
the exercises provide important supplementary information and we encourage the reader
to look at them.

In order to avoid interrupting the flow of the arguments with references to the literature,
we postpone all bibliographical remarks to the end of each chapter where the reader may
find the source of the material described in the chapter and pointers for further reading and
related material.

We emphasize at this point that the reader looking for a comprehensive account of con-
centration inequalities will be disappointed as there are large chunks of the literature that
we do not cover. For example, we only superficially touch upon the martingale method, the
“classical” approach to concentration inequalities. Martingales are still the most adequate
tool for some problems and the interested reader is referred to the surveys of McDiarmid
(1989, 1998), Schechtman (2003), Chung and Lu (20064, 2006b), and Dubhashi and
Panconesi (2009).

An important extension that we entirely avoid in this book concerns concentration
inequalities for functions of dependent random variables. For concentration inequalities
for functions of mixing processes, Markov chains, and Markov random fields, we refer the
reader to Marton (1996b, 2003, 2004), Rio (2000), Samson (2000), Catoni (2003 ), Kiilske
(2003), Collet (2006), Chazottes et al. (2007), and Kontorovich and Ramanan (2008), just
to name a few important papers from a continuously growing body of research. The meth-
ods used in the above-mentioned papers range from combinations of martingale methods
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with coupling techniques to refinements of the transportation method. Chatterjee (2007)
developed a general, elegant, and powerful method for proving concentration bounds for
dependent random variables, based on an adaptation of Stein’s method; see also Chatterjee
and Dey (2010).

Mostly motivated by the need to understand the behavior of the number of copies of
small subgraphs (such as triangles) in a random graph, an important body of research
that we do not cover in this book, is devoted to finding sharp concentration inequalit-
ies for low-degree polynomials of independent Bernoulli random variables. The interested
reader may find a long and fascinating story that unfolds in the series of papers of Kim
and Vu (2000, 2004), Vu (2000, 2001), Janson and Rucinski (2004, 2002), Janson,
Oleszkiewicz, and Ruciniski (2004), Bolthausen, Comets, and Dembo (2009), Déring and
Eichelsbacher (2009), Chatterjee (2010), DeMarco and Kahn (2010), and Schudy and
Sviridenko (2012).

A related important subject that we only tangentially touch upon is the theory of
U-statistics and U-processes. Introduced by Hoeffding (1948), this special class of func-
tions of independent random variables has attracted considerable attention. We only
discuss briefly some special cases such as a Gaussian chaos of order two (see Example 2.12).
For general moment and exponential inequalities for U-statistics, we refer the interested
reader to the book of de la Pefia and Giné (1999). For a sample of concentration inequalities
for U-statistics and U-processes, some of which are established with the help of the general
techniques described in this book, see Adamczak (2006), Clémengon, Lugosi, and Vayatis
(2008), Gin¢, Latata, and Zinn (2000), Houdré and Reynaud-Bouret (2003), Major (2005,
2006, 2007), and Verzelen (2010).

Many important geometrical aspects of the concentration-of-measure phenomenon
omitted from this book are treated in Ledoux’s outstanding monograph (2001). Ledoux’s
book describes the concentration-of-measure phenomenon from the perspective of geo-
metry and functional analysis. A decade earlier, the influential book by Ledoux and
Talagrand (1991) emphasized the use of concentration arguments in the analysis of sums of
independent random vectors. During the 1990s, it became clear that functional inequalities
may lead to powerful concentration inequalities and even to sharp isoperimetric estimates
(see, e.g., Chapter 10).
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Basic Inequalities

Our main concern in this book is to understand under what conditions random variables
are concentrated around their expected values. The random variables on which we focus are
functions of several independent random variables. In a certain sense, this book is a study of
independence, possibly the most important notion of probability theory.

The most basic concentration results are the laws of large numbers that state that aver-
ages of independent random variables are, under mild integrability conditions, close to their
expectations with high probability. Of course, laws of large numbers have been thoroughly
studied in classical probability theory. More recent results reveal that such concentration
behavior is shared by a large class of general functions of independent variables, and this is
precisely the subject of our book.

While laws of large numbers are asymptotic in nature, we are interested in more quant-
itative results. Throughout the book we focus on concentration inequalities that hold for a
fixed sample size. In this chapter we recall some useful inequalities for sums (or averages) of
independent random variables. This exercise is useful not only because the results will serve
as a reference for comparison with other, more general, concentration inequalities, but also
because some of the basic proof techniques appear in more general contexts.

Concentration properties of sums of independent variables are sensitive to the integ-
rability of the individual terms. In the most favorable situations one can derive exponential
tail bounds. We pay special attention to the cases when the sums exhibit a certain sub-
Gaussian behavior, though often tail probabilities decrease significantly slower than those
of a Gaussian random variable. In such problems inequalities for moments of the random
variable in focus may prove to be useful.

We start this chapter by reviewing some elementary facts about tail probabilities. Then,
in Section 2.2, we describe the so-called Cramér—Chernoff method, the basic technique
for deriving exponential upper bounds for tail probabilities. In Sections 2.3 and 2.4 we
single out two types of tail behaviors that we often face. We call these sub-Gaussian and
sub-gamma random variables and we characterize them in terms of the behavior of their
moments.
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In Section 2.5 a simple useful inequality is presented for bounding the expected
maximum of random variables.

Hoeftding’s inequality, Bennett’s inequality, and Bernstein’s inequality are three clas-
sical benchmark inequalities for sums of independent random variables that are shown and
proved in Sections 2.6,2.7, and 2.8.

In Section 2.9 we describe the Johnson-Lindenstrauss lemma as an interesting applica-
tion of concentration of sums of independent random variables. Later in the book we return
to this example and its modifications to illustrate some of the results.

Finally, some simple association inequalities are presented in Section 2.10, while
Minkowski’s inequality is the subject of Section 2.11.

2.1 From Moments to Tails

In this book, by a concentration inequality we usually mean an upper bound for the prob-
ability that a real-valued random variable Z differs from its expected value by more than a
certain amount. In other words, we seek upper bounds for tail probabilities of the form

P{Z-EZ>t} and P{Z-EZ<-t}

where t > 0. Of course, here we assume implicitly that the expected value EZ exists.

An elementary, yet powerful device to bound such tail probabilities is based on Markov’s
inequality. To derive Markov’s inequality, simply note that, given a nonnegative random
variable Y, for all t > 0, Yl(y>y; > tl{y>. Taking expectations of both sides of this
inequality, we get Markov’s inequality:

P {Y > t} < M < 127 .
t t

Of course, this inequality is interesting only if EY < 00, that is, if Y is integrable. An obvi-
ous way of using Markov’s inequality to obtain concentration inequalities is to apply it to
Y = |Z - EZ|. However, with a simple trick Markov’s inequality can be boosted, leading
to much sharper estimates. Such an improvement is possible whenever Z satisfies stronger
integrability conditions. The idea is to apply Markov’s inequality to a convenient transform-
ation of Z — EZ rather than to just |Z — EZ|. If ¢ denotes a nondecreasing and nonnegative
function defined on a (possibly infinite) interval I C R, and if Y denotes a random variable
taking values in I, then Markov’s inequality implies that for every t € I with ¢(t) > 0,

E¢(Y)
o)

P{Y =t} < P{op(Y) = (1)} < (21)

The most common application of this is in Chebyshev’s inequality, obtained by taking
¢(t) =t* overI = (0,00) and Y = |Z - EZ|. In this case we get

Var (Z)
t2

P{|z-EZ| >t} <
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More generally, we may take ¢ (t) = 4 for some g > 0. Then forall ¢ > 0 we have

— q
P{|z-Ez| = t} < M
t1
If the random variable Z is such that E|Z|? < oo for all g > 0 then one may choose the
value of q to optimize the obtained upper bound.

The prominent role of Chebyshev’s inequality is not only explained historically, but also
because among all the absolute moments of the form E [|Z -EZ |‘1] , the variance is typically
the easiest to handle. This is certainly the case when Z is a sum of independent random vari-
ables Z = X + - - - + X,,. In this case, since the expected value of a product of independent
random variables equals the product of their expectations, we have

Var (Z) = Z Var (X;)
i=1
and Chebyshev’s inequality becomes

1
p{_
n

>4 < o
I
where 0% =n™' Y7, Var (X;).
There is a whole family of choices of the function ¢ for which the upper tail bound

Zn: (X; - EX;)

obtained by Markov’s inequality can be conveniently handled for sums of independent ran-
dom variables. These are exponential functions of the form ¢(t) = ¢** where A is a positive
number. In this case Markov’s inequality implies

Ee)\.Z

PiZzth < —,
that is, the moment generating function F(1.) = E¢*Z, defined for all A € R, appears in the
upper bound. If Z =X, +--- + X, is a sum of independent random variables, then by
independence,

n
Ee)‘ Y (Xi-EX;) _ HEE)L(X,‘—EX,).
i=1

This simple observation forms the basis of the Cramér—Chernoff method that we study in
the next section. The main idea is to control the moment-generating function of a ran-
dom variable and then to optimize, in A, the tail bound obtained by Markov’s inequality.
Even though moment bounds are sharper than the ones obtained by the Cramér—Chernoft
method (see Exercise 2.5), the advantages offered by the equation above make the Cramér—
Chernoft method an attractive and convenient tool for bounding tail probabilities of
sums of independent random variables. When the moment-generating function exists for
non-zero values of A, this technique leads to exponential bounds for the tail

P{|Z-Ez| > t}.
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Since this probability is bounded by
P{Z-EZ>t'+P{EZ-Z > t},

considering either Z=27-EZ or Z = EZ - Z, we can focus on exponential bounds for
P{Z > t} where Z is a centered random variable.

2.2 The Cramér—Chernoff Method

In this section we describe and formalize the Cramér—Chernoff bounding method. This
method determines the best possible bound for a tail probability that one can possibly
obtain using Markov’s inequality with an exponential function ¢(t) = ¢* in (2.1). This
simple technique leads to surprisingly sharp bounds in many cases. We work out some
simple examples.

Let Z be a real-valued random variable. For A > 0, Markov’s inequality (2.1) implies

P{Z >t} < eME.

Since this inequality holds for all values of A > 0, one may choose A to minimize the upper
bound. Defining the logarithm of the moment-generating function as

Yz (X) = logEe}‘Z forall A >0,
and introducing
¥z (£) = sup (ht - ¥z (1)),
we obtain Chernoff's inequality:

P{Z =1t} < exp (-7 (1))

The function ¥/} is called the Cramér transform of Z. Since ¥z (0) = 0, 5 is a nonnegative
function. If EZ exists, then the convexity of the exponential function and Jensen’s inequal-
ity imply that vz () > AEZ and therefore, for all negative values of A, At — 1z (1) <0
whenever t > EZ. This means that we may formally extend the supremum overall A € R
in the definition of the Cramér transform:

Yy (t) = sup (At - ¥z (1))
reR

The expression of the right-hand side is known as the Fenchel-Legendre dual function of 5.
Thus, at every t > EZ, the Cramér transform v (t) coincides with the Fenchel-Legendre
dual.
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Of course Chernoff’s inequality is trivial whenever v} (t) = 0. This is the case if
¥z (M) = 0o for all positive A or if t < EZ (using again the lower bound ¥z(1) > AEZ).
To avoid such trivialities, we assume that there exists a A > 0 such that Ee*? < o0o.Itis easy
to see (e.g. by applying Hélder’s inequality) that the set of all such positive values of A is an
interval whose left end point equals 0. Denote by b the supremum of this interval so that
0 < b < 00. Then V7 is convex (strictly convex whenever Z is not almost surely constant)
and infinitely many times differentiable on I = (0, b).

The case when Z is centered (i.e. EZ = 0) is of special interest. In such a case v/ is con-
tinuously differentiable on [0, b) with ¥,(0) = ¥2(0) = 0. We can also write the Cramér
transform as ¥ (t) = sup, .; (At — ¥z(X)). We leave the proof of these basic properties of
Yz to the reader (see Exercise 2.6).

Differentiability of ¥z implies that the Cramér transform can be computed by differ-
entiating At — ¥z()) with respect to A. The optimizing value of A is found by setting the
derivative to zero, that is,

Yy (t) = At — Yz (Ay)

where A; is such that ¥, (A;) = t. The strict convexity of ¥ implies that ¥/}, has an
increasing inverse () on the interval ¥/, (I) &f (0, B) and therefore, for any t € (0, B),

= (Yp) " (0.

In the rest of this section we use this simple formula to compute the Cramér transform
explicitly in three illustrative cases.

Normal random variables Let Z be a centered normal random variable with variance
2
o~. Then

A2o? t
and A, = —

Yz() = 2 o2

and therefore, for every t > 0,

t2
vy (t) = Pyt

Hence, Chernoff’s inequality implies, forall t > 0,
P{Z >t} <t/

Chernoft’s inequality appears to be quite sharp in this case. In fact, one can show that it
cannot be improved uniformly by more than a factor of 1/2 (see Exercise 2.7).
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Poisson random variables Let Y be a Poisson random variable with parameter v, that
is, P{Y = k} = e "v*/k! forallk = 0,1,2,....Let Z = Y — v be the corresponding centered
variable. Then by direct calculation,

0 2\ K
)\.Z —)Lv )\.k —v —)n/ v (1/6 ) _ —hv-v _ve
- TR

k=0

and consequently,
3 t
Yz(A)=v(ed ~A-1) and A =log{1+-].
v
Therefore the Cramér transform equals, for every t > 0,

v - (1)

where the function h is defined, for all x > -1, by h(x) = (1 + x) log(1 + x) — «. Similarly,

foreveryt <,
t
Y, (t) = vh (——) .
v

Bernoullirandom variables  In our third principal example, let Y be a Bernoulli random
variable with probability of success p, that is, P{Y = 1} = 1 - P{Y = 0} = p. Denote by
Z =Y - p the centered version of Y. If0 < t < 1 — p, we have

(1-p)(p+1)
Yz(A) = log pe)‘+1—p -Ap and A =log—""—=
( ) C T p(-p-p)
and therefore, for every t € (0,1 - p),
Yr(t)=(1-p —t)log +(p+t)1og
Equivalently, settinga = t + p foreverya € (p, 1),
N def 1-
V() = hy(a) = (l—a)log1 +alog;.

We note here that h,(a) is just the Kullback-Leibler divergence D(P,||P,) between a
Bernoulli distribution P, of parameter a and a Bernoulli distribution P, of parameter p (see
Chapter 4 for the definition).
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Sums of independent random variables The reason why Chernoff’s inequality
became popular is that it is very simple to use when applied to a sum of independent random
variables. As an illustration, assume that Z = X; + - - - + X,, where X, ..., X, are inde-
pendent and identically distributed real-valued random variables. Denote the logarithm of
the moment-generating function of the X; by ¥x(A) = log Ee*¥, and the corresponding
Cramér transform by /5 (t). Then, by independence, for all A for which ¥x(1) < o0,

Yz(A) = logEe)‘ Tk o logHEe)“X' = nx(A)

i=1

and consequently,
* * t
v (t) = nry )

As an example, consider a random variable Y with binomial distribution with paramet-
ers n and p. In other words, Y is the sum of #n independent and identically distributed
Bernoulli (p) random variables. Then, for all 0 < t < n(1 - p), the Cramér transform of
Z =Y - npequals

V7 (t) = nhy(t/n + p)
and therefore, by Chernoff’s inequality,
P{Z=>t} <exp (—nhp(t/n +p)) .

We refer to the exercises for several simple versions of Chernoff’s inequality for binomial
random variables.

2.3 Sub-Gaussian Random Variables

Many important classes of random variables have tail probabilities decreasing at least as
rapidly as normally distributed random variables. In order to facilitate the exploration of
this phenomenon, we find it useful to formalize the notion of a sub-Gaussian random vari-
able. There are several ways to do this and we propose the following definition, based on
the logarithmic moment-generating function ¥x(1) = log Ee*X of a random variable X: A
centered random variable X is said to be sub-Gaussian with variance factor v if

)"2
Yx(A) < 711 forevery X e R.

We denote the collection of such random variables by G (v).

Note that this definition does not require the variance of X to be equal to v, just that it is
bounded by v (see Exercise 2.16). This definition is natural as we know from the previous
section that exp (A?v/2) is the moment-generating function of a centered normal random
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variable Y with variance v. Hence, the above definition says that a centered random variable
X belongs to G (v) if the moment-generating function of X is dominated by the moment-
generating function of Y. This notion is also convenient because it is naturally stable under
convolution in the sense thatif Xj, . . ., X, are independent such that forevery i, X; € G (v;),

then) | X, €G (Z:’:l Vi)'

Characterization Next we connect the notion of a sub-Gaussian random variable
with some other standard ways of defining sub-Gaussian distributions. First observe that
Chernoff’s inequality implies that the tail probabilities of a sub-Gaussian random variable
are dominated by the corresponding Gaussian tail probabilities. More precisely, if X belongs
to G(v), then for every t > 0,

P{X > f} \% P{—X > t} < e*tz/(ZV)

where a V b denotes the maximum of a and b. In fact, one can characterize sub-Gaussian
variables in terms of their tail probabilities and also in terms of the growth of their moments,
as summarized in the following theorem.

Theorem 2.1 Let X be a random variable with EX = 0. If for some v > 0
P{X>x}VP{-X>ua}<e'® forallx>0 (22)
then for every integer g > 1,
E [qu] <2q!(2v)? < q!(4v)%. (23)
Conversely, if for some positive constant C
E[x*] < q!CY,
then X € G(4C) (and therefore (2.2) holds with v = 4C).

Proof Assume first (2.2). We may assume that v = 1 since otherwise one can apply the
result for the random variable X//v. We have

oo
E[x*] =/ P{|X|2q > x} dx
0
oo oo 5
= Zq/ «*7'p {|X| > x} dx < 4q/ XM 2
0 0
By setting x = +/2t, the previous inequality becomes
o0
E[XM] <4q f (26)"etdt = 27q),
0

which implies (2.3). Conversely, assume E [XZ‘Z] < q!C1? and introduce an independ-
ent copy X’ of X. Then by symmetry of X — X" we have
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o0 2q _ y/\4
EXEe = Ee/\(x-x’) — Z A™E [(X 'X) ]
pars (29)!
for every & € R. Now, by convexity of x — x%,
E [(X - X’)Z‘i] < 227" (E[X™] + E[X™]) = 2ME [x*]

and therefore, using our assumption for the moments of X, we have

00 42 7\29 0 12992

AME[(X - X 49241 1
EMXEe?X = Z M < w
(2q)! (2q)!

9=0 9=0

Observe that since X is centered, Ee™** > 1 and that for every integer g > 1,

(Zq) ]_[ (q+) = ]_[(21) = 21g!.

Using these observations, we conclude that

[}
A24241C1 2
EeAX < § : — ezk C,

9=0 gt

thatis, X € G (4C). O
Finally, we mention that the growth condition for the moments of X given in Theorem

2.1 is equivalent to another condition that is often used as an alternative definition of sub-
Gaussian variables. As this condition states that for some & > 0,

Eexp (aX*) <2 (24)
then clearly
> «1E [ x4
Z = [l ] =1
=1 T

which implies that E[X*1] < a™q! (and therefore that X € G (4/a)). Conversely, if
E[X*1] < Ciq! for every integer q (which holds with C = 4v whenever X € G(v)), then,
settingor = 1/(2C),

Therefore, for a centered random variable X, condition (2.4) holds for some positive « if,
and only if, X is sub-Gaussian with variance factor v, for some v € [2/«, 4/«].
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Bounded variables Bounded variables are an important class of sub-Gaussian random
variables. The sub-Gaussian property of bounded random variables is established by the
following lemma:

Lemma2.2 (HOEFEDING’S LEMMA) Let Y be a random variable with EY = 0, taking values
in a bounded interval [a,b] and let Yy(1) = log Ee*Y. Then /(1) < (b - a)*/4 and
Y € G((b-a)*/4).

Proof Observe first that

_(b-a)
- 2

’Y— (b+a)
2

and therefore

Var(Y) =Var (Y- (b+a)/2) < @.

Now, let P denote the distribution of Y and let P, be the probability distribution with
density
x —> ¢ V() ghx

with respect to P. Since Pj is concentrated on [, b], the variance of arandom variable Z
with distribution P; is bounded by (b — a)?/4. Hence, by an elementary computation,

Yy (r) = VMg [Yzexy] _ 20 () (E [Ye”])z

i (b-a)?
=Var(Z) < PR

The sub-Gaussian property follows by noting that ¥y(0) = ¥(0) =0, and by
Taylor’s theorem that implies that, for some 6 € [0, A],

0D = (@ + 14 + 2y0) < T 0

The upper bound on the variance factor is sharp in the special case of a Rademacher ran-
dom variable X whose distribution is defined by P{X = -1} = P{X = 1} = 1/2. Then one
may take a = -b = 1and Var (X) = 1 = (b-a)* /4.

2.4 Sub-Gamma Random Variables

Apart from sub-Gaussian random variables, we will often encounter random variables that
are not quite sub-Gaussian, but nearly. In order to understand these variables, we consider
here a somewhat less stringent condition on the moment-generating function. A real-valued
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centered random variable X is said to be sub-gamma on the right tail with variance factor v and
scale parameter c if

2

Vi) = 5 My

m foreveryA suchthat 0 <A < 1/c

We denote the collection of such random variables by ', (v, ¢). Similarly, X is said to be
sub-gamma on the left tail with variance factor v and scale parameter c if -X is sub-gamma on
the right tail with variance factor v and tail parameter c. We denote the collection of such
random variables by I"_(v, ¢). Finally, X is simply said to be sub-gamma with variance factor v
and scale parameter cif X is sub-gamma both on the right and left tails with the same variance
factor vand scale parameter c. The collection of such random variables is denoted by I" (v, ¢).
Observe that I'(v,0) = G(v). To explain the terminology, consider a random variable Y
with gamma distribution with parameters a, b > 0. Then its centered version X = Y — EY is
a typical example of a sub-gamma variable. To see this, recall first that Y has density

xa—l e—x/b

>
I'(a)b’ r=

fl) =

where I'(a) = fooo x°Le™dx is Buler’s Gamma function. It is easy to see that EY = ab and

Var (Y) = ab®. Then, forall A < 1/b,

o0
EX = / e’\("’“h)f(x)dx = exp (-Aab — alog(1 - Ab)).
0

It is also easy to see that forallu € (0,1),

u2

~log(1-u)-u< 20-w)

(see Exercise 2.8), so the logarithmic moment-generating function of X may be bounded,
forallA € (0,1/b), as

A2y

¥x(2) = a(-log(1 - Ab) - Ab) < m

where v = ab® and ¢ = b. This shows that X is a sub-gamma random variable on the right
tail, with variance factor ab® and scale parameter b, that is, X belongs to I, (ab?, b). Since
the distribution of X is not symmetric around 0, the behavior of X on the left tail is slightly
different. Indeed, forallu < 0,

[

u
~log(1-u)-u<—,
og(l-u)-u< 5

and therefore, forall A < 0,
2

Y5(0) = a (-log(1 - 1) - 26) = =
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where v = ab®. This shows that X is more concentrated on the left tail than on the right
tail. In fact, the left tail of X has a sub-Gaussian behavior. X belongs to I'_ (ab?,0) and to
[, (ab? b) and therefore, to I" (ab?, b).

Characterization Similarly to the sub-Gaussian property, the sub-gamma property can
be characterized in terms of tail or moment conditions. We start by computing the Fenchel-
Legendre dual function of

O
T2(1-cn)
Setting

hi(u) =1+u—-+/1+2u foru> 0,

it follows by elementary calculation that for every t > 0,

Ay v ct
¥v*(t) = su (tk - —) =—h <—> ) (25)
AE(O,II)/C) 2(1 - C}\‘) C2 ! 14

Since h; is an increasing function from (0,00) onto (0,00) with inverse function
hi'(u) = u+ +/2uforu > 0, we finally get

V() = V20 + cu.

Hence, Chernoff’s inequality implies that whenever X is a sub-gamma random variable on
the right tail with variance factor v and scale parameter ¢, for every t > 0, we have

P{X >t} <exp <_c12h1 (%));

or equivalently, for every t > 0,
P{X> «/Z_vt+ct] < el
Therefore, if X belongs to I' (v, ¢), then for every t > 0,
P{X > \/ﬁnt} \/P{—X> m+ct} <t

Such a behavior for the tails essentially characterizes sub-gamma random variables. More
precisely, we have the following.

Theorem 2.3 Let X be a centered random variable. If for somev > 0

P {X > /2t + ct} Vv P {—X > A/ 20t + ct] < e’tforeveryt > 0, (2.6)
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then for every integer g > 1

E[X*] < q!(8v)? + (2q)!(4c)™. 27)
Conversely, if for some positive constants A and B,
E[X*] < q'A? + (2q)'B%, (28)

then X € T (4 (A + B*),2B) (and therefore (2.6) also holds with v = 4 (A + B*) and
¢ = 2B).

Proof Assume first that (2.6) holds. Using integration by parts,
oo
E [qu] = Zq/ K7'p {|X| > x} dx.
0
Setting x = +/2vt + ct and using (2.6), this implies

[ee} _ ~t
E[x%] < 4q/ (\/Z_Vt+ ct)zq 1 (M) at
0

2t t

—t

o 2 ¢
<2 / («/zw + 2ct) Tdt'
0

By convexity of x*1, (a + b)?1 < 22471 (421 + b*?), and therefore

E[XZq] < X /00 ((2tv)q . (th)Zq) ot

2q)!
<24 <q!2qvq + %(ZC)M) ,

(2.7) holds. Conversely, assuming (2.8), we may use the same symmetrization
trick as for the characterization of the sub-Gaussian property in terms of moments.
Considering an independent copy X’ of X, we have

[ee] 2, 2
EXEe X = g X-X) Z AE [(X‘X/) q]
pars (29)!

By convexity, again we note that
E [(x - X/)Zq] < 2% (E[X™] + E[X™]) = 2ME [x*]

and plugging this inequality together with (2.8) into the previous equation leads to

oo

EXEe M < Z 221220 (Alq! + qu@‘])!).
= (29)!
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Using again q!/ (Zq)! < 271/q! and that EX = 0 implies Ee* > 1, we obtain, for
every A with 2B |A] < 1,

EAX < g, 4% _ 200, 4B*2?
- 1-4B222 ~ 1-2B|A|

The final result follows from the elementary inequality

ex+y§ ex+y

which holds forall x,y > 0. a

2.5 A Maximal Inequality

The purpose of this section is to show how information about the Cramér transform of
random variables in a finite collection can be used to bound the expected maximum of these
random variables.

The main idea is perhaps most transparent if we consider sub-Gaussian random
variables. Let Zi, . . ., Zy be real-valued random variables where a v > 0 exists such that
for every i=1,...,N, the logarithm of the moment-generating function of Z; satisfies
¥z (A) <A*v/2forall A > 0. Then, by Jensen’s inequality,

exp ()\.EiI}l%XN Zi> < Eexp (A. “max Zi) =E max &%

i=1,..., i=1,..,.N
N
) 2
< E EeAZ, < Ne)n v/2.

i=1

Taking logarithms on both sides, we have

logN  Av
E max Z; < + —.
i=1,..,N A 2

The upper bound is minimized for A = /2 log N /v, which yields

E max Z; < ./2vlogN.

i=1,...,N

This simple bound is asymptotically sharp if the Z; are i.i.d. normal random variables (see
Exercise 2.17).

Of course, the argument above may be generalized beyond sub-Gaussian variables. Next
we formalize such a general inequality but first we start with a technical result that estab-
lishes a useful formula for the inverse of the Fenchel-Legendre dual of a smooth convex
function.
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Lemma 2.4 Let v be a convex and continuously differentiable function defined on the interval
[0,b) where 0 < b < 00. Assume that ¥ (0) = ¥’ (0) = 0 and set, for every t > 0,

Yi(t) = sup (M-¢(R)).

r€(0,b)

Then W* is a nonnegative convex and nondecreasing function on [0, 00). Moreover, for
every y > 0, the set {t >0:Y*(t) > y} is non-empty and the generalized inverse of ¥,
defined by

U =inf{ 2 00 () > ),

can also be written as

vl (y) = mf[

r€(0,b)

e,

Proof By definition, ¥* is the supremum of convex and nondecreasing functions on
[0,00) and ¥*(0) = 0 and therefore, {* is a nonnegative, convex, and nondecreas-
ing function on [0, 00). Moreover, given A € (0,b), since Y*(t) > At - (1), ¥*
is unbounded, which shows that for every y > 0, the set {t > 0: y*(t) > y} is
non-empty. Defining

e g [00]

 re(0h) A
for every t > 0, we have u > tif, and only if, for every A € (0, b)

y+¢@)>t
— =t

Since this inequality implies y > ¥*(t), we have {t > 0 : ¥*(t) > y} = (4, 00). This
proves that u = ¥*"!(y) by definition of 1*~1. O

The next result offers a convenient bound for the expected value of the maximum of
finitely many exponentially integrable random variables. This type of bound has been used
in so-called chaining arguments for bounding suprema of Gaussian or empirical processes
(see Chapter 13).

Theorem 2.5 Let Z, . .., Zy be real-valued random variables such that for every A € (0,b)
and i=1,...,N, the logarithm of the moment-generating function of Z; satisfies
WYz, (A) < W (A) where Y is a convex and continuously differentiable function on [0,b)
with 0 < b < 00 such that ¥ (0) = ¥'(0) = 0. Then

E .maxNZ,- <yt (logN).

i=1,...



A MAXIMAL INEQUALITY | 33

In particular, if the Z; are sub-Gaussian with variance factor v, that is, ¥ (1) = A*v/2 for
every X € (0,00), then

E max Z; < ./2vlogN.

i=1,..,N

Proof By Jensen’s inequality,

i=1,. i=1,.

exp (}\.E max Z) < Eexp (A. max Z> = Eizr{l.:'a.'xN exp (AZ;)

forany A € (0,b). Thus, recalling that ¥z, (1) = log E exp (1Z;),

exp ()»E max Z) < ZEexp (AZ) < Nexp (¥ (r)).

i=1,.
i=1
Therefore, for any A € (0,b),

ME max Zi-¥(A) <logN,

which means that

logN A
E max Z; < inf <M>

i=1,..,N re(0,b) A
and the result follows from Lemma 2.4. O

We may also apply Theorem 2.5 to establish a bound for the expected maximum of sub-
gamma random variables.

Corollary 2.6 Let Zy,...,Zy be real-valued random variables belonging to T, (v,c) (see
Section 2.4 for the definition). Then

E max Z; < ./2vlogN + clogN.

i=1,...,N

Example 2.7 (CHI-SQUARED DISTRIBUTION) An important example of gamma-
distributed random variables is a chi-square random variable. If p is a positive integer,
a gamma random variable with parameters a = p/2 and b = 2 is said to have chi-square
distribution with p degrees of freedom. (Note that if Y, .. ., Y, are independent stand-
ard normal random variables then Y | Y2 has chi-square distribution with p degrees of
freedom.) Corollary 2.6 implies that if Xi, . . ., Xy have chi-square distribution with p
degrees of freedom, then

E|:r}1ax X; pi| <2,/plogN +2logN.
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2.6 Hoeffding’s Inequality

In the next few sections we establish some of the classical inequalities for tail probabilit-
ies of sums of independent real-valued random variables. The Cramér—Chernoff method is
especially relevant in this case. In fact, it was invented for the study of sums of independent
random variables. The key to success is that the exponential moment-generating function
converts sums into products and the expected value of a product of independent random
variables is just the product of their expected values. Indeed if Xj, . . ., X,, are independent
random variables with a finite mean such that for some non-empty interval I, E¢*%i
foralli < nandall A € I, then defining

is finite

s:i(xi—EXi),

i=1

by independence, forall A € I,

Ps(A) = ZlogEeA(X"_EX‘).
i=1

This expression may now be bounded under various assumptions on the X; and Chernoff’s
inequality may be used. We start with the perhaps simplest version for sums of bounded
random variables. Recall that Hoeffding’s lemma (Lemma 2.2) establishes a sub-Gaussian
property of bounded random variables. Hoeffding’s inequality is a straightforward con-
sequence of Hoeffding’s lemma and Chernoff’s inequality.

Indeed, if X; takes its values in a bounded interval [a;, b;], for all i < n, then by
Lemma2.2,

YRR
Ps(1) < ry Z (bi - a))”.
i=1

The obtained tail inequality is the following.

Theorem 2.8 (HOEFFDING’S INEQUALITY) Let Xy, . . ., X,, be independent random vari-
ables such that X; takes its values in [a;, b;] almost surely for all i < n. Let

Szi(X,-—EXi).

i=1
Then for every t > 0,

P{S>t} <exp (-#Z_u)z) :

We may apply Hoeffding’s inequality to sums of random variables of the form
X; = g;o; where €1, . . ., &, are independent Rademacher random variables (i.e. symmetric
sign variables with P{¢; = 1} = P{¢; = -1} = 1/2) and @y, . . . , &, are real numbers. We get

2
i=1 i
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Since in this case Var(S) =) " o? Hoeffding’s inequality implies a bona fide
sub-Gaussian tail inequality. In general, however, the variance of S may be much smaller
than ) ", (b - a;)*. In such cases sharper bounds are called for. Bennett’s and Bernstein’s
inequalities discussed in the next sections provide such improvements.

2.7 Bennett’s Inequality

As in the proof of Hoeffding’s inequality, our starting point is the fact that the logarithmic
moment-generating function of an independent sum equals the sum of the logarithmic
moment-generating functions of the centered summands, that is,

n

Ps(A) = Z (logEe)‘Xx - )\EX,») .

i=1

Usinglogu < u—1foru > 0,
n
Ys(h) < > E[ -ax - 1]. (29)
i=1
Both Bennett’s and Bernstein’s inequalities may be derived from this bound, under different

integrability conditions for the X;.

Theorem 2.9 (BENNETT’S INEQUALITY) Let X, . . ., X,, be independent random variables
with finite variance such that X; < b for some b > 0 almost surely for alli < n. Let

S= Xn: (X - EX;)

=1
andv =" E[X?] Ifwewrite p(u) = & — u~ 1 foru € R, then, for all . > 0,

log Ee"* < nlog (1+ —(b1)) < (b2)

P{S>t} <exp (—%h (%))

where h(u) = (1 + u)log(1 + u) —uforu > 0.

and for any t > 0,

Proof By homogeneity we may assume that b = 1. Note that u>¢(u) is a nondecreasing
function of u € R (where at 0 we continuously extend the function). Hence, for all
i<nandA > 0,

e)‘X"—)\Xi—l §Xi2 (e)‘—)»—l)
which, following expectations, yields
Ee™ - )\EX; -1 < E[X}]¢(}).

Here, we refrain from invoking logu < u -1, and sum these inequalities for
i=1,...,nso0asto get,
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n

¥s(A) < > (log (1+AEX; + E[X] ¢ (1)) - AEX,).

i=1

Now, using the concavity of the logarithm,
" EX; " EX,
) = (g (142 ZES L 2) o Tl B,
n n n

Finally, using log(1 + u) < u, the latter inequality entails

Ys(A) < vp().

Recall from Section 2.2 that the upper bound is just the logarithm of the moment-
generating function of a centered Poisson random variable with parameter .
Therefore, the Cramér transform of S is also bounded by that of a corresponding
Poisson random variable, that is,

Yo = vh (t)

which proves the theorem via Chernoff’s inequality. O

The easy-to-prove inequality

MZ

hu) 2 2(1+u/3)

(see Exercise 2.8) may help interpret Bennett’s inequality. This inequality implies that,
under the conditions of Theorem 2.9,

2
P{S>t}<e " . (2.10)
P20+ bt/3)

This is known as Bernstein’s Inequality. For t > v/b, it loses a logarithmic factor in the
exponent with respect to Bennett’s inequality. On the other hand, if v is the dominant
term in the denominator of the exponent, Bennett’s and Bernstein’s inequalities are almost
equivalent and both provide a sub-Gaussian type inequality.

In the next section we show that Bernstein’s inequality holds under weaker assumptions
than boundedness.

2.8 Bernstein’s Inequality

The next inequality is somewhat more general than the classical form of Bernstein’s inequal-
ity shown in the previous section. Here, instead of boundedness, we only require an
appropriate control of moments.
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Theorem 2.10 (BERNSTEIN’S INEQUALITY) Let X;, ..., X, be independent real-valued
random variables. Assume that there exist positive numbers v and c such that

>IE [Xlz] < vand
ZE [(x)?] < %!ch'z for all integers q > 3,
=1

where x, = max(x,0).
IfS=Y"", (Xi - EX;), thenforall x € (0,1/c) andt > 0,
2

2(1-cA)

% v ct
Ys(t) > Sh (—> )
c v
where hi (1) = 1+ u—+/1+ 2uforu > 0.In particular, for allt > 0,

P{S > 2t + ct} < et

Vs(h) <

and

Proof Recall the notation ¢)(u) = € — u — 1 and observe that for u < 0,

uZ

Hence, for A > 0, we have, foralli < n,

X2 S (X)!
¢()\'X1)§ i +Z ( )+
2 po q!

which implies, by the monotone convergence theorem,

VE[X] i ME[(X)1]
q!

9=3

Ep (AX;) <

)

and therefore, by the assumptions of the theorem,

n o0
v
Ep (AX) < = ) A9T2,

This proves, on the one hand, that for any A € (0,1/c), s integrable for all i < n,
and on the other hand, using inequality (2.9), that for A € (0,1/c),

2

vs(h) = 3B (hx) < ﬁ
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Therefore,

)\‘2
Ys(t) = sup (tk - —v)
re(0,1/¢) 2(1 - C)\)

and the stated bound for ¥ (t) follows from (2.5). The tail inequality of the theorem
follows easily from Chernoff’s inequality and the calculations shown at the beginning
of Section 2.4. |

In some cases the following form of Bernstein’s inequality is more convenient.

Corollary 2.11 Let Xi,...,X, be independent real-valued random variables satisfying the
conditions of Theorem 2.10 and let S = Y | (X; — EX;). Then for allt > 0,

2
P{§S>1t} < — ).

EERE exp( 2(v+ct)>

Proof The corollary follows from the elementary inequality

2

I’ll (ll) Z

u
—, u>0
2(1 +u)

(see Exercise 2.8). Thus, Theorem 2.10 implies that

2

Ve (t) = 2t

and the statement follows from Chernoff’s inequality. O
Finally, note that one may recover (2.10) from Corollary 2.11. Indeed if X;, . . ., X,, are

independent such that X; < b almost surely for all i < n, then the conditions of Theorem
2.10 hold with

V= ZE[X?] and c=b/3.
i=1

Example 2.12 (GAUSSIAN CHAOS OF ORDER TWO) As an example, we derive tail
bounds for a special second-order Gaussian U-statistics, known as Gaussian chaos. Let

X =(Xy,...,X,) be a vector of independent standard normal random variables and
let A= (ai,j),,xn be a symmetric matrix with zeroes in its diagonal, that is, a;; = 0 for
i =1,...,n Then the quadratic form

Z=X"AX = Z Z a; XX

=1 j=1

is a zero-mean random variable. To derive a concentration inequality for Z, we use the
fact that a symmetric matrix can be diagonalized, that is, decomposed as A = BT AB
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where Bisann X n orthogonal matrix (i.e. the columns of B are orthogonal vectors of
norm 1) such that B! = BT and Aisa diagonal matrix with the eigenvalues 141 . . ., i,
of A in the diagonal entries. Denoting by b;; the entries of the matrix B, we have

n n
Z=Y WY} where Y=Y byX, i=1...,n
i=1 j=1

By the rotational invariance of the standard multivariate normal distribution, we see
that the distribution of Y = (Yy,...,Y,) is the same as that of X, that is, Y,...,Y,
are independent standard normal random variables. This implies that Z has the same
distribution as

i wiX; = Z mwi(X; - 1)
i=1 i=1

where we used the fact that ) ., i; equals the trace of the matrix A which is zero
since we assumed that A has zeros in its diagonal. As we have seen it in Section 2.5,
the logarithmic moment-generating function of Xi2 - 1lequals, forall A < 1/2,

2

3 1
log B0 = — (Zlog(1-21) - 21) < )
og Ee 2( og( ) )_1_2/\

Therefore, the logarithmic moment-generating function of the Gaussian chaos
becomes, forall A € (0,1/(2 max; 1;)),

pE Al

n 1 n
ve(h) = 21: 3 (CloB(1-202) =212) < 3 s = T

i=1

where [|Allus = (30, ,LL,-Z)I/Z is the so-called Hilbert-Schmidt norm (or Frobenius
norm) of the matrix A and ||A|| = max; |j4;| is the operator norm. Now we may use (2.5)
to obtain the following bound for the upper tail: for all t > 0,

P{z > 2aluvi+ 204l < ¢,

or, by Exercise 2.8,

_2
Pz = 1) <o (G i )
4(l1Al% + 1Al1E)

2.9 Random Projections and the Johnson-Lindenstrauss
Lemma

Next we describe an application in which Chernoff’s inequality for sums of independent
sub-Gaussian random variables plays a crucial role, in a perhaps unexpected situation. This
application is an example of the power and elegance of the probabilistic method that has
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played such an important role in a large variety of applications ranging from combinatorics
to the asymptotic geometry of Banach spaces.

The celebrated Johnson-Lindenstrauss lemma states roughly that, given an arbitrary set
of n pointsin a (high-dimensional) Euclidean space, there exists a linear embedding of these
points in a d-dimensional Euclidean space such that all pairwise distances are preserved
within afactor of 1 & ¢ if dis proportional to (log n1)/&2. It is remarkable that this result does
not involve the dimension of the space to which the n points belong. In fact, the dimension
of this space may even be infinite.

To describe the problem more rigorously, consider an arbitrary set A C RP where typ-
ically, D is a large positive integer. We note here that, in fact, RP can be replaced by any
(separable) Hilbert space by a straightforward generalization of the argument. For simpli-
city, we stick to the finite-dimensional framework. In this section we consider the special
case where A = {ay,...,a,} is a finite set of n elements, but in Sections 5.6 and 13.6 we
return to the case of general subsets. Given & € (0,1), a map f : RP — R is called an
g-isometry on A if for every pair a,a’ € A, we have

(1-&) Jla-a| < |f(@) ~f@)|" < 1 +e) |a-a|.

Now a natural question is to find the smallest possible value of d for which a linear
g-isometry exists on A. The Johnson-Lindenstrauss lemma, stated and proved below,
ensures that when A is a finite set with cardinality #, a linear e-isometry exists whenever
d > ke *logn, where k is an absolute constant. We emphasize again the remarkable fact
that this value does not depend on the dimension D of the space.

The idea of the proof is simple: just try a random linear function to determine whether
itis an e-isometry. While one might think that this is like looking for a needle in a haystack,
it may come as a surprise that, if the distribution of the random choice is chosen properly,
most random tries will work. This phenomenon is not uncommon in applications of the
probabilistic method.

In other words, we prove below that a randomly chosen projection of RP to R is, with
large probability, an &-isometry on the finite set A if d is at least a constant times > log 1.

The basic idea is to construct a random projection W : R — R? (i.e. alinear mapping)
that is an exact isometry “in expectation,” that is, for every o € RP,

E[IW(e)I?] = llell®.

In other words, denoting by L, 4 the space of square-integrable R%-valued random vectors,
W is an isometry from RP into Lyg.

To construct W, let X;;, i=1,...,d,j=1,...,D be independent and identically dis-
tributed real-valued random variables such that EX;; = 0 and Var (X;;) = 1. For every
a=(ay,...,ap) € RPandi e {1,...,d}, define

D
I/V,(C() = Z C(]XW
j=1

W'i(a)/«/g is the i-th component of the random vector W (), that is, W is defined by
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d

o

Observe that by independence of the X; ;, foreveryi = 1,...,d,

W)

i=1

E[Wi(a)?] ZazE [XZ] = ]l
Therefore, for every o € RP,
1 d
E[IW ()] = 5 3 E[Wi(@)] = e,
i=1

and indeed, W is an isometry from RP into L.

It remains to show that on a sufficiently small subset A C RP, the random projection W
defines an approximate isometry with large probability. To this end, we need convenient
exponential integrability conditions on the distribution of the X;;. Traditionally the X;; are
taken to be standard normal variables. Here we show that it suffices if they are sub-Gaussian.

Theorem 2.13 (JOHNSON-LINDENSTRAUSS LEMMA) Let A be a finite subset of RP
with cardinality n. Assume that for some v > 1, X;; € G(v) and let &,8 € (0,1). If
d > 100v%c7* log (n/«/g), then with probability at least 1 — §, W is an g-isometry on A.

Proof Denote by S the unit sphere of RP and let T be the subset of S defined by

a-da
T:{ - ca,d €Aa#dy.

la—al

Then T has cardinality N < n(n—-1)/2. We need to show that, under the stated
condition for d,

sup [[W(a)|* - 1] < e.

aeT

First note that foralla € Sand i < d, using the fact that the X;; are sub-Gaussian,

D
Eexp (\Wi(a)) = Eexp [ 1) oyX;;
j=1
D

=1

D
< exp A2 Zot}.zv/Z

j=1
exp ()»21// 2)
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and therefore W;(«) € G(v). Thus, by Theorem 2.1, for every integer q > 2,
q! q*
E[Wi(a)™] < 7 X 4(2)1 < 3(41;)[1.
Hence, since for each « the random variables W;(«),i = 1,. .., d are independent, we

may use Bernstein’s inequality (Theorem 2.10) for Zil Wi(a)? withv < d(4v)? and
¢ < 4v to obtain, foreverya € Tandt > 0,

|

This implies, by the union bound,

P {sup
aeT

Setting t = log (n*/3), we have

{sup
aeT

or, equivalently,

d

> (W) -1)

i=1

> 4u/2dt + 4vt} < 2¢7.

d

> (Wile)* - 1)*

i=1

> 4v (V 2dt + t)} < 2Ne' < n?e.

d

Z (Wi(e)* - 1)

>8v( /dlog%)} <34

8vlog (n/«/§> 8vlog (n/ﬁ)
P{sup|lW()|*-1| > y + y <.
acT

Finally, we see that d > 100v?¢~* log (n/ \/E) implies that

8vlog gn/\/g) . 8vlog (;/«/g) B 4?8 s 2_; e

and therefore, with probability atleast 1 - §,

sup [IW(2)|*-1| <&

aeT

which is exactly what we wanted to prove. d

Remark 2.11 Note that by working with the general assumption of sub-Gaussian ran-
dom variables, one loses a constant factor in the bound of the Johnson-Lindenstrauss
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lemma. Indeed, if we assume that the X;; are standard normal, then Z:.il Wi(a)?isa
chi-squared random variable with d degrees of freedom and the inequality shown in
Example 2.7 for gamma random variables implies

|

This implies that with probability at least 1 — §, W is an &-isometry on A whenever
d> 8¢ log (n/\/g ) In Section 5.6 we take a closer look at random projections based
on standard normal variables.

d

Z Wi(a)® - 1)

=1

> 2/dt + Zt} <2¢t.

2.10 Association Inequalities

Next we recall some simple association inequalities. The first result states that if f and g are
both increasing functions of a real variable, then for any random variable X, the correlation
of {(X) and g(X) is positive.

Theorem 2.14 (CHEBYSHEV’S ASSOCIATION INEQUALITY) Let f and g be nondecreasing
real-valued functions defined on the real line. I X is a real-valued random variable and Y is
a nonnegative random variable, then

E[Y]E[Y f(X)g(X)] = E[Y f(X)]E[Y g(X)].

Iff is nonincreasing and g is nondecreasing then

E[Y]E[Y f(X)g(X)] < E[Y f(X)]E[Y g(X)].

Remark 2.12 This is a slight generalization of what is usually referred to as Chebyshev’s
association inequality which can be recovered by taking Y = 1.

Proof Let the pair of random variables (X', Y”) be distributed as the pair (X, Y) and inde-
pendent of it. If f and g are nondecreasing, YY'(f(X) - f(X')) (g(X) - g(X")) = 0, s0
obviously

E[YY'(f(X) - f(X'))(g(X) -g(X))] = 0

Expand this expectation to obtain the first inequality. The proof of the second is
similar. a

An important generalization of Chebyshev’s association inequality is described as fol-
lows. A real-valued function f defined on R" is said to be nondecreasing (nonincreasing) if
it is nondecreasing (nonincreasing) in each variable while keeping all other variables fixed
at any value.

Theorem 2.1S (HARRIS'S INEQUALITY) Letf, g : R" — R be nondecreasing functions. Let
Xi, ..., X, be independent real-valued random variables and define the random vector
X =(Xy,...,X,) taking values in R". Then
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E[f(X)g(X)] = E[f(X)]E[g(X)].

Similarly, if f is nonincreasing and g is nondecreasing then
E[f(X)g(X)] < E[f(X0)]E[g(X)].

Proof Again, it suffices to prove the first inequality. We proceed by induction. For n = 1
the statement is just Chebyshev’s association inequality. Now suppose the statement
is true for m < n. Then

E[f(X)g(X)] = EE[f(X)gX)|Xy, ..., Xp1]
> E[E[f(X)|Xy,. .., X JE[g(X) X1, . . ., Xt ]]

because given Xj,...,X, 1, both f and g are nondecreasing functions of the n-th
variable. Now it follows by independence that the functions f/,g : R*! — R
defined by f'(xy, . .. x,_1) = E[f(X)|X1 =%1,. .., Xp1 = %51 ] and g (%1, .. . &) =
E[g(X) |Xi = %1,...,Xu1 = x,1] are nondecreasing functions, so by the induction
hypothesis

E[f(Xy,.., X01)gd (X1, .., X01)]

> E[f'(Xy,..., X 1) ]EE (X1, ..., Xu1)]
= E[f(X)]E[g(X)]

as desired. O

2.11 Minkowski’s Inequality

We close this chapter by proving a general version of Minkowski’s inequality. The best
known versions of this inequality may be considered as triangle inequalities for L, norms
of vectors or random variables. For example, one version states that if X; and X, are two
real-valued random variables, then for g > 1,

1/ 1/ /
E[% + '] < [ ] + B[Pl ).
In this book (see Chapters S and 10), we will need the following, more general, formula-
tion of Minkowski’s inequality.

Theorem 2.16 (MINKOWSKI’S INEQUALITY) Let X and Y be independent random vari-
ables taking their values in the sets X and ), respectively. Let f : X x ) — R be a
real-valued measurable function and define the random variable Z = f(X,Y). If ¢ > 1,
then

(B (185217 < B [ (Bel21)"]
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where Ex and Ey denote expectations taken with respect to the distributions of X and Y,
respectively (i.e. ExZ = E[Z|Y] and EyZ = E[Z|X]).

Before proving the theorem, note that the classical version of Minkowski’s inequality
cited above may be recovered by letting Y be uniformly distributed on the set ) = {1,2}
and defining X = (X1,X;),f(X,1) = X;,and (X, 2) = X,.

Proof The inequality is obvious for q € {1,00} so we may assume that 1 < g < oo.
Without loss of generality, we may assume that Z is nonnegative. Let Y’ be an
independent copy of Y, independent of X as well. Then

Bx [(B2)7] = Ex | (B (5, Y)" Exf (X,Y)
= Ey [Ey [(Eyj(x, YN (X, Y)]]

= Ey [EX [(Ey/f(X, Y)Y (X, Y)]]
(by Fubini’s theorem)

< Ey [(EX [(Brf O Y))]) " (Bx 10X, Y)])l/q]
(by Holder’s inequality)
= (Ex[(Brf(xX,Y))1]) " By [(Equ(X, Y))“"]

= (Ex[(Bv2)1])" " By [(EXZ‘Z)W] .

Dividing both sides by (Ex [(EyZ)q])lfl/q, we obtain the desired inequality. O

2.12 Bibliographical Remarks

Exponential tail inequalities for sums of independent random variables have been proved
from the early days of mathematical probability theory. Among the pioneers we mention
Bernstein (1946), Craig (1933), Uspensky (1937), Chernoff (1952), Okamoto (1958),
Bennett (1962), and Hoeffding (1963).

The proof of the maximal inequality of Theorem 2.5 is based on an argument used by
Pisier (1983) to control the expectation of the supremum of variables belonging to some
Orlicz space. For exponentially integrable variables it is possible to optimize Pisier’s argu-
ment with respect to the parameter involved in the definition of the moment-generating
function. This is exactly what is done in Theorem 2.5.

Hoeffding’s lemma (Lemma 2.2) and Hoeffding’s inequality (Theorem 2.8) are due to
Hoeffding (1963). Bennett’s inequality is taken from Bennett (1962), while Bernstein’s
inequality in its original form is in Bernstein (1946). Bernstein’s inequality for unboun-
ded variables can be found in Uspensky (1937). Theorem 2.10 appears in Birgé and
Massart (1998). Note that the usual assumption in Bernstein’s inequality involves
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conditions for the absolute moments of the X;, instead of their positive part as in Theorem
2.10. This refinement was suggested to us by Emmanuel Rio.

The inequality derived in Example 2.12 for a Gaussian chaos of order 2 is described by
Hanson and Wright (1971). The fact that a quadratic form of standard normal random
variables has the same distribution as a weighted sum of independent random variables
with chi-squared distribution is usually referred to as Cochran’s theorem. For extensions to
higher-order chaoses, we refer to Arcones and Giné (1993) and Latata (2006).

The Johnson-Lindenstrauss lemma first appears in Johnson and Lindenstrauss (1984),
though its original proof is not probabilistic. The idea of random projections was intro-
duced by Frankl and Maehara (1988, 1990), but see also Gupta and Dasgupta (2002) for a
particularly simple proof. Achlioptas (2003) considered projections based on Rademacher
random variables. The proof of Theorem 2.13 is adapted from the arguments of Achlioptas.
Random projections have been used successfully in a variety of applications, for example,
Linial, London, and Rabinovich (1995), Kleinberg (1997), and Indyk and Motwani (1998).
For a survey we refer the reader to the book of Vempala (2004).

Theorem 2.14 is attributed to Chebyshev (see, e.g. Hall, Littlewood and Pélya (1952)).
We note here that association properties may often be used to derive concentration prop-
erties. We refer the reader to the survey of Dubhashi and Ranjan (1998). Theorem 2.15 is
due to Harris (1960), though sometimes it is referred to as the FKG inequality because of a
generalization established by Fortuin, Kasteleyn, and Ginibre (1971).

The proof of the generalized Minkowski inequality (Theorem 2.16) presented here was
first found by F. Riesz (see Steele (2004), Zygmund (1959)).

2.13 EXERCISES

2.1. Let MZ be a median of the square-integrable random variable Z (ie.
P{Z>MZ} > 1/2and P{Z < MZ} > 1/2). Show that

IMZ - EZ| < /Var (2).

2.2. Let X be arandom variable with median MX such that positive constants a and b exist
so that forallt > 0,

Pl|X-MX| > t} <ac®/.

Show that |[MX - EX| < min («/%, a~/ bJT/Z).

2.3. (CHEBYSHEV-CANTELLI INEQUALITY) Prove the following one-sided improve-
ment of Chebyshev’s inequality: for any real-valued random variable Y and t > 0,

Var (Y
P{Y—Eth}s—ar() .
Var (Y) + t2
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(PALEY-ZYGMUND INEQUALITY) Show that if Y is a nonnegative random variable,
then foranya € (0, 1),

, (EY)?

P{Y > aEY} > (1-a) £

(MOMENTS VS. CHERNOFF BOUNDS) Show that moment bounds for tail prob-
abilities are always better than Cramér—Chernoff bounds. More precisely, let Y be
a nonnegative random variable and let t > 0. The best moment bound for the tail
probability P{Y > t} is ming E[Y7]t"9 where the minimum is taken over all positive
integers. The best Cramér—Chernoff bound is infy » o Ee*(Y-)_ Prove that

min E[Y?]t? < inf Ee*( ),

q A>0

(See Philips and Nelson (1995).)
Let Z be a real-valued random variable. Show that the set of positive numbers
S= {)» >0:Ee? < OO} is either empty, or an interval with left end point equal
to 0. Let b = sup S. Show that (1) = log Ee** is convex and infinitely many
times differentiable on I = (0,b). Show that if EZ = 0, {7 is continuously differ-
entiable on [0, b) with ¥,(0) = ¥z(0) = 0 and the Cramér transform of Z equals
Vi(t) = sup, o (At - Vz(1)).

Prove that if Z is a centered normal random variable with variance o2 then

P{Z >t} £ !
su — =—.
- =P 202 )) 72

(ELEMENTARY INEQUALITIES) Prove the following inequalities appearing in the
text:

~log(l-u) -u < foru € (0,1);

2(1-u)
u2

>

~2(1+u/3)

2

u
hi(w)=1+u-~1+2u>——, foru>0.
2(1 +u)

h(u) = (1 +u)log(1+u) —u

foru > 0;

(SUB-GAUSSIAN LOWER TAIL FOR NONNEGATIVE RANDOM VARIABLES) Let X
be a nonnegative random variable with finite second moment. Show that for any
A > 0, EeMX-EX) < MEX)2 1 particular, if X, . . ., X, are independent nonneg-
ative random variables, then for any t > 0,

£
P{S < —t} < exp (2—>
v

where S =Y " (X;-EX;)andv=) | E [Xlz]
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2.10.

2.12.

2.13.

2.14.

2.1S.
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Let Xj,...,X, be independent Bernoulli random variables with parameters
Py .., P respectively. Letp = (1/n) Y p;and S, = Y| X;. Prove that

P{S,-np > ne} < /3 and P{S,-np < -ng} < g2

(Angluin and Valiant (1979), see also Hagerup and Riib (1990)).

. Let B be binomially distributed with parameters (1, p). Show thatforp < a < 1,

-2 () (12)7) = (0 ey

Show that for 0 < a < p, the same upper bounds hold for P{B < an} (Karp (1988),
see also Hagerup and Riib (1990)).
Let B be binomially distributed with parameters (1, p). Show thatifp > 1/2,

2
__ne
P{B-np > ne} < ¢ 0,

andifp < 1/2,

HEZ
P{B-np < -ne} < e 20»

(Okamoto (1958)).
Let B be binomially distributed with parameters (1, p). Prove that

P{«/E— Jnp > eﬁ} < e’
and
P{x/ﬁ— Jnp < —8\/;} < e

(Okamoto (1958)).
Let D and n be positive integers with 1 < D < n. Show that

>()=(5)"

A

Hint: observe that the left-hand side is 2" times a tail probability of a symmetric
binomial random variable and use Chernoff’s inequality.

(ALTERNATIVE PROOF OF BENNETT’S INEQUALITY) As in the proof of
Lemma 2.2, show that if Y is a centered random variable with finite variance v such
thatY <1,

Yy(X) = logEe’\Y <log (1 +v (e)‘ -A- 1))
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for & € R by solving a differential inequality. Hint: let P denote the distribution of Y
and let P; be the probability distribution with density e¥**)¢** with respect to P. Let
Z have distribution P;. Check first that Var (Z) < ve*.

Prove that if X is a sub-Gaussian random variable with variance factor v then
Var (X) <.

Let Gy, . . ., Gy be independent standard normal random variables. Then

lim Emax;.;, N Gi

N—oo  /2]logN

(See Galambos (1987).)

(MAXIMUM OF INDEPENDENT POISSON RANDOM VARIABLES) Let X, . . ., X, be
independent Poisson random variables with expectation 1. The Lambert W function
is defined over [~1/e, 00) by the equation W(x)e"® = x. Prove that

log(n/e)
B X = W og(ne)/e)

Prove that forz > ¢, W(z) > log(z) - loglog(z) and that forn > ¢,

E X < log(n/e)
iilll:i.?,(n ' log(log(n/e)/e) - log(log(log(n/e)/e))”

The following upper bound may be more manageable:

2logn
Emax X; < ———————.
=1, log(log(en))

Hint: use Theorem 2.4.
(MAXIMUM OF INDEPENDENT BINOMIAL RANDOM VARIABLES) LetX),...,X,
be independent Binomial (m, p) random variables. Prove that
E max X, < mpe1+W((108(n)—mp)/(emp)),
i=1,..,n -
where W is defined in Exercise 2.18.
(RANDOM ALLOCATIONS) Suppose we throw m balls into n bins uniformly inde-

pendently at random. Let M be the maximum number of balls in any bin. Prove
that

EM < ﬂel+W((10g(w)—m/n)/(em/n)).
n

Deduce from this that if m = cnlog(n) for ¢ > 0,

EM <¢c log(n)g“W((l—C)/(ce))'
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2.21.

2.22.

2.23.

2.24.

Conclude thatif m = cnfor c > 0,iflogn > ¢,

- log(n) - ¢
~ log((log(n) - ¢)/(ec)) - log(log((log(n) - ¢)/(ec)))"

Hint: use Theorem 2.4 and Exercises 2.18 and 2.19. See Raab and Steger (1998) for
related results and asymptotics.

(SUB-GAMMA RANDOM VARIABLES: ONE-SIDED BOUNDS) Let X be a centered
random variable (i.e. EX =0) in [',(v,c). Show that Var(X) <v and there
exists a constant C such that for every integer g > 2, (E [Xz])l/q <C ( Vvt cq).
Conversely, suppose that X is a centered random variable such that there exist con-
stants A and B such that Var (X) < A and (E [Xz])l/q < /qA +Bgqforall g > 2.
Show that there exists a constant C such that X is in I, (v, ¢) with v = C(A + B?) and
c=CB.

(SUB-EXPONENTIAL RANDOM VARIABLES) A nonnegative random variable X has
exponential distribution with parameter a > 0 if X has a density ae™, x > 0. The
moment-generating function of X is then Ee** = 1/(1 - 1/a) for A € (0,a). Show
that if g is a positive integer, the g-th moment of X equals E[X?] = q!/af. We say that

EM

a nonnegative random variable X has a sub-exponential distribution if there exists a
constant a > 0 such that for all 0 < A < g, Ee*X < 1/(1 - A/a). Show that if X is
sub-exponential, then for every positive integer g,

E[X1] < 24“‘1—!.
=2

(SUB-EXPONENTIAL DISTRIBUTION-CONTINUED) Let X be a random variable
such that there exists a constant a > 0 in order that for every positive integer g,

E[X1] <

2=

Show that X is sub-exponential. More precisely, show that forany 0 < A < a, Ee’* <

1/(1-X/a).
(A TAIL-COMPARISON INEQUALITY) Let X and Y be two real-valued random
variables such that for any real g,

E[(X-a),] <E[(Y-a),]
while for somex > land b > 0O, forallt > 0,
P{Y >t} < ke ™.
Prove that forall t > 0,
P{X >t} < ke

(see Panchenko (2003)).
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Consider the Gaussian chaos of order two Z defined in Example 2.12. Show that there
exist positive constants c and C such thatforallg > 2andn > 1,

¢ (VallAlls +qllAl) < (E[121°]) " < € (VallAlls + qllAll)

(see Latata (1999)).
Let f be a nonnegative nonincreasing and g a nondecreasing real-valued
function. Let h be a nonnegative function with finite expectation, such that

E[h(X)f(X)] < E[h(X)]. Then

E[f(X)g(X)h(X)] < E[r(X)g(X)].

(BETWEEN SUB-GAMMA AND GAUSSIAN) Let X, . . ., X, be identically distributed
independent random variables such that

P{|X,»| > u} <

forsomep > 1.Letq = p/(p — 1) be the conjugate of p. Lets = (51 ...,s,) € R". Let
Z =Y, s:X;. Prove that there exists a constant L (that depends on p but not on n)

such that
rio zsen(on (7))
= =Lexp|--mmn|—75,—
L R

where ||s||§ =Y 0, |siff (ifp < 00) or max (|st|) (ifp = 00).

(MOMENTS OF THE GUMBEL DISTRIBUTION) Let X be distributed accord-
ing to the Gumbel distribution: P{X <t} = exp(-exp(-t)). Prove that EX
equals the Euler-Mascheroni constant (lim,—oo Y _r, 1/i —logn), that Var (X) =
7?/6 =lim, 0 Yy, 1/i%, and that for all A >0, logEexp(A(X - EX)) <
Var (X)A?/(2(1 - A)). Hint: use Rényi’s representation of order statistics of samples
of the exponential distribution, described as follows: if Y3, ..., Y, are independent
exponentially distributed random varibles, then max(Xj, ..., X,) is distributed as
> . Yi/i, and max(Yy,...,Y,) - logn converges in distribution to the Gumbel
distribution.



Bounding the Variance

The purpose of this chapter is to introduce a simple, yet powerful, inequality which offers
a useful upper bound for the variance of a general function of several independent random

variables.
Formally,letf : X" — Rbeareal-valued function of n variables, where X’ is some meas-
urable space. If X, . . ., X, are independent random variables taking values in X, then we

may define the real-valued random variable
Z=f(Xy..., X,

We empbhasize that the X; may have different distributions, the only essential assumption
is independence. Throughout this chapter we assume that Z has a finite variance, and our
purpose is to find general upper bounds.

The basic result — the Efron-Stein inequality—, presented in Section 3.1, provides a
bound in terms of “local” variations of the function f. This inequality is a prologue to
the numerous results presented in this book in which concentration properties may be
controlled by studying the local behavior of the function at hand.

A large part of this chapter (Sections 3.2-3.5) is devoted to applications of the Efron—
Stein inequality for bounding the variance of complex functions of independent random
variables. We hope that the elementary arguments will convince the reader of the versatility
and power of this simple inequality.

Once the variance of Z is controlled, one may use Chebyshev’s inequality to derive upper
bounds for the tail probabilities P{Z > EZ + t}. However, interestingly, by a simple trick
shown in Section 3.6, the Efron-Stein inequality may also be used to derive exponential
bounds for the tail probability. These bounds are not optimal in the sense that they do not
capture the right exponential rate of decrease of the tails. In subsequent chapters we show
how these tail inequalities can be significantly sharpened to prove tail bounds which cannot
be revealed by looking at the variance only. However, the techniques used in this chapter
present many of the main ideas used later in a simple, digestible form.



THE EFRON-STEIN INEQUALITY | 53

In Section 3.7 we show how the Efron-Stein inequality implies the Gaussian Poincaré
inequality, a classical result for smooth functions of independent normal random variables.

We close this chapter by providing an alternative proof of the Efron-Stein inequal-
ity, based on a duality argument, which opens the door to generalizations presented in
subsequent chapters, notably in Section 4.9.

3.1 The Efron-Stein Inequality

One of the main messages of this book is that, in a certain sense, sums of independent
random variables have an extremal place in the world of general functions of independ-
ent random variables. Before deriving a bound for the variance of a general function Z of
independent random variables (this problem, of course, only makes sense when Z is square
integrable), we can gain some insight by considering first the very special case when the
variables X1, . .., X, are real-valued and Z = X, + - - - + X,,. In this case we can use the exact
formula

Var (Z) = ZVar (X;).

Of course, the proof of this formula uses independence only through the pairwise ortho-
gonality (in IL,) of the variables X; — EX;. Now it is a natural idea to bound the variance
of a general function by expressing Z — EZ as a sum of martingale differences for the Doob
filtration and use the orthogonality of these differences. More precisely, if we denote by E;
the conditional expectation operator, conditioned on (Xj, . . ., X;), and use the convention
E, = E, then we may define

A,‘ = ElZ - EHZ

foreveryi=1,...,n. Starting from the decomposition

Z—EZ:Xn:A,-
i=1

one has
n 2 n
Var (Z) =E [(Z A,.) } =Y E[A]+2) E[AA].
i=1 i=1 j>i
Now, ifj > i, E;A; = 0 implies that
Ei [AJA,] = A,EIA] = 0,

and, a fortiori, E [Ain] = 0. Thus, we obtain the following analog of the additivity formula
of the variance:
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Var (Z) = E [(Zl A,)Z] = _ZIE [A7].

Until now, we have made no use of the fact that Z is a function of independent variables
Xj,...,X,. Indeed, the above formula holds for any martingale. Independence may be
applied in the following argument: for any integrable function Z = f (Xj, . . ., X,,) one may
write, by Fubini’s theorem,

EiZ = f (Xll e ;Xi; Kitly - -+ !xﬂ) dMHl (xi+l> e d//Ln (xn)/
o

where, for every j=1,...,n, u; denotes the probability distribution of X;.

Also, if we denote by E¥ the conditional expectation operator conditioned on
x@ = (X1,..., X1, X1, - .., X,), we have

E(I)Z = / f (le cee 1Xi—1;xi;Xi+lr e ;Xn) dl‘l’l (xt)
X
Then, again by Fubini’s theorem,
E, [E(i)Z] =FE,,Z 3.1)

This observation is key in the proof of the main result of this chapter which we state next.

Theorem 3.1 (EFRON-STEIN INEQUALITY) Let Xy, . . ., X, be independent random vari-
ables and let Z = {(X) be a square-integrable function of X = (X3, . . .,X,). Then

Var (Z) < iE [(Z —E(i)Z>2:| &f

Moreover, if X},. .., X are independent copies of Xy, . .., X, and if we define, for every
i=1...,n

Z: =f(X1; .. ~)Xi—l:X,',;Xi+1) .. ~;Xn);

then
y= %gE[(z_Zi)z] _ é:E[(z_z;)i] - gE[(z-zg)E]

where x, = max(x, 0) and x_ = max(-x, 0) denote the positive and negative parts of a real
number x. Also,

v = igfz E[(z-z)"],
i=1

where the infimum is taken over the class of all X")-measurable and square-integrable
variables Z;,i=1,...,n.
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Proof We begin with the proof of the first statement. Note that, using (3.1), we may write
A =E [Z - E(")Z].

By Jensen’s inequality, used conditionally,

N2
A} <E [(Z—E(’)Z) ]

Using Var(Z) =) " | E [Atz] , we obtain the desired inequality. To prove the identit-
ies for v, denote by Var () the conditional variance operator conditioned on X, Then
we may write v as

v= Xn:E [Var(i) (Z)] .

Now note that one may simply use (conditionally) the elementary fact that if X
and Y are independent and identically distributed real-valued random variables, then
Var (X) = (1/2)E[(X - Y)?]. Since conditionally on X0, Z! is an independent copy
of Z, we may write

Var (Z) = %E@ [(Z - ZQ)Z] = EY [(z - Zf)i] =EY [(Z - Zﬁ)f]

where we used the fact that the conditional distributions of Z and Z| are identical.
The last identity is obtained by recalling that, for any real-valued random variable
X, Var (X) = inf,eg E[(X - a)*]. Using this fact conditionally, we have, for every
i=1,...,n

var®) (2) = i?fE(i) [(z-2)*]
Note that this infimum is achieved whenever Z; = E® Z. a

Observe that in the case when Z = ) 7| X; is a sum of independent random variables
(with finite variance), then the Efron-Stein inequality becomes an equality. Thus, the
bound in the Efron—Stein inequality is, in a sense, not improvable.

Remark 3.2 (THE JACKKNIFE ESTIMATE) We should note here that the Efron-Stein
inequality was first motivated by the study of the so-called jackknife estimate of stat-
istics. To describe this estimate, assume that X, ..., X, are ii.d. random variables
and one wishes to estimate a functional 0 of the distribution of the X; by a function
Z=f(Xy,...,X,) of the data. The quality of the estimate is often measured by its
bias EZ — 0 and its variance Var (Z). Since the distribution of the X;’s is unknown, one
needs to estimate the bias and variance from the same sample. The jackknife estimate
of the bias is defined by
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(n-1) (%iZ,—Z)

where Z; is an appropriately defined function of x® = Xy, X, X, -, X)
(see Exercise 3.4). X is often called the i-th jackknife sample while Z,; is the so-called
jackknife replication of Z. In an analogous way, the jackknife estimate of the variance is

defined by

n

> (z-z)

i=1

(Sometimes this sum is multiplied by (n — 1)/n.) Using this language, the Efron—Stein
inequality simply states that the jackknife estimate of the variance is always positively
biased. In fact, this is how Efron and Stein originally formulated their inequality.

In the next sections we illustrate the use of the Efron-Stein inequality for various pro-
totypical examples. For many of these examples we will be able to prove much stronger
exponential tail estimates. However, the bases of the methodology are laid down here and
the arguments presented in this chapter will be of great use in establishing sharper bounds.
Also, useful bounds for the variance can often be derived under significantly more general
conditions than sharper tail bounds.

3.2 Functions with Bounded Differences

We say that a function f : X" — R has the bounded differences property if for some
nonnegative constants cy, ..., ¢y,

SuP |f(x1; . ~;xn) _f(xh . ~;xi—1)x£;xi+1; . ~;xn)| S Ciy 1 S i S n.
e

In other words, if we change the i-th variable of f while keeping all the others fixed, the value
of the function cannot change by more than ¢;. Then the Efron-Stein inequality implies the
following:

Corollary 3.2 Iff has the bounded differences property with constants ¢y, . . . , c,, then

n

1
Var(Z) < - .
@) =324
Proof From the Efron-Stein inequality,

Var (2) < igfz E[(z-z)"],

i=1
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where the infimum is taken over the class of all X)-measurable and square-integrable
variables Z;. Here we choose

1
Zi ==\ sup f(XI) s )Xi—lfx;; Xivly - - - 1Xn)
xeX

+ inf f(Xy, ..., X, &) Xigr, - - X))
leX

xE

Hence

2

Z-7Z)} <+,
(z-2) <7

and the proposition follows. O

Next we list some interesting applications of this corollary. In all cases the bound for
the variance is obtained effortlessly, while a direct estimation of the variance may be quite
involved.

Example 3.3 (BIN PACKING ) This is one of the basic operations research problems. Given
nnumbers x;, . . ., x, € [0, 1], the question is the following: what is the minimal num-
ber of “bins” into which these numbers can be packed such that the sum of the numbers
in each bin does not exceed one. Let f(x1, . . ., x,) be this minimum number. Clearly,
changing one of the x;s, the value of f (x, . . ., x,,) cannot change by more than one, so
whenever Xj, . . ., X, are independent, Z = f(X, . . ., X,,) satisfies

n
Var(Z) < -.
(2="

This upper bound is not improvable because if the X; are symmetric Bernoulli ran-
dom variables (i.e. P{X; = 0} = P{X; = 1} = 1/2), then Z is binomially distributed
with parameters n and 1/2 and therefore Var (Z) = n/4. On the other hand, sharper
bounds, which depend on the distribution of the X;, may be proved using Talagrand’s
convex distance inequality discussed in Chapter 7.

Example 3.4 (LONGEST COMMON SUB-SEQUENCE) The simplest version of the longest
common sub-sequence problem is as follows: let Xj,...,X, and Yj,...,Y, be two
sequences of coin flips. Define Z as the length of the longest sub-sequence which
appears in both sequences, that is,

Z=max{k:Xil :iju"')Xi :le‘k,

wherel <ij <--- <y <nandl <j; <--+ <jp <n}
The behavior of EZ has been investigated in many papers. It is known that EZ/n con-

verges to some number Y, whose value is unknown. It is conjectured tobe 2/(1 + V2),
and it is known to fall between 0.75796 and 0.83763. Here we are concerned with the
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concentration of Z. A moment of thought reveals that changing one bit cannot change
the length of the longest common subsequence by more than one, so Z satisfies the
bounded differences property with ¢; = 1. Consequently,

n
Var(Z) < —.
ar()_2

Thus, by Chebyshev’s inequality, with large probability, Z is within a constant times
/1 of its expected value. In other words, it is strongly concentrated around the mean,
which means that results on EZ faithfully describe the behavior of the longest common
subsequence of two random strings.

Example 3.5 (KERNEL DENSITY ESTIMATION) Let X, ..., X, be iid. samples drawn
according to some (unknown) density ¢ on the real line. The density is estimated by
the kernel estimate

1 - x—X,'
"’”(">=nhn;K( hn )

where h, > 0isasmoothing parameter, and K is a nonnegative function with [ K = 1.
The performance of the estimate is typically measured by the L; error

Z(n) = f(X. ., X,) = / 16(x) = ()| d.

It is easy to see that

, 1 X - x; x -,
|f(x1,...,xn)—f(xl,...,xi,...,xn)|5n—hr’f‘K< W )—K( W )

2

)
n

dx

IA

so without further work we obtain

—

Var (Z(n)) < —.

B

It is known that for every ¢, \/n EZ(n) — 00, which implies, by Chebyshev’s inequal-
ity, that for every e > 0

o

EZ(n)

_1‘_8}—P{|Z() EZ( )‘—SEZ( )}_,92(EZ(1’1))2 °

as n — 00. That is, Z(n)/EZ(n) — 1 in probability, or in other words, Z(n) is
relatively stable. This means that the random L;-error essentially behaves like its
expected value.

Example 3.6 (RADEMACHER AVERAGES) Rademacher averages and processes have
played an important role in a large variety of applications ranging from empirical pro-
cess theory through geometry to statistical learning theory. Here we derive bounds



FUNCTIONS WITH BOUNDED DIFFERENCES | 59

for the variance of the supremum of a Rademacher process, using the Efron-Stein
inequality.

To define Rademacher averages, let (¢;;) be a collection of real numbers indexed
byi=1,...,nand t € 7 where 7 is some set. If X3, ..., X, are independent sym-
metric random signs (i.e. with P{X; = -1} = P{X; = 1} = 1/2), then one may define
Z =sup, .t Z?:l Xa;s. The X; are often called Rademacher variables and Z is a
Rademacher average. The size of the expected value of Z depends, in a delicate manner,
on the o;¢. However, it is immediate to see that by changing one Xj, Z can change by
at most 2 sup, - |o;¢|, so regardless of the behavior of EZ, by Corollary 3.2 we always
have

n

Var (Z) < Z sup o).

i=1 t€

Next we show how a closer look at the Efron-Stein inequality implies a significantly
better bound for the variance of Z. Let X7, . . ., X| be independent copies of Xj, . . ., X,,.
Then

n
/ § : /
Zi = SUTE X}-Ol]-,t + Xiot,-‘t
. jii#i

Let t* be a (random) index such that sup,_, Z}il Xjoy = Z}’Ll Xjoj . Then, for
everyi=1,...,n,
Z-Z < (Xi- X)) e
which implies
(Z-2)% < (X -X])’ a2

By independence of X/ and (X}, . . ., X,,),

E[(Z-2)}] < B[E[((6- X)) a2elX, ., %] = 2B [02.]

it*

Hence, the Efron-Stein inequality implies

Var (Z) < 2E {Z afﬁ} <20},

i=1

where 0> = sup, .7 D _1'; &7, Note that, while we lost a factor of 2, the supremum is
now outside of the sum and this bound may be a significant improvement on what we
obtained as an immediate corollary of the bounded differences property.
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3.3 Self-Bounding Functions

Another simple property which is satisfied for many important examples is the so-called
self-bounding property. We say that a nonnegative function f : X" — [0, 00) has the self-
bounding property if there exist functions f; : X" — R such that for all xy,...,x, € X
andalli=1,...,n,

0 Sf(xll'“;xn) _fi(xl)"'lxi—hxiJrl;"-;xn) S 1

and also
Z (f(xly e ;xn) _fi(xh ey Xty Xit1y e e - )xn)) Sf(xly e an)'
i=1

For self-bounding functions we clearly have

n
Z (f(xll .. ;xn) _fi(xl; ey Xis1y Xigly - - ')xn))z Sf(xb . ';xn)
i=1

and therefore the last expression of v in Theorem 3.1 implies the following:

Corollary 3.7 Iff has the self-bounding property, then
Var (Z) < EZ.

Next we mention some applications of this simple corollary. In many cases the obtained
bound is a significant improvement over that which we would obtain using simply
Corollary 3.2.

Remark 3.3 (RELATIVE STABILITY) A sequence of nonnegative random variables
(Z(n))nen is said to be relatively stable if Z(n)/EZ(n) — 1 in probability. This prop-
erty guarantees that the random fluctuations of Z(n) around its expectation are of
negligible size when compared to the expectation, and therefore most information
about the size of Z(n) is given by EZ(n). Bounding the variance of Z(n) by its expec-
ted value implies, in many cases, the relative stability of (Z(n)),en. If Z(n) has the
self-bounding property, then, by Chebyshev’s inequality, foralle > 0,

P”EZZ(<)> i 1‘ ” 8} = V(E(ZZ<(>)>) = eZElz<n>'

Thus, for relative stability, it suffices to have EZ(n) — oo.

An important class of functions satisfying the self-bounding property consists of the
so-called configuration functions.

Assume that we have a property IT defined over the union of finite products of a
set X, that is, a sequence of sets [T, C X, [T, C X x X,...,I1, C X". We say that
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(x1,...x,) € X™ satisfies the property ITif (x1, . . . x,,) € I1,,. We assume that [T is hered-

itary in the sense that if (xy, . . . x,,,) satisfies IT then so does any sub-sequence (x;,, . . . x;,)

of (x1, . . .x,). The function f that maps any vector x = (xy, ... x,) to the size of a largest

sub-sequence satisfying IT is the configuration function associated with property IT.
Corollary 3.7 implies the following result:

Corollary 3.8 Let f be a configuration function, and let Z = f(Xy, . .., X,,), where X3, . . ., X,y
are independent random variables. Then

Var (Z) < EZ.

Proof By Corollary 3.7 it suffices to show that any configuration function is self-bounding.
Let Z = f(X") = f(Xy,...,Xi-1, Xis1, - . ., X,). The condition 0 < Z-Z; <1 is
trivially satisfied. On the other hand, assume that Z = k and let {X;,..., X, } C
{X1,...,X,} be a sub-sequence of cardinality k such that fy(X;, ..., X;) = k. (Note
that by the definition of a configuration function such a sub-sequence exists.) Clearly,
if the index iis such thati ¢ {i}, ..., it} then Z = Z;, and therefore

n

Z(Z_Zi) <Z

i=1

is also satisfied, which concludes the proof. O

To illustrate the fact that configuration functions appear rather naturally in various
applications, we describe some examples originating from different fields.

Example 3.9 (NUMBER OF DISTINCT VALUES IN A DISCRETE SAMPLE) Let Xj, . .., X,
be independent, identically distributed random variables taking their values in the
set of positive integers such that P{X; = k} = p, and let Z(n) denote the number of
distinct values taken by these n random variables. Then we may write

n
Z(m) = ) L, X))

i=1

so the expected value of Z(n) may be computed easily:

EZ(n) = > > (1-p)'p:

=1 j=1

It is easy to see that E[Z(n)]/n — 0asn — 00 (see Exercise 3.8). But how concen-
trated is the distribution of Z(n)? Clearly, Z(n) satisfies the bounded differences prop-
erty with ¢; = 1, so Corollary 3.2 implies Var (Z(n)) < n/4 and therefore Z(n)/n — 0
in probability by Chebyshev’s inequality. On the other hand, it is obvious that Z(n) is a
configuration function associated with the property of “distinctness,” and by Corollary
3.8 we have
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Var (Z(n)) < EZ(n)
which is a significant improvement since EZ(n) = o(n).

Example 3.10 (VC DIMENSION) One of the central quantities in statistical learning theory
is the Vapnik—Chervonenkis dimension. Let A be an arbitrary collection of subsets of X,
andletx = (xy,...,x,) be avector of n points of X. Define the trace of .A on x by

tr(x) = {AN{xy,...,x,}: A€ AL

The shatter coefficient, (or Vapnik—Chervonenkis growth function) of A in «x is
T(x) = |tr(x)|, the size of the trace. T(x) is the number of different subsets of the
n-point set {xi,...,x,} generated by intersecting it with elements of .A. A subset
{xi, ... %} of {xy,...,,} is said to be shattered if 2k = T(x;,...,%;). The vC
dimension D(x) of A (with respect to x) is the cardinality k of the largest shattered
subset of x. From the definition it is obvious that f(x) = D(x) is a configuration func-
tion (associated with the property of “shatteredness”) and therefore if X3, . . ., X, are
independent random variables, then

Var (D(X)) < ED(X).

Example 3.11 (INCREASING SUB-SEQUENCES) Consider a vector x = (x, ..., x,) of n
distinct numbers in [0, 1]. The positive integers ij < iy < -+ < iy, form an increas-
ing sub-sequence if x;, < x;, < --- < x; (wherei; > 1and i, < n).Let L(x) denote
the length of a longest increasing sub-sequence. Clearly, L(x) is a configuration func-
tion (associated with the “increasing sequence” property) and therefore, if Xj, . .., X,
are independent random variables such that they are different with probability
one (this is warranted if every X; has an absolutely continuous distribution) then
Var (L(X)) < EL(X). If the X;’s are uniformly distributed in [0, 1] then it is known
that EL(X) ~ 2./n. The obtained bound for the variance appears to be quite loose
and the right order is Var (L(X)) = O( n'/3), an apparently difficult result.

In a variation of the problem, X, . . ., X,, take their values in a finite set {1,...,m}.
Here we define L™ (X) to be the length of the longest increasing sub-sequence
of X =(Xj,...,X,), that is, the largest positive integer k for which there exist
1<i; <+ <ip<nsuchthatX; <X, <...<X,. The analysis of the variance
remains unchanged, and as above, we have Var (L (X)) < ELU™)(X). This estimate
has the right order of magnitude as it is known that if the X; are uniformly distrib-
uted, (LY (X) - n/m)//2n/m converges in distribution to a random variable whose
distribution depends on m.

Example 3.12 (CONDITIONAL RADEMACHER AVERAGES) An example of a self-
bounding function which is not a configuration function is that of Rademacher
averages. Let X, ..., X, be independent random variables taking values in [-1, 1)¢
and denote the components of X; by X;; ..., X;4,i=1,...,n. If &1,...,&, denote
independent symmetric {1, 1}-valued random variables, independent of the X;’s (the
so-called Rademacher random variables), then we define the conditional Rademacher
average as
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n
Z=E|:maxd giXi,lel)--ﬂXn}-
jL,ed 4
i=1

(Thus, the expected value is taken with respect to the Rademacher variables and Z is
a function of the X;’s.) Quantities like Z have been known to measure effectively the
complexity of model classes in statistical learning theory. It is immediate that Z has the
bounded differences property and Corollary 3.2 implies Var (Z) < n/4. However, this
bound may be improved by observing that Z also has the self-bounding property, and
therefore Var (Z) < EZ.Indeed, defining

j=Ld

n

Z;=E | max Z £:X;,;| x?
k=1
ki

itiseasytoseethat0 <Z-Z; <land ) . (Z-Z;) < Z (the details are left as an
exercise). The improvement provided by Lemma 3.7 is essential since it is well known
in empirical process theory and statistical learning theory that in many circumstances,
EZ may be bounded by Cn'/? where the constant C that does not depend on 1 (see for
example Section 13.3).

3.4 More Examples and Applications

Example 3.13 (FIRST PASSAGE PERCOLATION) Consider a graph such that a weight X; is
assigned to each edge ¢; so that the X; are nonnegative independent random variables
with second moment EXi2 = 02, Let v; and v, be fixed vertices of the graph. We are
interested in the total weight of the path from v; to v, with minimum weight. (The
weight of a path is defined as the sum of the weights of the edges on the path.) Thus,

where the minimum is taken over all paths P from v; to v,. Denote an arbitrary optimal
path by P*. By replacing X; with X/, the total minimum weight can only increase if the
edge ¢; is on P*, and therefore

(Z-2))? < (X - X2 Ligery < X Lo
Thus,

Var(2) <EY Xlgepy =0°E Y Lgep,
i i

that is, the variance of Z is bounded by o* times the expected number of edges in the
minimum-weight path. Under general conditions, this is bounded by a constant times
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the graph distance between v; and v, (see the exercises). This linear bound, however,
is known to be loose in some important special cases such as percolation on Z%. To
prove bounds of the correct order for this special case remains to be a challenge.

Example 3.14 (THE LARGEST EIGENVALUE OF A RANDOM SYMMETRIC MATRIX) Let

Abeasymmetric real matrix whose entries X;j, 1 < i <j < nareindependentrandom
variables with absolute value bounded by 1. Let Z = A, denote the largest eigenvalue of
A. The property of the largest eigenvalue we need in order to bound the variance of Z is
thatifv = (vy,...,v,) € R" is an eigenvector corresponding to the largest eigenvalue

Ay with ||v|| = 1, then

A o=vTAv= sup u'Au.

uzfluf|=1

Using Theorem 3.1, consider the symmetric matrix A] j obtained by replacing X;; in A
by the independent copy X; j» while keeping all other variables fixed. Let Zz{,j denote the
largest eigenvalue of the obtained matrix. Then by the above-mentioned property of
the largest eigenvalue,

(Z - Z;,j)+ = (VTAV - VTA:,I.V) ]1{Z>Z,’,,}

(vT(A —A%)v) Lizozy < 2(vi(Xij - Xi)))+
< 4|V,"V]'|.

Therefore,

2
Z (Z—Z;j i < Z 16|1/,-v]-|2 <16 <i v%) = 16.

1<i<j<n 1<i<j<n i=1

Taking expectations of both sides and using the Efron-Stein inequality, we have
Var (Z) < 16. Thus, the variance is bounded by a constant regardless of the size of the
matrix and the distribution of the entries. The only condition we need is independence
and boundedness of the entries; they don’t even need to have the same distribution.
Note that the same proof also works for the smallest eigenvalue.

Example 3.15 (MINIMUM WEIGHT SPANNING TREE) Consider the random variable T},
defined as the sum of weights on the minimum spanning tree of the complete graph
K., with independent uniformly distributed (on [0, 1]) weights X;; (1 <i <j < m)
on the edges. (Thus, T, is a function of n = (m

2
well known that the expected value of T,, converges to a constant {(3) = )

) independent random variables.) It is
)
Here we bound the variance of T,. Using the Efron—Stein inequality directly gives
a loose bound, but a simple trick will lead us close to the truth. The idea is that the
largest weight of any edge in the minimum spanning tree is small, at most of the
order log m/m, with high probability. This observation allows us to replace T, with
the related random variable T, obtained when the X;; are replaced by min(X;;, 8,,),
where 8, > 0 is a small positive number. Note that if §,, = clogm/m for some
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¢ > 1then T, = T,, with high probability. In order to appreciate this simply observe
that T,, # T, implies that the largest edge weight in the minimum spanning tree
is greater than §,,. However, this is just the probability that the Erdés—Rényi ran-
dom graph G(m,§,,) (i.e. a graph on m vertices in which each of the possible (;’)
edges is present independently with probability 8,,) is not connected, which is at most
2 (e"’(H)/2 - l) + 2y (m/4 (gee Exercise 3.12) which is bounded by 4m=/4, if

¢ > 2. Since
Var (T,,) = E[T,] - (ET,,)*
= E[T, Lr,1,3] + E[T, L, /1,1] - (ET,)?
< Var (T,,) + m*P {Tm #Tm}
< Var (T,,) + 4m>/4,

it suffices to bound the variance of T,,. Here it is advantageous to use the variant of the
Efron-Stein inequality which states

_ " 2
Var(T,,) <E) (Tm - T:m(iyj))i

ij=1

i
where T:m(i'j
replaces the weight X;; then T,, can only decrease if the edge (i, ) is in the minimum

) is obtained by replacing X;; by an independent copy. Clearly, if one

weight spanning tree. Since there are m — 1 such edges and the change cannot be more
than §,,,

n

— 2 )
2 (Tm - Tm,(i,») = md,.
ij=1 -
&
In summary,
144log>m 4
I44log'm 4

m

Var (T,,) < mé% + 4m>/* =

where we choose ¢ = 12. This bound is not quite of the correct order, since it is known
that, asymptotically, Var (T,,) ~ (6¢(4) -4¢(3))/m. (In fact, /m(T,, -¢(3))
converges, in distribution, to a centered normal random variable with variance
6£(4) - 4¢(3).) However, this argument illustrates how the Efron-Stein inequality
can be used in a simple way to obtain powerful nonasymptotic inequalities.

Example 3.16 (PACKET ROUTING IN PARALLEL COMPUTATION) Here we describe a
simple routing problem for massive parallel computation. Let N be an integer and
suppose that 2V processors are arranged in a binary hypercube. More precisely, con-
sider the graph with vertex set {-1, 1}"¥ in which two vertices are joined by an edge
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if and only if the corresponding binary N-vectors differ in exactly one bit. Each vertex
represents a processor and processors with neighboring vertices are joined with a direct
communication link. During the execution of a parallel computing task, processors
need to communicate with each other. In the simple model considered here, at a cer-
tain point in time, every processor u € {-1, 1}V needs to send a packet to another
processor v = o (1) where o is a permutation over {-1, 1}N. Thus, for each vertex
a path from u to v = o (1) has to be found on the graph, and the packet is sent from u
to v along the chosen path. In total, 2V paths are chosen (one for each vertex), some
of which may intersect in certain edges of the graph. If some edge is contained in vari-
ous paths, then congestion occurs and computation suffers a delay proportional to the
number of paths going through the edge. Thus, the routing problem is to assign paths
so that the maximum number of paths going through any single edge is as small as pos-
sible. Formally, a routing strategy is a mapping p from pairs of vertices to paths. The
length of a path is the number of edges it goes through.

The simplest routing strategy one may think of is the following “shortest-path”
strategy: for a given pair (u,v) of vertices with Hamming distance p = d(u, v) (with
v = 0 (u)), choose the path ug = u,uy, . ..,u, = v defined recursively fori = 1,..., p
such that u;,; differs from u; according to the ith position in which u and v differ. It
is easy to see (Exercise 3.14) that this strategy may have a maximal congestion that
is exponentially large in N. Now consider the following randomized solution. Given
a routing task o, every vertex u chooses an intermediate vertex W (u) independently,
uniformly at random, among all possible 2V vertices. Then u s first routed to W (u) and
then W (u) to o (u) using the shortest path strategy described above. One may show
that the expected value of the maximal congestion of this scheme is O(N) (see Exercise
3.15). On the other hand, the random variable Z(o ) defined as the maximal congestion
of any edge, may be considered as a function of the 2V independent random vari-
ables W (u). Now it is easy to see that Z(o') is a configuration function and therefore
Var (Z(0)) < EZ(0) = O(N). Thus, with high probability, Z(c') remains bounded
by a linear function of N, an exponential improvement compared to the worst-case
performance of a deterministic routing strategy.

3.5 A Convex Poincaré Inequality

In Section 3.7 below we will use the Efron-Stein inequality to prove a classical state-
ment that any Lipschitz function of a canonical Gaussian vector has a standard deviation
bounded by the Lipschitz constant. Here we point out an analogous bound for functions of
n independent random variables taking values in [0, 1]". The price we have to pay for this
generality is an extra convexity condition on the function.

We assume that f:[0,1]" — R is a separately convex function, that is, for any
i=1,...,nand fixed xy,...,% 1, X1, . .., %y, f is a convex function of its i-th variable. We
also assume that the partial derivatives of f exist, though this last condition may be removed
by a routine approximation argument which we do not detail here.
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Theorem 3.17 LetX;, ..., X, be independent random variables taking values in the interval
[0,1] and let f : [0,1]" — R be a separately convex function whose partial derivatives
exist. Then f(X) = f(Xy, . .., X,) satisfies

Var (f(X)) <E [”Vf(X) “2]

Proof The proof is an easy consequence of the Efron-Stein inequality, because by
Theorem 3.1 it suffices to bound the random variable Y | (Z-Z;)* where
Z; = infy f(Xy,...,x},...,X,). Denote by X the value of « for which the minimum
is achieved. This is guaranteed by continuity and the compactness of the domain of f.

@ _ (X1, X1, X, Xis1) - - -, X)), we have

g@— z)? - Z (005 (x°))

i=

-y (g_i(x)>2 (%, - X

i=1

Then, writing X

(by separate convexity)

i=1

= IVFOI™ 0

Example 3.18 (THE LARGEST SINGULAR VALUE OF A RANDOM MATRIX) Let A be
anm X nmatrix with entries X;; (i=1,...,m,j=1,...,n) ofindependent random
variables taking values in [0, 1]. We are interested in concentration of the largest sin-
gular value Z of A, defined as the square root of the largest eigenvalue of the symmetric
n X nmatrix ATA. Thus,

Z= \/AI(ATA) = sup uTATAu= sup |Aul.

ueR":|Jul|=1 ueR":|jul|=1
For each fixed vector u, || Au|| is a convex function of the mn-dimensional vector formed
by the X;; and since the supremum of convex functions is convex, we see that Zis a con-
vex function of the X;;. In order to apply Theorem 3.17, we may use Lidskii’s inequality,
aclassical result of linear algebra, which states that if A = (x;;) uxn and B = (y;j) uxn are
two matrices then, denoting by s;(M) > - - - > s,(M) the singular values of anm X n
matrix M,

(s1(A) - s;(B))* < Z (si(A) - si(B))* < Zsi(A—B)Z

= tr((A-B)"(A-B)) = Y Y (x;-y)’

=1 j=1
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(see Exercise 3.16). Therefore, the largest singular value is a Lipschitz function with
Lipschitz constant L = 1 and by Theorem 3.17,

Var (Z) < 1.

3.6 Exponential Tail Bounds via the Efron-Stein Inequality

The purpose of this section is to show two different ways by which the Efron-Stein inequal-
ity may be used in a simple and elementary way to prove exponential bounds for the tail
probabilities of functions with bounded differences. These bounds are suboptimal but the
main ideas will be used later to prove sharper bounds. Also, our intention is to provide
further evidence of the surprising power of the Efron-Stein inequality.

In the arguments, in fact, we need less than bounded differences, just the property that a
positive constant v exists such that

Z(Z -Z): <v (34)
i=1

holds with probability one. Recall that, for example, the largest eigenvalue of a random
symmetric matrix satisfies this condition with v = 16 (see Example 3.14). We establish
exponential tail inequalities by deriving upper bounds for the distance between quantiles
of Z. Define, for any @ € (0, 1), the a-quantile of Z = f(X) = (X, ..., X,) by

Qu =inf{z: P{Z < z} > a}.

In particular, we denote the median of Zby MZ = Q5.
The trick of the first method is to use the Efron—Stein inequality for the random variable
8ap(X) = gap(Xy, . .., X,) where b > aand the function g, : X" — Ris defined as

b iff(x) > b
Zap(x) =  f(x) ifa < f(x) < b.
a iff(x)<a

First observe thatif a > MZ, then Eg,,(X) < (a + b)/2 and therefore

P{Z > b}

P{g,p(X) = b}
4 4

Var (g (X)) = (b-a)? = (b-a).

On the other hand, we may use the Efron-Stein inequality to obtain an upper bound for
the variance of g,;,(X). To this end, observe that if f(x) < a then ga,h(&(i)) > gup(x), for
D = (xy, .. <y X1, X}y Xis1, - - -, X,) and so



EXPONENTIAL TAILBOUNDS VIATHE EFRON-STEIN INEQUALITY | 69

n

Z E (g“'b(X) " 8ab (X(i)»z =2 i E (ga,h(X) ~8ab (X(i))>j

i=1 i=1

2E []l{ba} Zn: (ga,b(X) —ga,b(k(i)>)i]

i=1

IA

< 2P{Z > a}

where, in the last step, we used the fact that condition (3.4) implies that

> (600 -6s(X)) = 3 100 -1(19)) =

i=1 i=1

Comparing the obtained upper and lower bounds for Var (g, (X)), we get

| P{Z>a}
b—af SVP{Z—Zb}

We may use this inequality to bound the distance between quantiles of Z. To this
end,let 0 < 8 <y < 1/2and choose a = Qi and b = Q;_s. Then P{Z > a} < y and
P{Z > b} > § and therefore the distance between any two quantiles of Z (to the right of

the median) can be bounded as
[ 8vy
Qis-Qiy = 5

It is instructive to choose ¥ = 2°F and § = 2-**1) for some integer k > 1. Then, denoting
ar = Q-+, we get

a1 — Ak < 44/,

so the difference between consecutive quantiles corresponding to exponentially decreasing
tail probabilities is bounded by a constant. In particular, by summing this inequality for
k=1,...,mwehavea,,; <MZ+4m./vwhichimplies thatforallt > 0,

P{Z > MZ +t} < 277/,

In Chapter 6 we will be able to improve this tail bound by showing that the exponent is, in
fact, of the order of —t*/v, that is, tail probabilities of functions satisfying condition (3.4)
decrease in a sub-Gaussian manner. We emphasize that we have derived more than just
bounds for tail probabilities as we have obtained explicit, nonasymptotic bounds for the
distance between quantiles. We may call these “local” tail bounds. In many cases, these local
bounds can also be sharpened to reveal the sub-Gaussian nature of the tails. This will be
shown in Section 9.3 building on hypercontractivity arguments.
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An alternative route to obtain exponential bounds is by applying the Efron-Stein
inequality to exp (AZ/2) with A > 0. Then, by the mean-value theorem,

\Z 1z/27% - AZ/2 _ M\Z/2 >
Ee (E[e ] ) §E|:Z (e e )+:|

i=1

PR R )
§ VA !
< TE € (Z—Zl-)+ .

i=1
Now we may use our condition (3.4) to derive

vA?

Ee _ (E [exz/z])l < Ee

or equivalently

(1 . %) F(1) = (FG/2),

where F(1) = E¢"? %), We may now use the above functional inequality to control
the moment generating function. The solution is based on elementary calculus and is
summarized in the following lemma.

Lemma 3.19 Letg: (0,1) — (0,00) be a function such that lim,_,¢ (g(x) - 1) /x = 0. If
foreveryx € (0,1)

(1-2%) g(x) = g(x/2)%,

then
gx) < (1 —xz)fz.

Proof We easily derive, by induction, that

g(x) < (g(x2* H(l- (x27) )

The assumption on the behavior of the function g at O ensures that

k
lim_ o (g (xZ”C))2 = 1. Hence, the previous inequality implies that

logg (x) < i 2 [— log (1 - (xZ’j)z):I. (35)

j=0



EXPONENTIAL TAILBOUNDS VIATHE EFRON-STEIN INEQUALITY | 71

Now by concavity of the logarithm, —u log(1 - u) is a nondecreasing function of
u € (0,1) and therefore, for every integer j,

—log (1 - (xZ’j)Z) <27¥ [— log (1 - xz)] .

Plugging this inequality in (3.5) leads to

oo

logg (x) < [~log (1-#7)] } |27

j=0
and the result follows. O

Since F(0)=1 and F(0) =0, we may apply Lemma 3.19 to the function
x—F (va’l/z) and get, for every A € (O, 21)’1/2),

2 -2
F()) < (1 - %) . (36)

Thus, the Efron-Stein inequality may be used to prove exponential integrability of Z.
Moreover, since by (3.6) F (v'l/ 2) <2, by Markov’s inequality, for every t > 0,

P{Z-EZ>t} <2eV".

This inequality has the same form as the one derived using the first method of this section
but now we bound deviations from the mean instead of the median and the constants are
somewhat better.

In Chapter 6 we derive Gaussian instead of exponential-like tail bounds. Another way
of exploiting (3.6) is to bound —log (1 - ) by u (1 -u)™" and conclude that for every
1€ (0,20712)

A2 - A2
(1-(2v/4)) ~ 2(1- (A/v/2))

logF (L) <
og ()_2

This bound for the moment-generating function means that Z — EZ is a sub-gamma random
variable with variance factor v and scale parameter ¢ = 4/v/2, as introduced in Section 2.4.
The calculations of that section show that forall t > 0,

P lZ_Ez > /vt + ct} <. (37)

Since ¢ = /v/2, we see that as soon as t is not too small (say, t > 1), the linear term in
the expression ~/2vt + ¢t dominates the other one. This is the reason why one cannot inter-
pret (3.7) as a sub-Gaussian inequality. In subsequent chapters we establish inequalities like
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(3.7) with much more interesting values for c. The case ¢ = 0 is of course the most interest-
ing one but in some circumstances we will get moderate values for ¢, typically depending on
a uniform bound on the increments Z - Z.

3.7 The Gaussian Poincaré Inequality

The Efron-Stein inequality can be successfully applied to prove a sharp bound for the vari-
ance of a smooth function of a standard Gaussian random vector, known as the Gaussian
Poincaré inequality. This result is a prelude to various related inequalities discussed in

Chapter 5.

Theorem 3.20 (GAUSSIAN POINCARE INEQUALITY) Let X = (Xy, . .., X,) be a vector of
ii.d. standard Gaussian random variables (i.e. X is a Gaussian vector with zero mean vec-
tor and identity covariance matrix). Let f : R" — R be any continuously differentiable
function. Then

var (f(0) = E[|vf0[*].

Proof We may assume that E “ VF(X) ” ? < oo since otherwise the inequality is trivial. The
proofis based on a double use of the Efron—Stein inequality. A first straightforward use
of it reveals that it suffices to prove the theorem when the dimension n equals 1. Thus,
the problem reduces to show that

Var (f(X)) < E[f'(X)*], (38)
where f : R — R s any continuously differentiable function on the real line and X is
a standard normal random variable. First, notice that it suffices to prove this inequal-

ity when f has a compact support and is twice continuously differentiable. Now let
£1,...,&, beindependent Rademacher random variables and introduce

n
Sn = n71/2 E 8]'.
j=1
Since for every i

Varl) (£ (5,)) = i (f (Sn + 17) -f <S" i 1%))

applying the Efron-Stein inequality again, we obtain

Var (£ (5,)) < iZE [(f (500 552) s (5.- 178))} o)

The central limit theorem implies that S, converges in distribution to X, where X has
the standard normal law. Hence Var (f (S,)) converges to Var (f(X)). Let K denote
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the supremum of the absolute value of the second derivative of f. Taylor’s theorem
implies that, for every i,

(o5 oo ) o

and therefore
E(f(s +i>_f(s_ﬁ)>2
VA "

<f s sl €

This and the central limit theorem imply that

e {320 150 7)o (5 2)) ] oo,

which means that (3.9) leads to (3.8) by letting n go to infinity. |

A straightforward consequence of the Gaussian Poincaré inequality is that, whenever
f : R" — Ris Lipschitz, that is, forall x,y € R”

If(x) =] = llx-yll
and X is a standard Gaussian random vector, then
Var (f(X)) < 1.

Indeed, using an approximation argument (like convolution with a smooth kernel) one may
always assume that f is differentiable and if this is the case then sup,, ” Vf (x) ” < land the
inequality easily follows from Theorem 3.20.

3.8 A Proof of the Efron-Stein Inequality Based on Duality

The Efron-Stein inequality is the first example of various closely related concentration
inequalities. In order to better prepare similar results in a more general context, we provide
an alternative proof based on a duality, rather than an orthogonality, argument.

Consider first the following elementary duality formula:
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Proposition 3.21 If Y is a real-valued square-integrable random variable (Y € L, in
short), then

Var (Y) = ;uﬂ{) (2Cov(Y,T) - Var (T)).

Proof The proofis simple: since Var (Y - T) > 0, and
Var (Y - T) = Var (Y) - 2 Cov(Y, T) + Var (T),
we have
Var (Y) > 2 Cov (Y, T) - Var (T)

and since this inequality becomes an equality whenever T =Y, the duality formula
follows. O

Now we may consider the telescoping sum
7' - (Ez)’ = Z (E2) - (B12)"),
i=1
which leads to
Var (Z) = ZE [(EZ)’ - (E..2)*).

i=1

Note that on the one hand, this decomposition does not require any orthogonality argu-
ment. On the other hand, it is equivalent to the identity Var(Z) =) " | E [Alz] which
served as our starting point in proving Theorem 3.1. Indeed, for every i=1,...,n, by
orthogonality between E; ;Z and A, the Pythagorean theorem implies that

E[A}] =E[(EZ)’ - (E.2)]

Similarly to our first proof of the Efron—Stein inequality, the independence of the variables
Xj, ..., X, is used by noting that

E.,Z = EY [EZ]
and therefore

E[(EZ)’ - (E.2)*] =E [Var(") (EiZ)].
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In other words, we have proven the following alternative formulation (using independence
but without using the orthogonality structure of the martingale differences):

Var (Z) = Xn:E I:Var(i) (E,Z)]. (3.10)
=1

It remains to commute the Var) and E; operators and this is precisely the step where we
use a duality argument.

Lemma 3.22 Foreveryi=1,...,n,

E [Var(") (E,Z)] <E [Var("> (z)].

Proof Applying the duality formula of Proposition 3.21 conditionally on X*), we show that
for any square-integrable variable T,

2Cov(Z, T) - Var'’(T) < Var?(2). G11)

But if we take T to be (X, . . ., X;)-measurable, then
E [Cm;(") (, T)] =E [z (T _EY T)] =E [EiZ (T ~EY T)]
=E [Cou<"> (E;Z, T)] .

Hence, choosing T = E;Zleads to

E [Cov@ (2, E,Z)] =E [Var(i) (E,Z)] )
and therefore, by (3.11),

E [Var(") (EiZ)] <E [Var(") (z)]. 0

Combining Lemma 3.22 with the decomposition (3.10) leads to

Var (Z) < iE [Var@ (Z)]

i=1

which is equivalent to the Efron-Stein inequality.

Note that there is no measure-theoretic trap here since by Fubini’s theorem, the con-
ditional expectations that we are dealing with can all be defined from regular versions
of conditional probabilities. Hence it is perfectly legal to use the duality formula for the
conditional variance as we did above.
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3.9 Bibliographical Remarks

The Efron-Stein inequality got its name from Efron and Stein (1981). While the original
result of Efron and Stein had some extra conditions and came with a sub-optimal constant,
Steele (1986) and Rhee and Talagrand (1986) obtained improved versions and the form
presented in Theorem 3.1. The proof shown in Section 3.1 appears in Rhee and Talagrand
(1986).

In statistics, the jackknife estimate is attributed to Quenouille (1949) and Tukey (1958).
For surveys and related methods we refer to Efron and Tibshirani (1994), and Politis,
Romano, and Wolf (1999).

The behavior of Z = f(Xj, ..., X,) in the bin packing problem, when Xj, ..., X, are
independent random variables, has been extensively studied (see, for example, Rhee and
Talagrand (1987), Rhee (1993), and Talagrand (1995)).

The longest common sub-sequence problem has now been studied intensively for about
30vyears (see Chvatal and Sankoff (1975), Deken (1979), Dan¢ik and Paterson (1994), and
Steele (1982, 1996)). This was one of the first applications of the Efron-Stein inequality,
see Steele (1986), in which the power and simplicity of the inequality was clearly demon-
strated. The Efron-Stein inequality may also be used in a more general setup when the
two independent strings are made of independent symbols, but not necessarily with bal-
anced Bernoulli distribution. Determining the correct order of magnitude of the variance
is a challenging problem but recent progress shows that, in many cases, the variance grows
linearly with n and therefore the Efron-Stein bound is of the correct order of magnitude
(see Houdré, Lember, and Matzinger (2006), Lember and Matzinger (2009), and Amsalu,
Houdré, and Matzinger (2012)).

Configuration functions were defined by Talagrand (1995, Section 7). Our definition,
taken from Boucheron, Lugosi and Massart (2000), is a slight modification of Talagrand’s.

The relative stability of the L; error of the kernel density estimate is due to Devroye
(1988, 1991). For more on the behavior of the L error of the kernel density estimate we
refer to Devroye and Gyorfi (1985), and Devroye and Lugosi (2000).

Concentration properties of self-bounding functions have been studied by Boucheron,
Lugosi, and Massart (2000, 2009), Rio (2001), Bousquet (2002a), Maurer (2006), and
McDiarmid and Reed (2006).

The Vapnik-Chervonenkis dimension and growth function were introduced in the
pioneering work of Vapnik and Chervonenkis (1971, 1974).

The fact that the longest increasing sub-sequence in a random permutation of # num-
bers satisfies EL(X) ~ 2./n is due to Logan and Shepp (1977) (see also Hammersley
(1972), Aldous and Diaconis (1995), and Groeneboom (2002)). The celebrated paper
of Baik, Deift, and Johansson (2000) establishes the limit distribution of L(X). This res-
ult implies that Var (L(X)) = O(n'/?). Ledoux (2005) obtains nonasymptotic exponential
tail inequalities which have the best possible orders of magnitude. For early work on the
concentration on L(X) we refer to Frieze (1991), Bollobés and Brightwell (1992), and
Talagrand (1995).

The limit theorem for the longest increasing sub-sequence in a random string over
a finite alphabet mentioned in Example 3.11 is due to Tracy and Widom (2001) and
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Johansson (2001) (see also Its, Tracy, and Widom (2001), and Houdré and Litherland
(2009)).

Ever since the pioneering paper of Vapnik and Chervonenkis (1971), Rademacher aver-
ages have played a central role in the theory of empirical processes and statistical learning
theory. For more information on the behavior of Rademacher averages and on their role
in learning theory see, for example, Giné and Zinn (1984), Devroye, Gyérfi, and Lugosi
(1996), Vapnik (1998), van der Vaart and Wellner (1996), Dudley (1999), Bartlett and
Mendelson (2002), Koltchinskii (2001, 2006), and Boucheron, Bousquet, and Lugosi
(2005a). For a modern account of the behavior of the expectation of Rademacher averages
(and more general empirical processes) we refer to Talagrand (2005).

For the role of conditional Rademacher averages in probability in Banach spaces, see
among others, Ledoux and Talagrand (1991) and Talagrand (1995). For the role in stat-
istical learning theory, see, among others, Koltchinskii (2001), Koltchinskii and Panchenko
(2000), Bartlett, Boucheron, and Lugosi (2002a), Bartlett and Mendelson (2002), Bartlett,
Bousquet, and Mendelson (2002b), Boucheron, Bousquet, and Lugosi (2005a), and
Massart (2006).

The problem of first passage percolation was introduced by Hammersley and Welsh
(1965). The fact that the variance of first passage percolation in Z? between the ori-
gin and ne; (where e; is the first canonical basis vector in Z%) is bounded by a linear
function of n was first shown by Kesten (1993). Benjamini, Kalai and Schramm (2003)
proved an upper bound of order n/ log n for a certain distribution of the edge weights (see
also Benaim and Rossignol (2006) for more general results). However, it is conjectured
that the correct order for the variance is O(n?3) (see, for example Bramson and Durrett
(1999)).

The argument for bounding the variance of the largest eigenvalue of a random sym-
metric matrix is based on Alon, Krivelevich, and Vu (2002) who prove an exponential
tail bound which we reproduce later. The phenomenon that the variance is asymptotic-
ally bounded was already discovered by Fiiredi and Komlés (1981), who also prove a limit
theorem for the largest eigenvalue when the distributions of the entries are identical and
have positive expectation. The case where the entries are centered has been settled by
Soshnikov (1999).

The asymptotic value lim,— oo ET,, = {(3) of the expected weight of the minimum
spanning tree was determined by Frieze (1985). The limit theorem mentioned in Example
3.15 is due to Janson (1995) and Wistlund (2005).

The randomized solution for the routing problem described in Example 3.16 was
proposed by Valiant and Brebner (1981) (see also Valiant (1982) for related results).

Theorem 3.17 was proved independently by Bobkov (1996) and Ledoux (1997).
Lidskii’s inequality, used in Example 3.18, appears in Lidskii (1950).

The first argument of Section 3.6 is based on an idea sketched by Benjamini, Kalai
and Schramm (2003) and elaborated by Devroye and Lugosi (2008). The moment-
generating function approach was apparently developed first by Aida and Stroock (1994).
Our calculations follow those of Bobkov and Ledoux (1997).

The proof of the Gaussian Poincaré inequality presented here is borrowed from Ané et al.
(2000).
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3.10 EXERCISES

3.1.

3.2.

3.3.

3.4.

3.5.

3.6.

Let Z be a nonnegative random variable such that Z? has a chi-square distribution
with D degrees of freedom. Prove that

VD-1<EZ<+D.

Assume that the random variables Xj, . .., X, are independent and binary {-1,1}-
valued with P{X; = 1} = p; and that f : {~1,1}" — R has the bounded differences
property with constants cy, . . ., ¢,. Show thatif Z = f(X,. .., X,),

n

Var (Z) < Zcizpi(l -pi)-

i=1

(ORDER STATISTICS) Assume that the random variables Xj,...,X, are inde-
pendent. Let X(;) < X(;) <--- < X, denote a nondecreasing rearrangement
of Xi,...,X,. Prove that, no matter what the distribution of the Xj’s is,
Var (X)) < E[(X(s) -~ X(,_1))*]. Compute the left-hand side and the right-hand
side when the X;’s are exponentially distributed with parameter 1 or when the
X/’s are uniformly distributed on [0, 1]. (Use the fact that if the X;’s are expo-
nentially distributed with parameter 1, the coordinates of the random vector
(X(l),X(Z) Xy Xm) - X(,,_l)) are independent and exponentially distributed
with parameters 1/n,1/(n - 1),...,1.)

(JACKKNIFE ESTIMATE OF THE BIAS) Consider a sequence of estimates
Z=f,(Xy,...,X,) of a parameter 6 and assume that its bias satisfies EZ - 6 =
¢/n+ O(n?) for some constant c. By using the jackknife estimate of the bias
defined by

B:(n—l)(%izi—z)

where Z; = f,_1 (X, . . ., Xii1, Xi1, - - -, X,,), one may define the bias-corrected estim-
ate Z = Z — B. Show that the bias of Z satisfies EZ — 6 = O(n"2). (Quenouille, 1949.)
(AMONG LIPSCHITZ FUNCTIONS THE SUM HAS THE LARGEST VARIANCE)
Consider the class F of functions f : R” — R that are Lipschitz with respect to
the €' distance, that is, if x = (x1,...,%,) € R" and y = (y1,...,y,) € R, then
[f(x) =f»)| < DL, |%i - yi|- Let X = (X;, ... .X,) be a vector of independent ran-
dom variables with finite variance. Use the Efron-Stein inequality to show that the
maximal value of Var (f(X)) over f € F is attained by the function f(x) = ) | x;.
(Bobkov and Houdré, 1996).

(JACKKNIFE ESTIMATE OF THE VARIANCE OF THE MEDIAN) Assume that the
random variables Xj, . .., X, are independent and uniformly distributed on [0, 1].
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3.9.

3.10.

3.11.

3.12.

3.13.
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Let X(;) < X(3) < -+ < X(») denote a nondecreasing rearrangement of Xy, . . ., X,,.
Assume 7 is even. Check that

Var (X)) = 5 B[ (X - Xonn)' |-

Compute the right-hand side and the left-hand side, as well as their limiting value
when n — 00. Is the jackknife estimate of the variance of the median consistent?
What is its limiting distribution?

Complete the proof of the fact that the conditional Rademacher average has the self-
bounding property.

Consider the example of the number of distinct values in a discrete sample described
in the text. Show that EZ/n — 0 as n — 00. Calculate explicitely Var (Z) and
compare it with the upper bound obtained by the Efron-Stein inequality.

Let Z be the number of triangles in a random graph G(n, p). Calculate the variance
of Z and compare it with the result obtained using the Efron-Stein inequality. (In
the G(n, p) model for random graphs, the random graph G = (V, E) with vertex set
V (|V| = n) and edge set E is generated by starting from the complete graph with n
vertices and deleting each edge independently from the others with probability 1 - p.
A triangle is a complete three-vertex subgraph.)

Consider the problem of first passage percolation on the d-dimensional integer lat-
tice Z¢ between the origin and a vertex v € Z9. Show that if the distribution of the
weights of the edges is such that X; takes its values in the interval [a, b] for some
0 < a < b < 0o then the number of edges on the minimum weight path is bounded
by (b/a)llvll:.

Consider the adjacency matrix A = (X;;),xx of a random graph G(n,p). (That is,
X;; = lifvertexiis connected to vertexjand X;; = 0 otherwise.) Show that the expec-
ted value of the largest eigenvalue of A is at least (n — 1)p. (This simple lower bound
is apparently asymptotically correct, see Fiiredi and Komlés (1981).)

Consider a random graph G(n, p) with p = clogn/n, where ¢ > 1. Show how the

probability that the random graph is not connected is at most 2 (em(l_c)/z - 1) +

27+ py=(e-Dm/4 (Erdés and Rényi, 1960), and (Palmer, 1985).

(THE ASSIGNMENT PROBLEM) In the assignment problem, given an m X m array
{Xi;}mxm of independent random variables distributed uniformly on [0, 1], one
considers the random quantity

m
Zy = rrlein Z X (i)
i=1

where the minimum is taken over all permutations 7 of {1,...,m}. Mimic
the argument given for the minimum weight spanning tree to show that
Var (Z,,) = O(log® m/m). (A few samples from the vast literature on the assignment
problem include Aldous (2001), Linusson and Wistlund (2004), Nair, Prabhakar
and Sharma (2005), and Talagrand (1995).)
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3.14.

3.1S.

3.16.

3.17.

Show that if one employs the shortest-path routing strategy described in Example
3.16 then there exists a permutation o such that the maximal congestion over any
edge is at least 2N/2/N. In fact, much more is true: Valiant (1982) showed that
no oblivious deterministic routing algorithm can have maximal congestion less than
Q (ZN /N ) where a deterministic routing algorithm is said to be oblivious if the path
from u to o (u) only depends on the value of o (#) and not on any other aspect of
the permutation . Even if a routing algorithm chooses a shortest path between u
and o (u) at random, it is bound to suffer a maximal congestion of order (Z“N ) for
some o > 0.

Prove that in the randomized routing scheme defined in Example 3.16 the expected
value of the maximal congestion, over any edge, is O(N) (Valiant and Brebner, 1981).

(LIDSKII'S INEQUALITY) Let A = (a;));; and B = (b))},

be two symmetric
matrices. Let (1;(A))-1,..» and (ki(B)),-:l,___,n denote the nonincreasing rearrange-
ments of their eigenvalues. Recall that /tr(AAT) is the Hilbert-Schmidt (or

Frobenius) norm of A. Prove the following version of Lidskii’s inequality:

n n

D (u(A) - 1i(B))* < A~ BllZg = Y (ay; - b))

i=1 ij=1

Hint: prove that there exists an orthogonal matrix Q = (‘11‘,1‘)2;‘:1 such that

Z(a:] byy)? = | diag(3:(4))Q - Qdiag(:(B))|

ij=1

=Y g5 (h(4) - 1(B)

ij=1

where diag(1;(A)) and diag(2;(B)) are two diagonal matrices with diagonal entries
matching the elgenvalues of Aand B. Let P = (p;;)"" -1 be a doubly stochastic matrix,
and prove that ) ij=1D3; 2 (A(A) - Aj (B))? is minimized if P is the identity matrix. You
may proceed by repeated exchanges. Assume that for some k < £, p¢ # 0, check that
there exists another doubly stochastic matrix P' = (p| ;) with 3_ P2 < 3., P}
and szzl pw 2(Ai(A) = A (B))2 szzl p%}.(ki(A) - )\j(B))Z. This elementary proof
is due to Wilkinson (see Marshall and Olkin (1979), Horn and Johnson (1990),
Bhatia (1997), and Garling (2007) for more and related inequalities). This inequality
is sometimes referred to as the Hoffman-Wielandt inequality. See also Terence Tao’s
blog <http://terrytao.wordpress.com>, course 254a.

Modify the argument of Section 3.6 to show that if f is such that there exists a
constant v such that Y . (Z-Z/)*> <vand B = sup, |f(x) - f(«})| then for all
0 <8 <y =<1/2suchthat Q,_, > MZ + B,

8vy
Qs-Qy <B+,/—
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3.18.

3.19.

3.20.

3.21.

3.22.
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Mimic the argument of Section 3.6 to show that if f is a self-bounding func-
tion then /a1 — . /ax < ck for a universal constant ¢ which implies P{Z >
MZ +t} < CeV/C for another constant C. This tail bound will also be sharpened
considerably in Chapter 6.

(VARIANCE OF THE SQUARE ROOT) Let X be a nonnegative random variable such
that for some a > 0, Var (X) < aEX. Prove that

Var («/)—() <a.

Hint: the method of Exercise 5.8 may be useful.

Assume that f is a nonnegative valued function defined on &X”. Let Xj,...,X, be
independent random variables taking values in X and let Z = f(X,...,X,). Let
Z; =infyex f(Xi,. .., Xio1, % Xiv1, - - ., Xp) andlet V = Y7 (Z - Z;)*. Assume that
there exists a random variable W such that

V < WZ

Prove that
Var (ﬁ) < EW.

(A POISSON POINCARE INEQUALITY) Let f be a real-valued function defined
on the set of nonnegative integers and denote its “discrete derivative” by
Df(x) = f(x+ 1) —f(x). Let X be a Poisson random variable with parameter
EX = pt. Prove that

Var (f(X)) < uE [(Df(X))*].

Hint: use the Efron-Stein inequality and the infinite divisibility of the Poisson dis-
tribution. (See Klaassen (1985) and Kontoyiannis, Harremoés, and Johnson (2005)
for more on this topic.)

(A POINCARE INEQUALITY FOR THE EXPONENTIAL DISTRIBUTION) Let X be
a real-valued random variable with symmetric exponential distribution, that is with
density (1/2)e’™ for x € R. Prove that for any differentiable function f for which
Var (f(X)) < oo,

Var (f(X)) < 4E[(f'(X))*].
Hint: use the fact that
E[f(X)] = £(0) + E [sgn(X)f (X)].

See Ledoux (1999).
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3.23.

3.24.

(VARIANCE OF THE SQUARE-ROOT OF A POISSON RANDOM VARIABLE) Prove
that if X is a Poisson random variable, then

Var (ﬁ) < (EX)E[

4X+1i|'

Hint: use the Poisson Poincaré inequality of Exercise 3.21. See van der Vaart (1998)
for statistical applications of this inequality in the so-called method of “variance
stabilization.” For bounds on E[1/(X + 1)], see Arlot (2007).

(VARIANCE OF SUPREMA OF GAUSSIAN PROCESSES) Let 7 be a finite index
set and let (X,),c7 be a centered Gaussian vector. Let Z = max;c7 X;. Show that
Var (Z) < max,e7 Var (X;).



Basic Information Inequalities

This chapter introduces a series of inequalities which have their origin in different fields,
such as geometry, combinatorics, and information theory. These elementary results, which,
for historical reasons, we call information inequalities, will be the basis of exponential
concentration inequalities for functions of various independent random variables.

In the first seven sections we concentrate on discrete random variables. This simplified
setting allows us to present the main ideas in an elementary and transparent way. First
we introduce the concepts of Shannon entropy and relative entropy. After summarizing
their most basic properties, we prove a simple elementary entropy inequality, called Han’s
inequality, which has surprisingly far-reaching consequences. In Section 4.4 we show how
some basic isoperimetric inequalities on the binary hypercube follow as simple applica-
tions of Han’s inequality. In Section 4.5, as another combinatorial application of Han’s
inequality, we see that combinatorial entropies satisfy the self-bounding property, leading
to interesting concentration properties of such functions.

For the purposes of this book, the perhaps most important application of Han’s inequal-
ity is the sub-additivity of entropy proved in Section 4.7. This inequality is at the core of
the so-called “entropy method” for proving concentration inequalities (see Chapters S,
6and 12).

In Section 4.8 we abandon the restricted world of discrete random variables and intro-
duce the notion of relative entropy in a general, measure-theoretic framework. The key
tool is a duality formula for entropy, shown in Section 4.9, which allows us to derive a
simple “transportation cost” lemma (see Section 4.10). We also describe a fundamental
result known as Pinsker’s inequality which is at the basis of a successful method for prov-
ing concentration inequalities called the “transportation method” (see Chapter 8). The
duality formula for relative entropy may also be used to establish a variety of properties
of relative entropy (see the exercises) and to investigate the maximum error probability in
multiple hypothesis testing (see Section 4.12). We also present a proof of the sub-additivity
of entropy for general random variables.

The chapter is concluded by the Brunn-Minkowski inequality, a fundamental result that
lies at the intersection of analysis, convex geometry, and information theory.
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4.1 Shannon Entropy and Relative Entropy

Let X be a random variable taking values in the countable set X with distribution
defined by

P{X=x}=p(x) forallxe X.

The Shannon entropy (or simply entropy) of X is defined by

H(X) = E[-logp(X)] = - ) _ p(x) log p(x)
xeX

(where log denotes natural logarithm and we agree on the convention 0log 0 = 0).

Here we use the traditional notation H(X) for the entropy of a random variable X. This
notation may be somewhat misleading since H(X) is not a function of the random variable
X but rather a functional of the distribution of X.

The entropy is obviously nonnegative. A direct consequence of the fact that
x > —xlogx is a concave function on [0, 00) is that the entropy is a concave functional in
the sense that if the distribution of X is a mixture of two probability distributions, then the
entropy of X is at least as large as the corresponding convex combination of the entropies of
the two distributions.

A closely related important concept is that of relative entropy. Let P and Q be two prob-
ability distributions over a countable set X’ with probability mass functions p and g. Then
the Kullback—Leibler divergence or relative entropy of P and Q is

DE1Q) = L5 1og%

if P is absolutely continuous with respect to Q and infinite otherwise.

A basic property is that the relative entropy between P and Q is nonnegative, and equals
zero if and only if P = Q. This follows simply by observing that if P is absolutely continuous
with respect to Q, sincelogx < x — 1 forallx > 0,

D(P|Q) = - Z p(x) log q(x) > Z p(x) <M - 1) > 0.

x€X:p(x)>0 p(x) x€X :p(x)>0 P(x)

This observation has some interesting consequences. The simplest of these follows by tak-
ing Q to be the uniform distribution over a finite set X. If X is a random variable with
distribution P, then

D(PIIQ) = log |X| - H(X).
The nonnegativity of the relative entropy implies that
H(X) < log|X|

and equality holds if and only if X is uniformly distributed over X'
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The entropy has a key role in information theory. Exercises 4.1 and 4.2 sketch some of
the basic ideas.

4.2 Entropy on Product Spaces and the Chain Rule

As our primary interest is in functions of several independent random variables, we pay
special attention to the Shannon entropy of distributions on product spaces. If (X,Y) is a
pair of discrete random variables taking values in X' X ) then the joint entropy H(X,Y) of
X and Y is defined as the entropy of the pair (X, Y).

Let the probability mass function of the joint distribution P of (X,Y) be defined by
(p(x, y))x’y cxxy- The probability mass functions of the marginal distributions of X and Y
are denoted by px and py. Then

p(xf)’)

HOO) + H(Y) - HOOY) = D plnn)log—c5os.

xy

The latter expression is the relative entropy between the joint distribution P and the product
of marginal distributions Px ® Py and therefore, it is nonnegative and equals zero if and
onlyif X and Y are independent. This implies the sub-additivity of the Shannon entropy:

H(X,Y) < H(X) + H(Y)

and equality holds if and only if X and Y are independent.

Remark 4.1 The quantity H(X) + H(Y) - H(X, Y) is usually called the mutual informa-
tion between X and Y. The Shannon entropy of a random variable may be defined as
the mutual information between a random variable and itself.

The conditional entropy H(X|Y) is defined as
H(X|Y) = H(X,Y) - H(Y).

Observe that if we write the joint probability mass function p(x,y) = P{X = x,Y = y} and
the conditional probability mass function p(x|y) = P{X = x|Y = y}, then

HX|Y) =~ Y~ plxy)logp(xly)

xeXyeY
= () <— > plxly) logp(xly)>
yey xeX

= E[-logp (X|1)]

As the conditional entropy is the expected value of the Shannon entropy of conditional
distributions, we see that H(X|Y) > 0.
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Consider a pair of random variables X,Y with joint distribution Pxy and marginal
distributions Px and Py. Noting that

D(Pxy||Px ® Py) = H(X) - HX|Y),

the nonnegativity of the relative entropy implies that H(X) > H(X]Y), or in other words,
conditioning decreases entropy.
It is similarly easy to see that this fact also remains true for conditional entropies, that is,

H(X|Y) > H(X|Y, Z).

It is easy to see that the defining identity of the conditional entropy remains true
conditionally, that is, for any three (discrete) random variables X, Y, Z,

H(X,Y|2) = H(Y|Z) + H(X|Y, 2).

Just add H(Z) to both sides and use the definition of the conditional entropy. A repeated
application of this yields the chain rule for entropy: for arbitrary discrete random variables
Xl) RS Xm

H(X,,...,X,) = HX,) + HXG|X)) + H(X3| Xy, X5)
+o+ HXG X, -, X))

An analogous chain rule for relative entropies is given in Exercise 4.4.

4.3 Han’s Inequality

Here we use the basic information-theoretic inequalities described in the previous sections
to derive some simple and general inequalities for the joint entropy of several variables.
Interestingly, these results have some immediate but nontrivial implications concerning the
combinatorics of product spaces. We start with the simplest version.

Theorem 4.1 (HAN’S INEQUALITY) Let Xy, . . ., X, be discrete random variables. Then

1 n
H(Xlr~- -:Xn) = — ZH(XI)“-rXi—l;XiH;” -;Xn)'
n-143

Proof Foranyi=1,...,n, by the definition of the conditional entropy and the fact that
conditioning reduces entropy,

H(X,,...,X,)
= H(Xlr s rXi—I;XiH; s ;Xn) + H(Xi|X1; o ~)Xi—1;Xi+ly s an)
=< H(Xlr .. -rXi—l;Xi+1; .. -;Xn) +H(Xi|X1; .. ~;Xi—1)'
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Summing these n inequalities and using the chain rule for entropy, we get

”H(XI) .. -;Xn) = ZH(XI) .. -rXi—lyXi+1; .. ~)Xn) + H(Xll .. ~1Xn)

i=1

which is what we wanted to prove. d

4.4 Edge Isoperimetric Inequality on the Binary Hypercube

In order to demonstrate the usefulness of Han’s inequality, we show how it can be used to
derive isoperimetric properties of the n-dimensional binary hypercube. It will be a recurring
theme of this book that isoperimetric inequalities are intimately related to concentration of
measure. This is the first and simplest illustration of the phenomenon.

Consider the binary hypercube {-1,1}" and for any x,&" € {-1,1}", define the
Hamming distance

dH(xr x/) = Z ﬂ{x,#x:}
i=1

The elements x of the binary n-cube may be considered as vertices of a graph in which
two elements x and &’ of {~1, 1}" are adjacent if and only if their Hamming distance is 1.
The graph structure has N = 2" vertices and n2"~! undirected edges. Its density (the ratio
between the number of edges and the number of vertices) is thus n/2 = (log, N)/2.

A remarkable property of the binary n-cube is that for any subset A C {-1, 1}", the dens-
ity of the subgraph induced by A is at most (log, |A|)/2. This is the message of the next
statement which may be considered as an isoperimetric theorem for the binary hypercube.
Note that equality is achieved if the graph induced by A is a lower-dimensional hypercube,
since if A is a hypercube of dimension d < n, then the subgraph induced by A has 2¢ vertices
and E(A) = d2! edges.

Theorem 4.2 Let A be a subset of {1, 1}". Let E(A) denote the set of edges of the subgraph
induced by A, that is, the collection of (unordered) pairs (x,x") with x,x’ € A such that
dy(x,x') = 1. Then

|A]

[EA)] = 2 x log, [Al.

Proof Define the random vector X = (X, . .., X,) taking values in {~1, 1}" such that X has
the uniform distribution over A. Denote by p the probability mass function of X. The
Shannon entropy of X is clearly log |A|. Writing XD = (Xy,.. ., X1, X1 - - -, X),
and using the definition of conditional entropy, we have

HX)-H (X<">) =H (Xi|X(i)) ==Y p(x)logp (xi|x(i)) .

x€EA
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By definition, p(x) = 1/|A| forallx € A. On the other hand, forx € A,

P (x.lx(i)) - { 1/2 ifx¥ € A

1 otherwise

where 7 = (xy,..., %1, -%;, %;11, . . ., &,) is obtained by flipping the i-th bit of x.
Thus,

; log2
H(X)-H (X(’)) - i > Lpsoen

||xeA

and therefore

. ; log2 - |E(4)]
Z (H(X) _H (X( ))) = |A| Z Z l{x,E(’)EA} = WZlogZ.

i= x€A i=1

Thus, Han’s inequality implies

E(A - :
| |(A|)| 2log2=) (H(X) -H (X@)) < H(X) = log|A].
i=1
This is precisely what we wanted to prove. d

Next we show how Theorem 4.2 can be turned into an inequality for the edge-
perimeter of A, or equivalently for the total influence of the n variables. Let the binary
random vector X = (X, ...,X,) be uniformly distributed over {-1,1}" and denote by

X(i) = (X1,...,Xi1,~Xi, Xi+1, - - -, X,) the vector obtained by flipping the i-th bit of X. For
any A C {-1,1}", the influence of the i-th variable is defined by

1(4) = P{Lpren # Ligoy |-

If Tixeay # ]I{X(‘) cay then the i-th variable is said to be pivotal for A. Thus, the influence

I;(A) is just the probability that the i-th variable is pivotal for A. The total influence is defined
by the sum of individual influences

I(A) = > L(A).
i=1
Clearly, I(A) = 2|95(A)|/2" where 95 (A) is the edge boundary of A defined by
0e(A) = {(x,x/) cx € A € ASdy(x, o) = 1} )

The following bound for the total influence is a simple corollary of Theorem 4.2.
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Theorem 4.3 Forany A C {-1,1}", let P(A) denote P{X € A} = |A|/2". Then
1
I(A) > 2P(A) log, ——.
( ) - ( ) 0g2 P(A)

Proof Since A is a subset of the n-cube, every point in A belongs to exactly n edges, so
n|A| = 2|E(A)] + |9:(A)|

(since every edge with both endpoints in A is counted twice), and by Theorem 4.2,

2”
[05(A)] = (n—log2 |A|) X |A| =1log, — X |A]

||
which is equivalent to the statement of the theorem. d

Remark 4.2 The random variable Z = 1(xc4} may be considered as a function of the n
independent random variables Xj, . .., X,. Then Var (Z) = P(A)(1 - P(A)) and the
Efron-Stein inequality immediately implies

P(A)(1 - P(4)) < ISTA)

When P(A) is small, Theorem 4.3 gives a much better bound.

Influences of subsets of the binary hypercube are basic in the study of threshold phenom-
ena, percolation, game theory, complexity theory, and many other areas. In Chapters 9 and
10 we devote more effort to the understanding of this fundamental quantity.

4.5 Combinatorial Entropies

In Section 3.3 we considered functions satisfying a special property—the so-called
self-bounding property—that have interesting concentration properties. In particular,
Corollary 3.7 shows that if f is self-bounding and X, ..., X, are independent random
variables, then Z = f(Xj, . . ., X,,) satisfies Var (Z) < EZ.

In Section 3.3 several examples of such functions are discussed. The purpose of this
section is to show a whole new class of self-bounding functions that we call combinatorial
entropies. The self-bounding property of these functions may be seen as an easy con-
sequence of Han’s inequality. The basic idea is quite similar to that of the proof of Theorem
4.2. We start by describing a simple example. The general case, shown below, mimics the
same argument.

Example 4.4 (VC ENTROPY) In this first example we consider the so-called Vapnik—
Chervonenkis (or VC) entropy, a quantity closely related to the VC dimension dis-
cussed in Section 3.3. Let A be an arbitrary collection of subsets of X, and let
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x = (x1,...,x,) beavector of n points of X'. Recall that the shatter coefficient is defined
as the size of the trace of A on x, that is,

T(x) = |tr(x)] = }{A N{xy,..., %, }:AE A}| .
The VC entropy is defined as the logarithm of the shatter coefficient, that is,

h(x) = log, T(x).

Lemma 4.5 The VC entropy has the self-bounding property.

Proof We need to show that there exists a function /" of n — 1 variables such that for all
i=1,...,nwrtingx® = (x1,...,% 1, &1, ..,%,),0 < h(x) - H'(x?) < 1and

n

3 (h(x) W (x@)) < h(x).

i=1

We define /' in the natural way, that is, as the VC entropy based on the n — 1 points in
its arguments. Then, for any i, ' (x()) < h(x), and the difference cannot be more than
one. The nontrivial part of the proof is to show the second property. We do this using
Han’s inequality (Theorem 4.1).

Consider the uniform distribution over the set tr(x). This defines a random binary
vectorY = (Y1,...,Y,) € {0,1}". Then

1
h(x) = log, |tr(x)| = @H(Yl, ..., Y,

where H(Yy, .. .,Y,) is the (joint) Shannon entropy of Yj, . . ., Y,,. Since the uniform
distribution maximizes the Shannon entropy, we also find, forall i < n, that

; 1
h/ (x(')) = @H(Yb .. *;Yi—ll Yi+17 .. ‘;Yn)'

Since by Han’s inequality
1 n
HY)'“;Yn = — HY;'-';Yi—;Yi )“';Yn/
(1 ) n—lizzl (l 1 +1 )

we obtain

n

3 (h(x) W (x@)) < h(x)

i=1

as desired. O

The above lemma, together with Corollary 3.7 immediately implies the following.
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Corollary 4.6 LetX;,...,X, be independent random variables taking their values in some set
X and let A be an arbitrary collection of subsets of X. If Z = h(X) denotes the random vC
entropy, then Var (Z) < EZ.

In Chapter 6 we extend this result to exponential inequalities.

The proof of concentration of the VC entropy may be generalized, in a straightforward
way, to a class of functions we call combinatorial entropies defined as follows.

Letx = (x1,...,x,) be an n-vector of elements with x; € X to which we associate a set
tr(x) C V" of n-vectors whose components are elements of a possibly different set ). We
assume that for each x € X" and i < n, the set tr(x(i)) =tr(xy, ..., %01, Xis1, - - -, X,) is the
projection of tr(x) along the i coordinate, that is,

tr(x(i)) = {)’(i) =y Vi Yl - - -,yn) ey

Jy; € Vsuchthat (yy,...,y,) € tr(x)].

The associated combinatorial entropy is h(x) = log, |tr(x)| where b is an arbitrary positive
number.

As in the case of VC entropy, combinatorial entropies may be shown to have the self-
bounding property. (The details are left as an exercise.) Then we immediately obtain the
following generalization.

Theorem 4.7 Assume that h(x) = log, |tr(x)| is a combinatorial entropy such that for all
x€ X"andi <n,

h(x) - h(xY) < 1.

IfX = (Xy,...,X,) is a vector of n independent random variables taking values in X, then
the random combinatorial entropy Z = h(X) satisfies Var (Z) < EZ.

Example 4.8 (INCREASING SUB-SEQUENCES) Recall the setup of the example of increas-
ing sub-sequences of Section 3.3, and let N(x) denote the number of different increas-
ing sub-sequences of x. Observe that log, N(x) is a combinatorial entropy. This is easy
to see by considering ) = {0, 1} and by assigning, to each increasing sub-sequence
i <ip <--- <iyofx,abinary n-vectory| = (y1,...,y,) such thaty; = 1ifand only
ifj = i forsome k = 1,. .., m (ie. the indices appearing in the increasing sequence are
marked by 1). Now the conditions of Theorem 4.7 are obviously met and therefore
Z = log, N(X) satisfies Var (Z) < EZ.

4.6 Han’s Inequality for Relative Entropies

In this section we derive an inequality which may be regarded as a version of Han’s
inequality for relative entropies. This inequality is fundamental in deriving a “sub-additivity”
inequality (see Section 4.7) which, in turn, is at the basis of many exponential concentration
inequalities.



92 | BASIC INFORMATION INEQUALITIES

Let X be a countable set, and let P and Q be probability distributions on X such that
P=P; ® - ® P,isaproduct measure. We denote the elements of X" by x = (xy, .. .,x,)
and write ) = (xy,...,%1, %41, ..., &) for the (n - 1)-vector obtained by leaving out
the i-th component of x. Denote by Q? and P) the marginal distributions of Q and P. Let
p and ¢ denote the corresponding probability mass function, that is,

q(t) (x(t)> = Z q(xl; e Xt Yy Xikly - - - ;xn)

yeX

and

P(t) (x(l)> = ZP(M; e Xt Yy Xikly - - - )xn)

yeX
= Pl(xl) e 'pi—l(xi—l)pi+l(xi+1) e 'pn(xn)'
Then we have the following.

Theorem 4.9 (HAN’S INEQUALITY FOR RELATIVE ENTROPIES)
R N
D(Q|IP) > — D( @ P(‘))
QIp) = — 2,-:1: Q|

or equivalently,

n

p(QIP) = Y- (p(@IP) - D (QVIP?)).

i=1

Proof The statement is a straightforward consequence of Han’s inequality. Indeed, Han’s
inequality states that

1 o N N
Z q(x)logg(x) = —y Z Z q(’) (x(‘)) log q(’) (x(’)) .
xeXn L seam

Since

D(QIIP) = ) q(x)logq(x) - ) q(x)logp(x)

xeX" xeX"

and

D (Q(i)” P(i)) -y (q@ (xo)) log ¢ (xo-)) _q® (x(o) log p® (xo))),

K e xn-1
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it suffices to show that

n

1 Ny S
> q(x)log p(x) = g (xo)) logp®” (xo)) _
xeX" n-1 i=1 () e xn-1

This may be seen easily by noting that by the product property of P, we have
p(x) = pO(xD)p; () for all i, and also p(x) = [T, pi(x:), and therefore

Z q(x) log p(x)

% i Z q(x) (logp(i) (x(i)) + logpi(xi))

xeX" i=1 xeXn
RN @ (), L
=3 > a@logp (+) + = Y g(x) logp()
n i=1 xeXn nxGX"

Rearranging, we obtain

Y a()logp(x) = n_% DY @ togp? (x0)

xeX™ i=l xeX™n
l n
= — 3y @ (xo)) logp® (xo))
T il e
where we used the defining property of q®. a

4.7 Sub-Additivity of the Entropy

We are now prepared to prove an inequality which will serve as the basis of the so-called
“entropy method” for proving concentration inequalities. In Chapter 14 we give a much
more general version with further important consequences. The reason we give this simple
version here is that it is an easy corollary of Han’s inequality for relative entropies, and it is
sufficiently powerful to derive many interesting exponential concentration inequalities.

As in Section 3.1, we let Xj, ..., X, be independent random variables, and investigate
concentration properties of Z = f(Xj, . . ., X, ). The basis of the entropy method is a power-
ful extension of the Efron-Stein inequality. Recall that the Efron-Stein inequality states
that

Var (Z) < ZE [E@ [2%] - (E(")Z)z},



94 | BASIC INFORMATION INEQUALITIES

where E®) denotes expectation with respect to the variable X; only, that is, conditional
expectation conditioned on XD = (Xy,..., X1, Xis1, .. ., X,), oI, putting ®(x) = 2,

E®(Z) - ®(EZ) < Xn:E [E(")cb(z) ) (E(f)z)].

i=1

In fact, this inequality remains true for a large class of convex functions ® (see Chapter 14).

The case of interest in this section is when ®(x) = xlogx. For a nonnegative random
variable Z, the quantity E®(Z) — ®(EZ) is often called the entropy of Z, denoted by Ent(Z).
This notion of entropy is not to be confused with the Shannon entropy introduced earlier in
this chapter. Nevertheless, there is a close relationship between the two notions of entropy.
As seen in the proof below, Ent(Z) may be written as the relative entropy between the
distribution induced by Z on X" and the distribution of X = (Xj, ..., X,).

Theorem 4.10 (SUB-ADDITIVITY OF THE ENTROPY) Let ®(x) = xlogx for x > 0 and
®(0) = 0.LetX; ..., X, beindependent random variables taking values in a countable set
Xandletf : X" — [0,00). LettingZ = f(Xy, . . ., X,,), we have

ED(Z) - ®(EZ) < ZE [E<")c1>(z) ) (E(")Z)].

Introducing the notation Ent?)(Z) = ED®(Z) - ®(E?Z), this can be re-written as

Ent(Z) <E [Z Ent® (Z)i|.

i=1

Here we only state the result for discrete random variables Xj . . ., X,,. However, the result
may be extended to the general case as is shown below in Section 4.8 (see also the more
general Theorem 14.1 in Chapter 14).

Proof The theorem is a direct consequence of Han’s inequality for relative entropies. First
note that if the inequality is true for a random variable Z then it is also true for cZ where

cis a positive constant. Hence we may assume that EZ = 1. Now define the probability
measure Q on X" by its probability mass function g given by

q(x) = f(x)p(x) forallx € X"

where p denotes the probability mass function of X = (X, ..., X,) and P the corres-
ponding distribution. Then,

E®(Z) - ®(EZ) = E[Zlog Z] = D(Q||P)
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which, by Theorem 4.9, does not exceed ) (D(QHP) - D(Q(i) ||P(i))). However,
straightforward calculation shows that

5 (o -p(a15)) = L r[s00 - o(s7)

i=1
and the statement follows. O

As a first application of the sub-additivity of the entropy, we derive a generalization of
the edge isoperimetric inequality Theorem 4.3 when the distribution of the random vector
X =(Xy,...,X,) is such that Xj, ..., X, are independent binary random variables with
P{X;=1}=1-P{X; = -1} = pwherep € (0,1).

Foranindexi < n, introduce the notation

X,+ = (Xlr se JXi—l) lyXi+1; .. ~1Xn) and Xl_ = (Xh .. ~1Xi—17_11Xi+1; .. ~;Xn)'

Let A C {-1, 1}" be an arbitrary set. The positive and negative influences of the i-th variable
are defined as

I (A) =P{X € Aand X; ¢ A}
and

I(A)=P{X; € AandX] ¢ A}.

The influence I;(A) = P {]I{XGA} # ]I{XmeA}} is just the sum I7(A) +I;(A) of posit-
ive and negative influences. The total positive and negative influences are defined as
I'(A) =Y I'(A)and I (A) = Y7, I; (A), respectively.
Theorem 4.11 Let A € {-1,1}" be any set and let the random vector be distributed as
described above. Then
1

P(A) log )

1
<I'(A)plog - + I (A)(1-p)log
p 1-p

where P(A) = P{X € A}

Proof The proof is a simple application of Theorem 4.10 for the random variable
Z = Lixea). Since (1) = ®(0) = 0, we always have ®(Z) = 0, and the left-hand side
of the sub-additivity inequality is simply P(A) log(1/P(A)). On the other hand, for
each i,

plogp ifX! e AandX; ¢ A
@ (E<">Z) =1 (1-p)log(1-p)ifX; € Aand X} ¢ A
0 if the i-th variable is not pivotal.
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Therefore, the right-hand side of the sub-additivity inequality becomes

1
l—p’

I'(A)plog 11) +17(A)(1-p)log

proving the statement. a

Note that in the symmetric case, that is, when p = 1/2, the statement reduces to
Theorem 4.3. Another important special case is when the set A is a monotone sub-
set of {-1,1,}". A set A C {-1,1}" is said to be monotone if Lyea; = Liyeay for all
x=(x1,...,%,) and y = (y1,...,¥,) in {-1,1}" such that x; > y; for all i. If A is mono-
tone, the negative influence I" (A) equals zero, implying I(A) = I*(A), and we immediately
obtain the following.

Corollary 4.12 If A is a monotone subset of {~1, 1}", then the total influence is bounded as

4.8 Entropy of General Random Variables

Up to this point we have only considered the entropy of discrete random variables. This is
convenient as the main ideas can be explained in a more transparent way in this simple set-
ting. However, in order to establish general concentration inequalities, we need to handle
entropy of all kinds of random variables, not only those of a discrete distribution. In this
section we introduce a general notion of entropy and the rest of the chapter is dedicated to
describing some properties of this notion. In particular, in Section 4.9 we present a dual-
ity formula for entropy which allows us to derive a simple “transportation cost” lemma
(see Section 4.10). In Chapter 8 we explore how this transportation lemma and its vari-
ants can be used to establish concentration inequalities. Finally, in Section 4.13 we prove,
inits full generality, the sub-additivity of entropy that we already proved for discrete random
variables in Theorem 4.10.

Luckily, the general framework does not require sophisticated measure theoretic argu-
ments at all. We begin with a formal definition of relative entropy within a general frame-
work and elementary properties of entropy. These properties are essentially the same as in
the discrete case but their proofs are alittle different.

As in Section 4.7, ® denotes the function ®(x) = xlogx, defined on [0,00) (where
0log0 is defined as 0). Let (2, .4, P) be a probability space and let Y be a nonnegative
random variable defined on it such that Y is integrable, thatis, EY = [, Y(w)dP(w) < oo.
As before, we define the entropy of Y by

Ent(Y) = E®(Y) - O(EY).



DUALITY AND VARIATIONAL FORMULAS | 97

Note that since @ is bounded from below by —e™!, the expression EP(Y') is meaningful even
if ®(Y) is not integrable. Hence Ent(Y) is well defined for all nonnegative random vari-
ables. Since P is a convex function, by Jensen’s inequality, Ent(Y) is a nonnegative (possibly
infinite) quantity. Moreover Ent(Y) < oo if and only if ®(Y) is integrable.

We may use this definition of entropy to introduce a general notion of the Kullback—
Leibler divergence as follows. If Y is a nonnegative random variable with EY = 1, we may
define another probability measure Q on (€2, .4) by Q(A) = fA Y(w)dP(w) = E[Y1(a}]
for all A € A. We write Q = YP for such a probability measure. The Kullback-Leibler
divergence (or relative entropy) of Q with respect to P, is defined by

D (Q|IP) = Ent(Y).

To see that this definition is a generalization of the one introduced in Section 4.1 for discrete
probability distributions, observe that when €2 is at most countable and Q is absolutely
continuous with respect to P, then we may write Q = YP where the random variable Y is

defined by

Y(w) = {q(w)/p(a)) ifp(w) >0

otherwise

and therefore

q(@)
p(w)’

D(QIP)= Y. q(w)log?

weQp(w)>0

More generally, if Q < P, that is, if Q is absolutely continuous with respect to P, one
may always write Q = YP with Y defined by the expression above where p(x) = dP/dA
and g(x) = dQ/dX denote the densities of P and Q with respect to a common dominating
measure A.

4.9 Duality and Variational Formulas

The next result gives an alternative characterization of the relative entropy, close in spirit to
the duality formula for the variance given in Proposition 3.21.

Theorem 4.13 (DUALITY FORMULA OF ENTROPY) Let Y be a nonnegative random vari-
able defined on a probability space (2, A, P) such that E®(Y) < 00. Then we have the
duality formula

Ent(Y) = sup E [UY]
veld

where the supremum is taken over the set U of all random variables U : @ — R with
EeV = 1.
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Moreover, if U is such that E[UY] < Ent(Y) for all nonnegative random variables Y
such that ®(Y) is integrable and EY = 1, then EeV < 1.

Remark 4.3 By elementary calculations one sees that forallu € R,

sup (xu — ®(x)) = &,

x>0

so if ®(Y) is integrable and EeV = 1, we have
1
UY < ®(Y) + —¢V.
e

Therefore U, Y is integrable and one can always define E [UY] as E[U,Y] - E[U_Y]
(where U, and U_ denote the positive and negative parts of U). Thus, the right-hand
side of the duality formula of Theorem 4.13 is always well defined.

Remark 4.4 (ALTERNATIVE FORMULATION OF THE DUALITY FORMULA) One may re-
write the duality formula of Theorem 4.13 as

Ent(Y) = supE [Y(log T - log(ET))]
T
where the supremum is taken over all nonnegative and integrable random variables.

Proof To prove the duality formula simply observe that, for any random variable U with
EeV = 1, we have

Ent(Y) - E[UY] = Entop [Ye'!]

where Entup is defined as Ent with the only difference that expectations are
taken with respect to the probability measure VP (instead of P). This shows that
Ent(Y) - E[UY] > 0 with equality whenever eV = Y/EY. This proves the duality
formula.

Let U be such that E[UY] < Ent(Y) for all nonnegative random variables Y such
that ®(Y) is integrable. If EeV = 0, then there is nothing to prove. Otherwise, given
a positive integer n large enough to ensure that x, = Ee™™U") > 0, one may define
Y, = min(Un) / x,,, which leads to

E[UY,] < Ent(Y,),

and therefore

1 . 1 .
—E [Uem‘“(U‘")] < — [E [(min(U, n)) emm(U’”)] - logxﬂ].
X X
Hence

logx, <0

and taking the limit when n — 00, we show by monotone convergence that EeV < 1,
which finishes the proof of the theorem. d
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The previous theorem makes it possible to establish a duality between entropy and
moment-generating functions.

Corollary 4.14 Let Z be a real-valued integrable random variable. Then for every A € R,

logEek(Z_EZ) = sup [)x (EqZ-EZ) - D(Q”P)]
Q<P

where the supremum is taken over all probability measures Q absolutely continuous with
respect to P, and Eq denotes integration with respect to the measure Q (recall that E is
integration with respect to P).

As in Chapter 2, the logarithmic moment-generating function of a real-valued random
variable Z is denoted by /(1) = log Ee*? for A € R.

Proof Let Q be a probability measure absolutely continuous with respect to P. Taking
Y =dQ/dP and choosing U = A(Z - EZ) - ¥z gz(A), it follows from the duality
formula of Theorem 4.13 that

D(Q|IP) = Ent(Y) > E[UY] = A(EqZ - EZ) - Yz gz(}),
or equivalently that
Yz e2(A) = A (EqZ - EZ) - D(Q|P),

and therefore

log Ee"#F2) > sup [A (Eq Z - EZ) - D(Q'|IP)].
QU«p

Conversely, setting

U=A(Z-EZ)- sup [A(EqZ-EZ)-D(Q|P)]
Q'«P

for every nonnegative random variable Y such that EY = 1,
E[UY] < Ent(Y).
Hence, by Theorem 4.13, EeV < 1 which means that

log E“*2) < sup |1 (Eq'Z - EZ) - D(Q'|IP)]. O
QP

The duality formula implies the following property of the Kullback-Leibler divergence.
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Corollary 4.15 Let P and Q be two probability distributions on the same space. Then

D(Q||P) = sup [EqZ - log E¢”|
VA

where the supremum is taken over all random variables such that Ee? < oo.

This corollary asserts that if P remains fixed, D(Q || P) is the convex dual of the functional
Z — log Ee”.

Proof If Q < P, D(Q||P) = Ent (dQ/dP) and the corollary follows from the alternat-
ive formulation of the duality formula. If Q & P, there exists an event A such that
Q(A) > 0=P(A), D(Q|IP) = 00, and choosing Z, = nl(4} and letting n tend to
infinity, we observe that the supremum on the right-hand side is infinite. O

The duality formula for entropy and its corollaries have many useful consequences (see
Exercises 4.10,4.11, and 4.13).

The last results in this section will be useful when developing the entropy method in
Chapters 5 and 6. It is well known that the expected value minimizes the average squared
Euclidean distance to a random point. This is an instance of a more general statement.

Theorem 4.16 (THE EXPECTED VALUE MINIMIZES EXPECTED BREGMAN DIVER-
GENCE) Let I C R be an open interval and let f : I — R be convex and differentiable.
For any x,y € I, the Bregman divergence of f fromx toyis f(y) — f(x) — f'(x)(y — x). Let
X be an I-valued random variable. Then

E[f(X) - f(EX)] = infE[f(X) - f(a) - f (a) (X - a)].
Taking f(x) = xlog x, we obtain the following variational formula for entropy.
Corollary 4.17 LetY be a nonnegative random variable such that E®(Y) < 0o. Then
Ent(Y) = l1r>1gE [Y(log Y -logu) - (Y - u)].

Proof Leta € I. The difference between the expected Bregman divergence from a and the
expected Bregman divergence from EX

E[f(X) - f(EX) - f (EX)(X - EX)] = E [f(X) - f(EX)]

satisfies

E[f(X) -f(a) -f'(a)(X - a)] - E[f(X) - f(EX)]
= E[-f(a) - f'(a)(X - a) + f(EX)]
= f(EX) - f(a) - f'(a) (EX - a).

The last expression is the Bregman divergence of f from a to EX. As f is conves, it is
nonnegative. |
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Theorem 4.13 and Corollary 4.17 relate to the convexity of two different functions:
Theorem 4.13 is about the convexity of the entropy functional while Corollary 4.17 is about
the convexity of ®(x) = xlogx.

4.10 A Transportation Lemma

The duality formula of Corollary 4.14 allows one to relate the concentration property of
a random variable Z around its expectation to the so-called transportation cost, that is, the
“price” one has to pay when one computes the expectation of Z under Q rather than under
the original probability measure P.

To render this simple but subtle connection more explicit, the following transportation
lemma may be illuminating.

Lemma 4.18 Let Z be a real-valued integrable random variable. Let ¢ be a convex and con-
tinuously differentiable function on a (possibly unbounded) interval [0, b) and assume that
¢(0) = ¢'(0) = 0. Define, for every x > 0, ¢*(x) = sup, o) (Ax = #(1)), and let, for
every t > 0, (1) = inf{x >0:¢"(x) > t}. Then the following two statements are
equivalent:

(i) for every A € (0,b),
logEe)‘(Z'EZ) < ¢(L);

(i) for any probability measure Q absolutely continuous with respect to P such that
D(Q|IP) < oo,

EqZ-EZ < ¢*7 [D(Q|P)].
In particular, given v > 0,

2
logEek(Z'EZ) < &

2
for every X > 0 if and only if for any probability measure Q absolutely continuous with

respect to P and such that D(Q||P) < oo,

EqZ - EZ < +/2vD(Q||P).

Proof Asadirect consequence of Corollary 4.14 we see that (i) holds if and only if for every
distribution Q which is absolutely continuous with respect to P,

re(0,b)

$0)+D(0IB))
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However, it follows from Lemma 2.4 that

¢*" (D(QIP)) = inf
re(

a ((P(?») +D(QIIP)),

A

which shows that (i) is equivalent to (ii). Applying the previous result with
@ (A) = A*v/2forevery . > Oleads to the stated special case of equivalence since then

¢*1(t) = V2. -

The last inequality of Lemma 4.18 is related to what is usually termed a quadratic trans-
portation cost inequality. If €2 is a metric space, the probability measure P is said to satisfy a
quadratic transportation cost inequality if the last inequality of Lemma 4.18 holds for every
Z which is Lipschitz on €2 with Lipschitz norm at most 1. The link between quadratic trans-
portation cost inequalities and sub-Gaussian concentration inequalities is studied in greater
detail in Chapter 8, devoted to transportation inequalities.

4.11 Pinsker’s Inequality

Pinsker’s inequality relates the relative entropy of two probability distributions to their vari-
ational distance. Let P and Q be two probability measures on a measurable space (£2,.4).
The total variation or variational distance between P and Q is defined by

V(P,Q) = sup |P(A) - Q(A)].

It is a well-known and simple fact that the total variation is half the L, -distance, that is, if A is
a common dominating measure of P and Q and p(x) = dP/dA and q(x) = dQ/d\ denote
their respective densities, then

V(2,Q) = P) - Q") = 5 [ 1p() - glar(a),

where A* = {x : p(x) > q(x)}. We note that another important interpretation of the
variational distance is related to the best coupling of the two measures

V(P,Q) = min P{X # Y},

where the minimum is taken over all pairs of joint distributions for the random vari-
ables (X,Y) whose marginal distributions are X ~ P and Y ~ Q. (The proof of these
well-known facts is left as Exercise 4.5).

The importance of Pinsker’s inequality in statistics stems from the fact that it provides
a lower bound for the error of certain hypothesis testing problems. We use Pinsker’s
inequality for a completely different purpose, namely for establishing a transportation cost
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inequality that may be used to prove concentration inequalities. The proof of Pinsker’s
inequality derives easily from Hoeffding’s inequality via the transportation cost bound of
Lemma 4.18.

Theorem 4.19 (PINSKER’S INEQUALITY) Let P and Q be probability distributions on
(2, A) such that Q < P. Then

V(P,Q)* = SD(QIP).

Proof Define the random variable Y such that Q = YP and let A* = {Y > 1} be the set
achieving the maximum in the definition of the total variation between P and Q. Then,
setting Z = L4+,

V(P,Q) = Q{A*} - P{A*} = EoZ - EZ.

It follows from Hoeffding’s lemma (Lemma 2.2) that for any A > 0,

2
Yz pz(A) < %

which, by Lemma 4.18, leads to

1
EqZ-EZ <,/ ED(QIIP),

concluding the proof. O

4.12 Birgé’s Inequality

Next we show how the ideas already used in the proof of Pinsker’s inequality
may be used to prove a sharper version. Then we use this inequality for deriv-
ing a lower bound for the probability of error in multiple testing problems. Let
h(q,p) = qlog(g/p) + (1 - q)log((1 - q)/(1 - p)) be the relative entropy between two
Bernoulli distributions, with parameters g and p. Then we have the following strengthened
version of Theorem 4.19.

Theorem 4.20 Let P and Q be probability distributions on (<2, A) such that Q < P. Then

sup h(Q{A}, P{A}) = D(QIIP).

Proof Foranyp € [0,1],let

¢p(k) = log (p (e)‘ - 1) + 1)
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denote the logarithm of the moment-generating function of the Bernoulli(p) distribu-
tion where A € R. By Corollary 4.15, forany A € A,and A > 0,

D(Q|P) = Eq[Ala] - IOngem‘A},
and therefore

D(QIIP) = sup (AQ{A} - ppay(2)).

The theorem follows by noting that for any a € [0, 1],

iu}; ()ua - qﬁp()\)) = h(p, a). O

Since h(Q{A}, P{A}) > 2(Q{A} - P{A})?, Theorem 4.20 implies Pinsker’s inequality.
Note also that Theorem 4.20 can be derived as a simple consequence of the so-called data
processing lemma (see Exercise 4.10).

The variational representation of relative entropy (Corollary 4.15) may be used to estab-
lish lower bounds for the probability of error in multiple testing problems. The next result
is a sharper version of Fano’s inequality, a classical tool from information theory.

Theorem 4.21 (BIRGE’S INEQUALITY) Let Po,Py,...,Py be probability distri-
butions over (2, A) and let Ao, Ay, ...,An € A be pairwise disjoint events. If

.....

l-a 1 &
<h < — D(P;||Py).
a< (a, N)_N; (PiIPy)

Proof By the variational representation of relative entropy (Corollary 4.15), for any
i=1,...,N,

sup Ep, [Ml{AX}] ~log Ep,e"' 4 < D(P;||Py).
A>0

Observe that ZZI Py(A;)) <1-Py(Ap) <1-a.ForanyfixedA >0
N

% > " D(Pi|Po) > % > (APi(A) ~log [Po(4))(¢* - 1) +1])

i=1
1 - Py(A
> Aa -log (%(ek -1+ 1)

1-
2Aa—10g< N

“(e*—nﬂ),
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where the second inequality follows from the concavity of the logarithm and
Jensen’s inequality. We may choose A such that it satisfies h(a, (1-a)/N) =
)La—log(%(e)‘—l)+1). O

4.13 Sub-Additivity of Entropy: The General Case

We now turn to the sub-additivity of entropy in a general measure theoretic framework. We
proved this inequality in Section 4.7 in the restricted setting of discrete random variables as
an easy consequence of Han’s inequality. In the general case our proof relies on the duality
formula of Theorem 4.13.

In Chapter 14 we present an even more general version of the sub-additivity of entropy.
As we will see there, it is deeply connected to the convexity of the entropy functional. In the
proof below we start from a decomposition that we already used to prove the Efron-Stein
inequality and then use the duality formula of Theorem 4.13.

Theorem 4.22 (SUB-ADDITIVITY OF ENTROPY) Let Xj,...,X, be independent ran-
dom variables and let Y = f(X, ..., X,) be a nonnegative measurable function of these
variables such that ®(Y) = YlogY is integrable. For every 1 < i < n, denote by E®¥)
the expectation operator conditioned on X0 = (X1, ., X1, Xis1, - - -, X). Denote by
Ent()(Y) the conditional entropy of Y, given X, defined by

Ent? (V) = EV0(Y) - @ (E<f>y).
Then
Ent(Y) <EY Ent?)(Y).

i=1

Proof Introduce the conditional expectation operator E;[-]=E [-|X1, . ,Xi] for
i=1,...,n and the convention E; = E. Noting that the operator E, is just the
identity when restricted to the set of (X, . . ., X,,)-measurable and integrable random
variables, we have the decomposition

Y (log Y - log (EY)) = » ¥ (log (E;Y) - log (E;1Y)).

i=1

Now the duality formula given in Remark 4.4 yields

EY [Y (log (E;Y) - log (E@ [E,-Y]))] < Ent?(Y).

Since Xj, ..., X, are independent, we have E”) [E;Y] = E._;Y and therefore taking
expectations on both sides of the decomposition above yields
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E[Y (logY - log (EY))] = Z E [E@ [Y (log (E;Y) - log (E@ [EJ]))]]

< Xn:E [Ent(i)(Y)]

i=1

and Theorem 4.22 follows. ]

Recall that in Section 4.7 the sub-additivity of entropy for discrete probability distribu-
tions is derived from Han’s inequality (Theorem 4.1). The alternative proof given here has
the advantage that it works in a more general measure-theoretic framework. It is interest-
ing to notice that Han’s inequality itself can be derived from the sub-additivity of entropy.
In other words, for discrete probability distributions, the sub-additivity of entropy and
Han’s inequality are equivalent. Indeed, let X’ be a finite set of cardinality k and consider
arandom variable X with values in X™. Setting x0 = (X1, X, X1y - - -, X,) for every
i=1,...,n, recall that Han’s inequality tells us that

HX) < 711 Zﬂ:H (X(i)> .

Define Q as the distribution of X and let P be the uniform distribution on X". Denote by
q the probability mass function of Q, that is, for every x € X", q(x) = P{X = x}. Setting
Y = dQ/dP, we have Y(x) = q(x)k" and

Ent(Y) = D(QJ|P) = ~-H(X) + nlogk.

The inequality of Theorem 4.22 can be written in this case as

Ent(Y) <E Z Ent?(Y).

i=1

Now

E [Ent(l)(Y)] = Ent(Y) - Z <Z q(t, x)) log (k"1 Z q(t, x))

xe X!l \teX teX

= Ent(Y) + H(X(l)) ~(n-1)logk
and similarly, for all i,
E [Ent(i)(Y)] =Ent(Y) - (n-1)logk+ H (X(i)> )

Putting the pieces together, Han’s inequality follows.
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4.14 The Brunn-Minkowski Inequality

Next we present a classical result of convex geometry that is of fundamental importance
in a wide variety of areas, including analysis and information theory. We include it here
because it provides a short proof of the classical isoperimetric inequality (see Chapter 7).
To describe the basic inequality, consider sets A, B C R" and define the Minkowski sum of
A and B as the set of all vectors in R" formed by sums of elements of A and B:

A+B={x+y:x€AyecB}

Similarly, for c € R, letc- A = {cx : x € A}. Denote by Vol(A) the Lebesgue measure of a
(measurable) set A C R".

Theorem 4.23 (BRUNN-MINKOWSKI INEQUALITY) Let A, B C R" be non-empty com-
pact sets. Then for all > € [0,1],

Vol((1-21)A + AB)Y" > (1 - 1)Vol(A)" + AVol(B)'/".

Note that it is not necessary to assume compactness of A and B. We do it to avoid
having to worry about measurability of the Minkowski sum set (see Exercise 4.9). Many
different proofs of the Brunn—Minkowski inequality are known. Here we present possibly
the simplest one, based on a powerful functional generalization known as the Prékopa-
Leindler inequality. Before stating this, let us consider the special one-dimensional case of
Theorem 4.23. To see why the theorem is true in this case, notice first that if A C R and
¢ > 0, then Vol(cA) = cVol(A) and therefore it suffices to prove that for any compact sets
ABCR,

Vol(A + B) > Vol(A) + Vol(B).

To see this, observe that none of the three volumes involved changes if the sets
A and B are translated arbitrarily. Now we may translate A to A’ = {a}+ A and B to
B ={b}+B such that A’ C (-00,0], B’ C[0,00), and A'NB ={0} (simply
pick a=-supA and b=-infB). However, A'UB C A +B and therefore
Vol(A" + B') > Vol(A' UB') = Vol(A’) + Vol(B'), proving the one-dimensional Brunn-
Minkowski inequality.

The next inequality may be regarded as a functional generalization of the Brunn-
Minkowski inequality.

Theorem 4.24 (PREKOPA-LEINDLER INEQUALITY) Let A € (0,1), and let f, g h:
R"* — [0, 00) be nonnegative measurable functions such that for all x,y € R",

h((1 - M)x+2y) = f(x) g(y)™.

Then
A

A h(e)de ( 5 f(x)dx)” ( /R n g(x)dx) .
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Proof The proof goes by induction with respect to the dimension n. To prove the one-
dimensional case, consider measurable nonnegative functions f, g, h satisfying the
condition of the theorem. By the monotone convergence theorem, it suffices to prove
the statement for bounded functions f and g. Now observe that we may assume, without
loss of generality, that sup, _p. f(x) = sup,.p. g(x) = 1. Then

[ = [ ottt =

and

/Rg(x) e = /0 ol gx) = t})dt.

For any fixed t € [0,1], if f(x) >t and g(y) > t, then by the hypothesis of the
theorem, h((1 — A)x + Ay) > t. This implication may be re-written as

(1) {x: f(x) >t} + Ao : g(x) > 1} C {xc: h(x) > t}.

Thus,
f h(x)dx = waol({x : h(x) > t})dt
R 0
> / Vol({x : h(x) = £})dt

> /0 Vol ((1 - 2){x: f(x) >t} + M : g(x) > t})dt
(by the inclusion above)
> (1-2) /0 Vol({x : f(x) > t})dt + A /O Vol({x : g(x) > £})dt

(by the one-dimensional Brunn-Minkowski inequality)

= (1-2) A F(x)dx+ A A; g(x)dx

> ( /R f(x)dx)” ( /R g(x)dx)k

(by the arithmetic-geometric mean inequality)

and this proves the one-dimensional case.

For the induction step, assume that the theorem holds for all dimensions 1, ...,
n-landletf,g h: R" — [0,00),A € (0,1) be such that they satisfy the assumption
of the theorem. Now letx,y € R" ! and a,b € R. Then

h(((1=2)x + Ay, (1= 2)a +Ab)) = h((1 - 1)(x,a) + A (3, b)) = f(x,a)'"g(y,b)"
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so by the inductive hypothesis,

In other words, introducing

F(a) = fR Sl ey Gla) = fR gl a)ds
and  H(a) = /R G a)ds
we have
H((1-X)a+Ab) > F(a)"™G(b)*,

so by Fubini’s theorem and the one-dimensional inequality, we have

/R o) = /R H(a)da
> ( /R P(a)da)H ( fR G(a)da)k
- < ) f(x)dx) s ( /1; n g(x)azx)A

as desired. O

Corollary 4.25 (A WEAKER BRUNN-MINKOWSKI INEQUALITY) Let A, B C R" be com-
pact sets. Then for all A € [0,1],

Vol((1 - A)A + AB) > Vol(A)"™*Vol(B)*.
Proof We apply the Prékopa-Leindler inequality with f(x) = Lsea}, g(x) = L{xen), and
h(x) = Lice(1-2)ar28y- To confirm that these functions satisfy the hypothesis of

Theorem 4.24, observe that f (x)' ™ g(y)* = Liceayeny < h((1-2A)x +Ay). O

Observe that Corollary 4.25 is weaker than Theorem 4.23 because by the arithmetic-
geometric mean inequality

(1 - A)Vol(A)" + AVol(B) /" > Vol(A)*/"Vol(B)M".
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Interestingly, however, one may deduce the Brunn—Minkowski inequality starting from this
weaker form as follows.

Proof of Theorem 4.23. First observe that it suffices to prove that for all nonempty com-
pact sets A and B,

Vol(A + B)Y" > Vol(A)'" + Vol(B)"/"
because by replacing A by (1 - 2)A and B by AB we obtain the original statement.
Also notice that we may assume that Vol(A), Vol(B) > 0 because otherwise the
inequality holds trivially. Defining A’ = Vol(A)™'/"A and B’ = Vol(B)™'/"B, we have
Vol(A") = Vol(B') = 1. Therefore, by Corollary 4.25, forall A € (0, 1),
Vol((1-2)A"+ AB') > 1.

Finally, we apply this inequality with the choice

~ Vol(B)!/
~ Vol(A)V" + Vol(B)/»’

obtaining

1 1
1 < Vol A+ B
=ve (Vol(A)l/” +Vol(B)/"" " Vol(A)/" + Vol(B) /" )
~ Vol(A + B)
~ (Vol(A)Vn + Vol(B)1/m)"

proving the Brunn—Minkowski inequality. O

The Brunn—Minkowski inequality can be used to show that the uniform distribution over
convex bodies exhibits the concentration of measure phenomenon (see Exercise 4.17).

4.15 Bibliographical Remarks

Information theory originated from Shannon’s celebrated paper (Shannon, 1948) which
introduced a general mathematical theory of communication. It was Shannon who defined
the basic notions of entropy, relative entropy, and mutual information, and proved their
significance in data compression and coding problems. However, very soon it became
apparent that the significance of Shannon’s techniques reached far beyond the engineer-
ing problems he had in mind, and today the toolbox of information theory is routinely used
in a wide variety of mathematical problems. For some excellent textbooks on the topic we
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refer to Gallager (1968), Csiszar and Kérner (1981), Cover and Thomas (1991), MacKay
(2003), and Richardson and Urbanke (2008).

A geometric version of Han’s inequality appears as early as in 1948 in a paper by Loomis
and Whitney (1949). Han’s inequality, as described in Theorems 4.1 and 4.9, was derived
by Han (1978).

Different versions of the discrete isoperimetric inequalities of Theorems 4.2 and 4.3 go
back to Harper (1966), Loomis and Whitney (1949), and Hart (1976). The subsets of the
n-cube that maximize the edge-perimeter or the sum of average influences for a given car-
dinality and achieve equality in Theorem 4.2 have been described by Harper (see Bollobas
(1986)). These combinatorial inequalities have also been derived without resorting to
Han’s inequality (see for example Bollobas (1986)).

The fact that combinatorial entropies satisfy the self-bounding property was shown by
Boucheron, Lugosi, and Massart (2000).

The sub-additive property of entropy, often called tensorization inequality for entropy
appears in Gross (1975) (and see also Ledoux (1997), Bobkov and Ledoux (1997)).
Related inequalities may be found in Beckner (1989), Latala and Oleszkiewicz (2000),
Chafai (2002), and Boucheron et al. (2005b). The proof of the general result of Theorem
4.22 is borrowed from Ané et al. (2000).

The notion of relative entropy also plays an important role in the theory of large devi-
ations which dates back to Cramér (1938) (see also Varadhan (1984), Deuschel and
Stroock (1989), Dembo and Zeitouni (1998), and Dupuis and Ellis (1997)). The vari-
ational formulation of relative entropy (Theorem 4.13) is also frequently used in large
deviations theory.

The link between quadratic transportation cost inequalities and Gaussian type con-
centration is well known (and see for example Marton (1996a), Dembo (1997), Bobkov
and Gétze (1999)). In particular, Lemma 4.18 is inspired by a related result on quadratic
transportation cost inequalities in Bobkov and Gétze (1999).

Theorem 4.19 was first proved by Pinsker (1964) with the worse constant 1, while
Csiszar (1967) established it with the optimal constant 1/2. For some sharper versions we
refer to Ordentlich and Weinberger (2005).

Theorem 4.21 is due to Birgé (2005). It improves on Fano’s lemma (see, e.g., Cover
and Thomas 1991) originally proved to estimate the probability of error in channel
coding theory. Beginning with the work of Ibragimov and Khasminskii (1981), Fano’s
lemma has been proved to be a fundamental tool in deriving minimax lower bounds in
statistics.

For the history of the Brunn—-Minkowski inequality, its connection to numerous other
inequalities, and various applications, we refer the reader to the comprehensive text of
Schneider (1993) and to the survey by Gardner (2002). The Prékopa-Leindler inequal-
ity is established by Prékopa (1971, 1973) and Leindler (1972). The proof presented
here is from Brascamp and Lieb (1976). For nice surveys of applications of the Brunn-
Minkowski inequalities to concentration and convex geometry, see Ball (1997), Ledoux
(2001), Schechtman (2003), and Barthe (2003). The connection between the Brunn—
Minkowski inequality and concentration of measure was shown by Borell (1975). We
recommend the survey of Giannopoulos and Milman (2001).
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4,16 EXERCISES

4.1.

4.2.

4.3.

(KRAFT-MCMILLAN INEQUALITY) Let X’ denote a countable set, P a probabil-
ity distribution on X. Let ) denote a finite set called the encoding alphabet. A
uniquely decodable encoding of X’ using alphabet ), is a mapping ¢ from X to the
set V* of sequences of finite length over the encoding alphabet, such that for any
two sequences i, . .., %, and &}, . . ., x; of elements of X, if the concatenations of
d(x1),...,¢0(x,) and ¢(x}), ..., ¢ (x],) are equal, then n = p, and x; = & fori < n.
If x € X, ¢(x) is the codeword associated with x and |¢(x)| denotes the length of
the codeword. The Kraft-McMillan inequality asserts that for any uniquely-decodable
coding ¢ of X’ on alphabet )/

Z |yl < 1.

xeX

Prove the Kraft-McMillan inequality. Use the Kraft—-MacMillan inequality to prove
that the Shannon entropy with base || is a lower bound on the average codeword
length under P:

H(X)
log | V|

=E [— loglylp(X)] <E|p(X)].

(CONVERSE OF THE KRAFT-MCMILLAN INEQUALITY) Let £ : X — {1,2,...}
be such that

2 =1

xeX

Prove the converse of the Kraft—-McMillan inequality: there exists a uniquely decodable
encoding ¢ such that for all x € X, |¢(x)| = £(x). Use the converse of the Kraft—
McMillan inequality to prove that there exists a uniquely decodable encoding ¢ such
that

E|p(X) fE[—lo (X)]+1: i A
¢ (X)] gy P o V]
(LOG-SUM INEQUALITY) Let ay, ..., a, and by, ..., b, denote two sequences of

positive integers. Prove that

Z a;log bt <Z al) log % b

i




EXERCISES | 113

4.4. (CHAIN RULE FOR THE RELATIVE ENTROPY) Let P and Q denote two joint

4.5.

4.6.

4.7.

4.8.

4.9.

distributions for Xj, ..., X,, let P;; and Q;,; denote the marginal distributions of
Xj, ..., X;under P and Q, respectively. Let Pxji..i1 and Qx|1...i-1 denote the condi-
tional distribution of X; with respect to X, . . ., X; ; under P and under Q. Show that

D(PIQ) = ZEPM [D (Px1.iot 1Qxj1..io1) |-

i=1

(PROPERTIES OF THE VARIATIONAL DISTANCE) Let P and Q be two probabil-
ity distributions on the same discrete set X'. Prove that the total variation distance
V(P, Q) satisfies

V(P,Q) = P(A) - QA%) = 3 Y [P - Q)
xeX

where A* = {x : P(x) > Q(x)}. (This identity is sometimes referred to as Scheffé’s
theorem (Scheffé, 1947).) Show that

V(P,Q) = min P{X # Y},

where the minimum is taken over all pairs of random variables (X, Y) whose marginal
distributions are X ~ Pand Y ~ Q.

(DISCRETE LOOMIS—WHITNEY INEQUALITY) This exercise and the next illustrate
the fact that Han’s inequality has something simple to say about the combinatorics of
product spaces. Let A denote a finite subset of Z¢ and let A; denote the projection of
A along the i-th coordinate. Show that

d
lal“t < T 1Al
i=1

(see Loomis and Whitney (1949)).
(DISCRETE ISOPERIMETRIC INEQUALITY IN Z%) Let A denote a finite subset of
74, Let B denote the canonical basis of Z¢. Prove that the set dA defined by

0A = {(x,y,s) tx€Ay€Bse{-11},x+sy ¢ A}
has cardinality bounded as
|04 > 2d]A| 7.

Assume that h(x) = log, |tr(x)| is a combinatorial entropy such that for all x € X"
andi < n,

h(x) - h (x@) <1

Show that & has the self-bounding property.
Prove that the Minkowski sum of two compact sets is compact.
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4.10.

4.11.

4.12.

4.13.

4.14.

4.1S.

(KULLBACK—LEIBLER DIVERGENCE AND SUB-0-ALGEBRAS, DATA PROCESSING
LEMMA) If G is a 0 -algebra of subsets of X', A € G issaid tobe anatomin Gif B C A
and B € G \ {/#} then B = A. Let atom(G) denote the set of atoms of G. If P and Q
are probability measures over X', and G has countably many atoms, let

_ P(A)
D(P[Q|F) = Aeg@ P(A) log o

Show that if H C G where H is a o -algebra, then D(P||Q|H) < D(P||Q|G). Show
that

D(P||Q) = sup {D(P||Q|g) : G has finitely many atoms.} .

Use this statement to prove Theorem 4.10 from Theorem 4.9 (that is, by checking
that Theorem 4.9 still holds when X is not countable). Hint: the first part follows
easily from the duality formula.

(CONVEXITY OF KULLBACK-LEIBLER DIVERGENCE) Prove that for any fixed
probability measure P on X, the function Q — D(Q/||P) is convex on the set of
probability distributions over X. Hint: use the duality representation.
(KULLBACK—LEIBLER DIVERGENCE WITH RESPECT TO A PRODUCT DISTRIBU-
TION) Let P denote a probability distribution over X' x Y. Let Py and Py denote its
two marginal distributions and let Q and Qy denote two probability distributions
over X and ). Prove that

D(P|lQx ® Qy) = D(P||Px ® Py) + D(Px|[|Qx) + D(Py||Qy).

(KULLBACK-LEIBLER DIVERGENCE AND LEGENDRE TRANSFORM OF LOGAR-
ITHMIC MOMENT-GENERATING FUNCTION) Let Z be a real-valued random vari-
able. Recall that ¥z (1) = log Ee*” for A € R. Let y*(t) = sup, g [t — ¥z gz (A)].
Prove that forall t > 0,

Y*(t) = inf {D(Q||P) : EqZ-EZ > t}.

(LAW OF RARE EVENTS) Let P be the probability distribution of a sum of n
independent Bernoulli random variables Xj,...,X, with parameters p;,...,p,.
Let Po(i) be the Poisson distribution with expectation w =) . p;. Prove
that V(P,Po(u)) < Y 1, p>. Interpret this inequality by considering the Poisson
approximation of the binomial distribution with parameters n and /n. Hint: use
the infinite divisibility of the Poisson distribution and a coupling argument (see
Exercise 4.5). (See Barbour, Holst and Janson (1992) for a thorough treatment of
this topic.)

(LAW OF RARE EVENTS AND KULLBACK-LEIBLER DIVERGENCE) Let X1, ..., X,
be (not necessarily independent) Bernoulli random variables, with EX; = p; fori < n.



4.16.

4.17.

EXERCISES | 115

LetS, = Z?:l X;,and ;= ES,,. Let P denote the probability distribution of S, and let
Po(/t) be the Poisson distribution with expectation pt. Prove that

D(P[Po(n)) < Y "pl+ Y H(X)-H(Xy,...,X,).

i=1 i=1

Hint: use the infinite divisibility of the Poisson distribution, the data processing
lemma (Exercise 4.10), and the previous exercise. (Note that this result can be com-
bined with Pinsker’s inequality in order to derive a sub-optimal upper bound on the
total variation distance between a binomial distribution and a Poisson distribution
with the same expectation.)

(PREKOPA-LEINDLER INEQUALITY ON R) Let A € (0,1), and let f,gh:
R — [0, 00) be nonnegative measurable functions such that forall x,y € R,

h((1 = M)x+2y) = f(x) g

/}; h(x)ds > ( /R f(x)dx)lA ( fR g(x)dx)

without resorting to the Brunn—-Minkowski inequality on R. Hint: prove that it is

Prove that

A

possible to define two functions x and y by

x(t) o0 y(t) [e’e)
f(u)du = t/ f(u)du and f(u)du = tf g(u)du
-0 -0 -0 -0
and let z(t) = (1 - A)x(t) + Ay(t). Verify that all three functions are differentiable
and that 2/ (t) > («/(¢))"™* (y/(t))". Use change of variables to finish the proof. See
Barthe (2003).
(BORELL’S LEMMA) Let C be a convex body (a compact convex set with non-
empty interior) in R" and let P be the uniform probability distribution over C. Prove
Borell’s lemma that states the following: if A is a symmetric convex subset of C with
P{A} > 1/2,thenforanyt > 1,

1- P{A})(Hl)/l

P{(tA)’} < P{A} ( )

Hint: prove first that for t > 1,
2 t-1
= (tA)f + ——A C A",
t+1 t+1

where A° is the complement of A with respect to C. Then, use the Brunn-Minkowski
inequality. Does the statement remain true if the convexity and symmetry assump-
tions on A are relaxed? Borell’s lemma provides an example of the concentration
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4.18.

4.19.

of measure phenomenon. It asserts that, regardless of the dimension of the ambi-
ent space n and the convex body C, if A is a symmetric convex subset of C with
P{A} > 1/2, then P {(tA)‘} decreases exponentially fast as t increases. See
Giannopoulos and Milman (2001).

(A CONSEQUENCE OF BORELL’S LEMMA) Let Cbe a convexbody in R" and let P be
the uniform probability distribution over C. Assume X = (Xj, . .., X,) is distributed
according to P. Assume that EX = 0. Prove that there exists a universal constant

such thatforp > 2 and forally € R",
2:|

n plr n
E [ Zini } < ICPE [ Zy,'Xi
i=1 i=1

Is it possible to tighten this inequality for some special convex bodies? Hint: use
Borell’s lemma (see Exercise 4.17). It is enough to check that P{|Z:’=1 ini| > t}
decays exponentially fast with ¢.

(AN ELEMENTARY VERSION OF THE BRUNN-MINKOWSKI INEQUALITY) Assume
that A and B are axis-parallel hyper-rectangles in R". Use the arithmetic-geometric
mean inequality to verify that

1/2

Vol(A + B)/" > Vol(A)" + Vol(B)/".

This statement is the first step of some proofs of the Brunn—Minkowski inequality
(see Stein and Shakarchi 2005).



Logarithmic Sobolev Inequalities

In this chapter we prove a few inequalities known as logarithmic Sobolev inequalities. The
simplest such result, stated and proved in Section 5.1 below, may be regarded as an exten-
sion of the edge isoperimetric inequality on the binary hypercube shown in the previous
chapter (Theorem 4.2). This inequality is surprisingly powerful. The application most
interesting to us in this chapter shows how this simple result can be used to prove a gen-
eral exponential concentration inequality for functions defined on the binary hypercube.
The passage between the logarithmic Sobolev inequality and the concentration bound is
achieved by a clever trick, the so-called Herbst argument (see Section 5.2). This is the
first instance of a general methodology that we explore in this book in detail. The proof
technique, called the entropy method, is based on various modifications of the logarithmic
Sobolev inequality and the Herbst argument. In Chapters 6 and 12 we explore this tech-
nique in detail, and derive concentration inequalities for general functions of independent
random variables, not only those defined over the binary hypercube.

In Sections 5.3 and 5.4 we extend the arguments from Bernoulli to Gaussian ran-
dom variables, obtaining a remarkably useful Gaussian concentration inequality whose
use is illustrated in Section 5.5 in proving a concentration inequality for the supremum
of a Gaussian process. We will return to Gaussian concentration in Chapter 10 where
a sharp form is presented. The Gaussian logarithmic Sobolev inequality shown here has
applications in a variety of areas of mathematics.

As an application of the Gaussian logarithmic Sobolev inequality, in Section 5.6 we derive
a more general version of the Johnson-Lindenstrauss theorem of Section 2.9.

In Section 5.7, we describe some statistical applications: a bound for the performance of
LASSO, and an £;-penalized least squares estimator. Gaussian concentration proves to be a
convenient tool for such model selection problems in quite general Gaussian models.

In Sections 5.8 and 5.9, we establish a collection of closely related results, starting from
the so-called Bonami-Beckner inequality. This so-called hypercontractive inequality has its
origins in harmonic analysis and has countless applications in a variety of areas.
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In Section S.10, we close this chapter by invoking Gaussian hypercontractive inequalities
to prove a challenging tail bound for the largest eigenvalue of random matrices from the
Gaussian unitary ensemble.

5.1 Symmetric Bernoulli Distributions

The purpose of this section is to prove the simplest of a large family of inequalities, generally
referred to as logarithmic Sobolev inequalities. For this simplest instance we consider real-
valued functions defined on the binary hypercube f : {~1,1}" — R. Consider a uniformly
distributed binary vector X = (Xj, ..., X,) on the hypercube {-1, 1}". In other words, the
components of X are independent, identically distributed random sign (Rademacher) vari-
ables with P{X; = -1} = P{X; = 1} = 1/2. Consider the induced real-valued random vari-
able Z = f(X). The logarithmic Sobolev inequality presented here relates two functionals
of f that have already appeared in Chapters 3 and 4. One of them is the entropy

Ent(f) = E[f(X) log(f(X))] - Ef (X) log Ef(X),

defined for nonnegative functions f > 0. We use either Ent(f) or Ent(Z) interchangeably
to denote the entropy of Z = f(X). The other functional is a quantity familiar from the
Efron-Stein inequality,

E(N)=1E [Z (£ -1 (X@))Z}

i=1

where X0 = (X, .. -y Xi 1, X}, Xis1,. - ., X,) is obtained by replacing the i-th compon-
ent of X by an independent copy X . Recall that by the Efron-Stein inequality,
Var (f(X)) < E(f). Since X is uniformly distributed, £(f) may be written in a slightly
more convenient form

2= 3 (00 (5)) |- 2 S (001

i=1 i=1

where the random binary vector X - (Xy,...,Xi_1,-X;, Xis1, - - -, X,,) is obtained by
flipping the i-th component of X while leaving the others intact. One may think
about Vif(x) = (f(x) - f(z?))/2 as the i-th component of the discrete gradient vec-
tor Vf(x) = (Vi f(x),...,V,f(x)). With this notation, the Efron-Stein estimate of the
variance is just the expected squared norm of the discrete gradient: £(f) = E||Vf(X)|%.

Theorem 5.1 (LOGARITHMIC SOBOLEV INEQUALITY FOR THE SYMMETRIC BER-
NOULLI DISTRIBUTION) Let f : {~1,1}" — R be an arbitrary real-valued function
defined on the n-dimensional binary hypercube and assume that X is uniformly distributed
over {-1,1}". Then

Ent (f*) < 2E(f).
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Before proving the inequality, we point out that Theorem 5.1 is a common gen-
eralization of the edge isoperimetric inequality of Theorem 4.2 and of the Efron-
Stein inequality for the binary hypercube. Indeed, let A C {-1,1}" be any subset of
the binary hypercube. Defining f(x) = L{yea}, we have, writing P(A) = P{X € A}, that
Ent(f*) = -P(A)log P(A) and 4E(f) = I(A) is just the total influence of A. In Chapter
9 we point out other deep connections between influences and logarithmic Sobolev
inequalities.

On the other hand, note that if f is nonnegative, Var (f(X)) < Ent(f*) (see Exercise
5.1). One can also show (see Exercise 5.2) that for any function f : {~1,1}" — R (not
necessarily nonnegative), Theorem S.1 implies Var (f(X)) < £(f) and therefore it is
stronger than the Efron-Stein inequality (for the binary hypercube).

Proof The key to the proof is the sub-additivity property of entropy derived in
Theorem 4.10. This property implies that, writing Z = f(X),

Ent(Z?) <E [Z Ent") (zz)}
i=1
where Ent()(z2) = EO[2? log(Z*)] - EO[Z22] log(E(i) [72]). (Recall that E®) de-
notes conditional expectation conditioned on x®0 = Xy, X, Xty - -0, X))
Therefore, it suffices to show thatforalli=1,...,n,

Ent?(22) < %E(i) [( X)) -f ()_((”))2]. 51)

Given any fixed realization of XV, Z can take two different values with equal probabil-
ity. Call these values a and b. Then the desired inequality (5.1) takes the form

a® + b at +b?

2

a

1
0g—

bz
> loga® + > log b* -

1
< E(a - b)z

Thus, it remains to prove that this elementary inequality holds for any 4,b € R. As
(|a] = |b])* < (a - b)?, we may assume, without loss of generality, that both a and b
are nonnegative. By symmetry, we may also assume that a > b. For any fixed value of
b > 0, define the function

a’ +b? a2+ 1
1 - Z(a-b)?
og—— - 5(a )

2 b2
h(a) = %Iogaz + > log b* -

fora € [b, 00). Since h(b) = 0, it suffices to check that /' (b) = 0 and that & is concave
on [b, 00). However, elementary calculus shows that
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2

2a
W (a) = alog i (a-D)

from which //(b) = 0is clear, while using logx — x < -1,

24> 24?
W(a)=1+log—— - —— <0.
(a) 8 az+b* a2+ u

Theorem 5.1 is possibly the simplest in the family of logarithmic Sobolev inequalities. It
is outside of the scope of this book to offer a general account of these inequalities and we
even avoid the general definition of what a logarithmic Sobolev inequality is. We merely
mention a few of them that are important for our purposes. The obvious next step after
having Theorem 5.1 is to ask what happens if the distribution of X is not uniform but
rather a product of i.i.d. Bernoulli distributions with parameter different from 1/2. This is
the setup we consider in the remaining part of this section. More precisely, we still con-
sider functions f : {~1,1}" — R defined on the binary hypercube, but we now assume
that the components of the random vector X = (Xj,...,X,) € {-1,1}" are independ-
ent, identically distributed random bits with distribution P{X; =1} =1 -P{X; = -1} =p
where p € [0, 1]. With the same notation as before, we now have

L[ 3 (s ()

i=1

=p(1-p)E [Z (re0)-1 <X(i)>>2}'

i=1

£(f)

Then Theorem 5.1 may be generalized as follows to include the case of asymmetric
Bernoulli distributions.

Theorem 8.2 For any functionf : {-1,1}" — R,

Ent(f*) < c(p)E(f)

where

1 1-p
log .
1-2p p

c(p) =

It is easy to see that lim,, 1/, c(p) = 2, thus recovering the case of the symmetric distribu-
tion. In Chapter 9 we will see several interesting applications of this inequality. The function
c(p) is plotted in Fig. 5.1.

Theorem 5.2 is a special case of a more general result that we prove in Section 14.3, but
the reader may attempt a direct proof (see Exercise 5.4).
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0.0 0.2 0.4 0.6 0.8 1.0

Figure S.1 The constant ¢(p) in the logarithmic Sobolev inequality of Theorem 5.2 for asymmetric

Bernoulli distributions

5.2 Herbst’s Argument: Concentration on the Hypercube

Simple as it is, the logarithmic Sobolev inequality of Theorem 5.1 has many interesting
consequences. The most important from the point of view of this book is an exponential
concentration inequality for functions defined on the binary hypercube. This is the first and
simplest of a series of exponential inequalities which we expose. Many of them are based on
generalizations and modifications of the argument presented here.

We consider an arbitrary function f : {-1,1}" — R defined on the binary hypercube.
Let X = (Xj,. .., X,) be a uniformly distributed random vector in {1, 1}". We are inter-
ested in the concentration properties of the random variable Z = f(X).

The following argument, attributed to Herbst, provides an exponential concentration
inequality for Z. The main trick is to use the logarithmic Sobolev inequality for the nonneg-
ative function g(x) = ¢/(*)/2 where A € R is a parameter whose value we optimize later.
Then the entropy of g* becomes

Ent(g*) = Ent (¢) = AE[Z¢'*] - E¢** log Ee*”.
The key observation is that if we introduce F(1) = Ee*? for the moment generating func-
tion of Z, its derivative is F'(1) = E [Ze)‘z] , and therefore the expression above may be

written as

Ent(gz) = AF' (1) - F(A) log F()).
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The idea of Herbst’s argument is that by bounding Ent( g*) using the logarithmic Sobolev
inequality of Theorem S.1, a differential inequality for F(1) is achieved. By solving the dif-
ferential inequality we obtain an upper bound for the moment-generating function which,
in turn, may be converted into an exponential tail inequality by Cramér—Chernoff bounding
(see Section 2.2).

By Theorem S.1, we have

n —(0) 2
Ent(@) < L S E | (0 #(E0)/2
g 2
i=1

i=

e ]

i=

where we used the fact that X and X' have the same distribution.
By convexity of the exponential function, for any real numbers z > y, ¢/ — ¢/ <
(z-y)e*/?/2, s0 we have

Ent(gz)f)‘z " |:(f(X) f(—())) Af(X)i|

4

_ /\;E {emx) ; <f(X) _f ()—(a)))i]'

Recalling that for any x = (x1,...,%,) € {-1,1}" we denote by % the vector
(%1, ..+, %i 1, ~%i Xi41, - - -, %), and introducing the quantity

'E xe{ 11}% (f(x) f( ))

we obtain
2
Ent(e)‘f) < %Ee’wx).
Expressing the obtained inequality in terms of the moment-generating function F, we have
vA?
AF' (1) -F(A)logF(A) < TF(A).

This is the promised differential inequality. To solve it, divide both sides by the positive
number A*F(1). Defining G(A) = log F(1), we observe that the left-hand side is just the
derivative of G(A)/A. Thus, we obtain the inequality
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!
GWY _ v
A 4
By 'Hospital’s rule we note thatlimy .o G(A)/A = F'(0)/F(0) = EZ.If A > 0, by integrat-
ing the inequality between 0 and A, we get G(A)/A < EZ + Av/4, or in other words,

F(A) < JELHN /4
Finally, by Markov’s inequality,

P{Z > EZ+t} < inf F(\)e ¥4 < inf A
A>0 A>0

where A = 2t/v minimizes the obtained upper bound. Similarly, if . < 0, we may integrate
the obtained upper bound for the derivative of G(A)/A between —A and 0 to obtain

F(1) < JEZN /4
which implies the left-tail inequality

P{Z < EZ-t} < inf F(A\)e*E#M < inf &¥7/4 M = ¢ 077,
r<0 A<0

The following theorem summarizes what we have just proved.

Theorem 5.3 Letf : {-1,1}" — R and assume that X is uniformly distributed on {-1,1}".
Letv > 0 be such that

n

511 ()) =

i=1
forallx € {~1,1}". Then the random variable Z = f(X) satisfies, for allt > 0,
P{Z>EZ+ty <" and P{Z<EZ-t}<e'/"

Recall that by the Efron-Stein inequality, Var (Z) < v/2. The theorem states much
more: tail probabilities decrease similarly to the tail probabilities of a Gaussian random vari-
able with variance v/2. The price we pay for such an improved inequality is that a point-
wise control of Y1, (f(x) - f(%?))? is required, while to bound the variance it suffices
to keep its expected value under control. Recall that in Section 3.6, using the Efron-Stein
estimate, we could derive the weaker exponential bound P{Z > EZ + t} < 2¢™/ V¥ In
Exercise 5.5 we describe a variant of Theorem 5.3 that allows the recovery of Hoeffding’s
inequality (with the right constant) in the special case of symmetric binomial distributions.

As we already mentioned, this is the first in a series of exponential inequalities that we
prove in this book. It will be generalized and strengthened in several ways. For example,
in Section 6 we show that this inequality holds for all functions of independent random
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variables, not only for those defined on the binary hypercube. However, the skeleton of sev-
eral proofs to come is similar to the one of Theorem 5.3: a logarithmic Sobolev inequality
(or one of its modifications) is used for the random variable ¢*# which leads to a differen-
tial inequality involving the moment generating function. Once the differential inequality
is solved, the Cramér—Chernoff bound yields a concentration inequality. (See Exercise 5.6
for some simple extensions. )

5.3 A Gaussian Logarithmic Sobolev Inequality

In this section we use the logarithmic Sobolev inequality for the balanced Bernoulli distri-
bution (Theorem S.1) to derive an analog result under the canonical Gaussian distribution
inR". Even though the logarithmic Sobolev inequalities for the binary hypercube are inter-
esting in their own right, at the inception of the theory, they were merely considered as
intermediate results on the way to proving the Gaussian logarithmic Sobolev inequality and
a series of related results.

Theorem 5.4 (GAUSSIAN LOGARITHMIC SOBOLEV INEQUALITY) Let X=(Xy,...,X,)
be a vector of n independent standard normal random variables and letf : R" — R bea
continuously differentiable function. Then

Ene (£2) < 26[ | Vf O[]

Note that the Gaussian logarithmic Sobolev inequality is an improvement on the
Gaussian Poincaré inequality (see Exercise 5.2). The proof is based on Theorem S.1 and
follows the same pattern as the proof of the Gaussian Poincaré inequality in Section 3.7.

Proof We first prove the theorem for n = 1, that is, when f : R — R s a continuously dif-
ferentiable function on the real line and X is a standard normal random variable. If
E [f’ (X)z] = 00, there is nothing to prove, so assume E [f’ (X)Z] < 00. By astandard
density argument, it suffices to prove the theorem for twice differentiable functions
with bounded support (Exercise 5.12).
Let €y, &, . . . be independent Rademacher random variables. Recall from the proof
of the Gaussian Poincaré inequality (Theorem 3.20) that

/(%) (3 )

On the other hand, for any continuous uniformly bounded function f, by the central
limit theorem, we have

Tim. Ent|: ( Zs):| Ent[ £(X)*].

n 2

Jm Bl D

j=1

= 4E[f'(X)*].
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The proof is then completed by invoking the logarithmic Sobolev inequality for
balanced Bernoulli random variables (Theorem 5.1) which asserts that, for each #,

| (722 |
(5 (G )

The extension of the result to dimension n > 1 follows easily from the sub-additivity
of entropy seen in Theorem 4.22 which states that

1
<-E
T2

Ent (f ZE[E() [£(X)*1og f(X)*] - E© [ (X)*] log E? [f(X)Z]]

i=1

where E®) denotes integration with respect to the i-th variable X; only. The result for
n = 1 proved above implies that

EO[£(X)?log f(X)*] - EO [ f(X)*]1og EV [ £(X)*] < 2E? [(8,£(X))*]-

Since || VF(X)|I* = Y1, (8:f(X))? the proof is complete. d

5.4 Gaussian Concentration:
The Tsirelson-Ibragimov-Sudakov Inequality

In the same way that Theorem 5.1 led to exponential concentration inequalities for
functions on the binary hypercube via Herbst’s argument, if we start from the Gaussian log-
arithmic Sobolev inequality, the same proofleads to exponential tail inequalities for smooth
functions of independent Gaussian random variables. The result is the following classical

Gaussian concentration inequality.

Theorem 5.5 Let X = (Xy,...,X,) be a vector of n independent standard normal random

variables. Let f : R" — R denote an L-Lipschitz function, that is, there exists a constant
L > O such that for allx,y € R",

|f(x) = f)| =< Lllx - yll.

Then, forall A € R,

2
log B0/ < 212
-2
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Proof By a standard density argument we may assume that f is differentiable with gradi-
ent uniformly bounded by L. We may also assume, without loss of generality, that
Ef(X) = 0.The argument is the same as that given in Section 5.2, except that Theorem
5.4 isused instead of Theorem S.1. Using the Gaussian logarithmic Sobolev inequality
for the function e//2, we obtain

Ent (ekf )

IA

2E H Ve (02 ”2

- %ZE [ @nvreor]

272
< A_LEelf(X).

Writing F(1) = Ee¥X), we obtain the differential inequality

272

AF ()~ FGL) log FOL) < &

()

which can be solved exactly as in Section 5.2 to obtain logF(1) < A?L?/2, as
desired. O

The sub-Gaussian bound obtained for the moment-generating function of course implies
an exponential tail inequality in the standard way by Markov’s inequality. More precisely,
we have derived the following.

Theorem 5.6 (GAUSSIAN CONCENTRATION INEQUALITY) Let X = (Xy,...,X,) bea
vector of n independent standard normal random variables. Let f : R" — R denote an
L-Lipschitz function. Then, for allt > 0,

P{f(X) - Ef(X) = t} < /01,

An important feature of the theorem is that the right-hand side does not depend on the
dimension n. This inequality has served as a benchmark for the development of concentra-
tion inequalities during the last three decades. An important and prototypical application is
described in the following example.

Example 5.7 (NORM OF A GAUSSIAN VECTOR) Let X = (Xj,...,X,) be a jointly
Gaussian vector with zero expectation and covariance matrix I'. Let p > 1 and con-
sider the real-valued random variable defined by the p-norm of X, that is,

n 1/p
Z=|Xl, = (Z |X,-|P> :
i=1

Since I is positive semidefinite, there exists an n X n matrix A satisfying ATA = T,
Then the Gaussian vector X is distributed as AY where Y = (Yy,. .., Y,) is distributed
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according to the canonical Gaussian distribution, that is, the components of Y are inde-
pendent standard normal random variables. Then f (y) = [|Ay||, is a Lipschitz function
from R" to R with Lipschitz constant L equal to the operator norm of A mapping ¢, to
£,, that s,

def
L=All»e, =  sup  [|Ayll.
yeR™|lylla=1

Then by Theorems 3.20 and 5.6, Var (Z) < L* and forall t > 0, P{|Z - EZ| > t} <
2e'tz/(2Lz).

5.5 A Concentration Inequality for Suprema
of Gaussian Processes

We illustrate the Gaussian concentration inequality of Theorem 5.6 by showing how it
implies, in a simple way, a concentration inequality for the supremum of a Gaussian pro-
cess. A key feature of the Gaussian concentration inequality is that the upper bound does
not depend on the dimension n. This allows us to extend it easily to an infinite-dimensional
setting which is described next.

Let 7 be a metric space and let (X;);c7 be a Gaussian process indexed by 7. (This
means simply that a random variable X; is assigned to every t € 7 and for any finite col-
lection {t,...,t,} C 7, the vector (X;, ...X; ) has a jointly Gaussian distribution with
mean zero.) In addition, we assume that 7 is totally bounded (i.e. for every t > 0 it can be
covered by finitely many balls of radius ¢) and that the Gaussian process is almost surely
continuous, that is, with probability 1, X; is a continuous function of t.

Theorem 5.8 Let (X;)icT be an almost surely continuous centered Gaussian process indexed

by a totally bounded set T . If

o’ =supE [th],
teT

then Z = sup,_r X; satisfies Var (Z) < o2, and for allu > 0,
P{Z-EZ>u} < /0

and
P{EZ-Z>u} < /0,

Proof We assume that 7 is a finite set. The extension to arbitrary totally bounded 7 is
based on a separability argument and monotone convergence, whose details are left to
the reader (see Exercise 5.14). We may assume, for simplicity, that 7 = {1, ..., n}. Let
I" be the covariance matrix of the centered Gaussian vector X = (X, ..., X,). Denote
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by A the square root of the positive semidefinite matrix I'. If Y = (Y;,...,Y,) is a
vector of independent standard normal random variables, then

f(Y) = max (AY),

i=1,...,n

has the same distribution as max;-;, _, X;. Hence, we can apply the Gaussian concen-
tration inequality by bounding the Lipschitz constant of f. By the Cauchy-Schwarz
inequality, forally,» € R"andi=1,...,n,

1/2

|(Au), - (A)| = DAy (w-v)| < | DAL ]  lu-vl.
j j

Since ), A7, = Var (X;), we get
)~ 0] = max [(Au),— (An)] = o -l

Therefore, f is Lipschitz with constant ¢ and the tail bounds follow from the Gaussian
concentration inequality. The variance bound follows from the Gaussian Poincaré
inequality. d

Exercise 5.37 describes an example where Theorem 5.8 is not tight.

5.6 Gaussian Random Projections

In this section we return to the Johnson-Lindenstrauss problem studied in Section 2.9.
Recall that we showed that if A is a finite subset of R with cardinality #, and we defined
the random projection W : RP — R by assigning, to each @ = (a1, ..., ap) € RP, the
vector

1 d

W= (7

w,-<a>)

i=1

with
D
Wi(a) = Zani,j
j=1

where the X;; are sub-Gaussian random variables with zero mean and unit variance, then,
with high probability, W is an ¢-isometry on A provided that d > k&> log 1 for an absolute
constant k.
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The purpose of the present section is to generalize this result to the case when A is not
necessarily a finite set. We concentrate on the case where the X;; are i.i.d. standard normal
random variables. This allows us to use the Gaussian logarithmic Sobolev inequality which,
together with a modification of Herbst’s argument (see Section 5.2), serves as our main tool
to improve on the crude bounds established in Section 2.9.

Our goal is to introduce a sharper measure for the complexity of the set A than its
cardinality. This is interesting even if A is a finite set and allows us to extend the Johnson-
Lindenstrauss lemma to possibly infinite sets A. As in Section 2.9, the results may be
generalized in a straightforward way to the case when A is a subset of a general Hilbert space,
but to avoid technicalities, we assume A C RP for some finite D. As in Section 2.9, we set

a-d
T = {—/,(a,a’) € A x Awitha #a'}.
lla-a'll

Recall that since W is linear, for every & € T, E||W(a)||* = 1 and W is an g-isometry on A
ifand only if

sup |[W(@)[*-1] <.
aeT

A way to guarantee that this happens with large probability is to show that the expected
2
[We)]"-1

random variable is highly concentrated around its mean. In this section we address the issue

value of the random variable sup,, . is significantly less than € and that this

of concentration. In Section 13.6 we return to the problem and show techniques to bound
the expected value of the supremum above in terms of the “size” of the set T, measured by
the so-called metric entropy.

When one considers a supremum of possibly uncountably many random vari-
ables, some care should be taken to ensure that the supremum is measurable.
Luckily, measurability is guaranteed here since W is continuous on the totally
bounded set T. Hence, there exists an at most countable subset 7' C T such that

2 2
super | [W)|* - 1] = sup,er. [[ W@ -1
centration inequality is the key to the main result of this section.

which is measurable. The following con-

Theorem 5.9 Define Z by either
szzlél; ”W(ot)”2 or Z=d;r€1£ ”W(O{)”2
Then, for allt > 0,
P{Z—EZ > 2@+2t} <t
and forallt > 1/2,

P lZ—EZ < —2«/2th} <t
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Proof First observe that it suffices to prove the statement when T is a finite set. This is
because, as observed above, without loss of generality, we may assume that T is a
countable set. However, the supremum may be written as the limit of a sequence of
suprema taken over finite subsets. Once the inequalities stated in the theorem are
proved for finite sets T, the monotone convergence theorem implies that they also hold
for countable sets T So assume that T is a finite set.

The proof is based on the Gaussian concentration inequality (Theorem S.6).
In order to apply it, we write Z as a function of the vector of d X D independ-
ent standard normal random variables X = (Xilj),vzl,m,dyjzl,m,p. To this end, write
x = (%ij)i=1,...dj=1,..0 € R and define the function f : R’ — R either by

2
D

d
flx) = sup Do Dy

=1 \ j=1

or by
2

d D
f) = inf Y | Yo,

=1\ j=1

Thus, Z = f(X). The crucial property is that \/f is 1-Lipschitz. Hence, by the Gaussian
concentration inequality,

PHZzEZ+2«/2tTZ+2t} sp{zz (Eﬁ>2+2@Eﬁ+2t}
sp{ﬁzEﬁ+«/2_t}

—t
e .

IA

Meanwhile, by the Gaussian Poincaré inequality, we have
Var (\/z) =EZ - (E«/Z)Z <1,
and thus, invoking again the Gaussian concentration inequality, for t > 1/2,
P{Z—EZS -2«/@} < P{Z 5EZ-1-2@+2t}
<P {Z < (E«/Z)Z ~2V2UEVZ + Zt}
<P i\/i <EVZ- «/27}

<t U
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Now we are ready to use Theorem 5.9 to derive a generalized version of the Johnson-
Lindenstrauss lemma. Introducing the random variables

Z= dzlg || W(a) ||2 and Z = dégg ”W(a)”z,

we have

def 2 Zz

V= < w -1)=—=-1
sup ([ W) -1) =
and
v Eap (- [W) +1) =2 41
aeT d

Now, foranyt > 1/2,with a double application of Theorem $.9, we obtain, with probability
atleast 1 — 2¢7,

[2(L+EV)t 2t
sup ‘ ”W(ot)”2 - 1’ =max(V,V’) < max(EV,EV’) +2 % + 7
aeT

The quantity A = d max (EV, EV’ ) may be regarded as a measure of “complexity” of the
set T (or of the set A). Using this notation, the previous inequality implies

2 A 2t 4t
w _1‘52 ) B i)
sup [ w(e) |- 1] = 2/ G +2/ 5+

which holds with probability atleast 1 — 2¢™. Asa consequence of this and some straightfor-
ward computation we derive the following structural result which provides a fairly general
answer to the Johnson-Lindenstrauss problem in the Gaussian case.

Theorem 5.10 Consider the random projection W : RP — R? based on iid. standard
normal variables X;;,i=1,...,d,j=1,...,Dandlet A C Rd.If

a-d , , ,
T=1{——r(a4d) €AXAwitha #a
lla—da'll

and
A = dmax (Ezlg(HW(a)Hz— 1) Bsup (- [ W@ + 1)>2,

then there exists an absolute constant k (k = 20 works) such that, for every £,8 € (0,1), if
d >k (A +1log(2/8)) €% W is an g-isometry on A, with probability larger than 1 - 8.
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The main message of the theorem is that as long as d is larger than 20(A + 1)/¢?, with
positive probability, W is an &-isometry on A and therefore there exists a linear embedding
of Ain R? thatis an g-isometry. The key quantity here is A which, in a sense, measures the
richness of the set A. One may bound A in terms of metric entropies of the set T. We return
to this problem in Section 13.6. Here we merely point out that if A is a finite set, one may
recover Theorem 2.13. Indeed, since each variable d sup,, . H W(a) || > follows a chi-square
distribution with d degrees of freedom, the inequality obtained in Example 2.7 in Chapter 2

2
logN
A <4logN |1+ J )

where N < (;) is the cardinality of the set T. We may assume that « > 20
(otherwise we change k to max(k,20) and Theorem S.10 still holds). Assuming
that d > 10ke™? log(n/«/g) > 100logN, we derive that A <4(1.1)*logN <
10logn —4log2 and therefore the condition d > k(D +1og(2/8))e™ is satisfied
whenever d > 10k&e~? log (n/ «/3) This means that the conclusion of Theorem 5.10 holds
provided thatd > 10ke™2 log (n/\/g). In other words, we recover Theorem 2.13 up to the
absolute constant involved in the constraint on the dimension d.

implies that

5.7 A Performance Bound for the Lasso

Numerous applications for concentration inequalities have been found in mathematical
statistics and statistical learning theory. In this section we describe an application of the
Gaussian concentration inequality to a general model selection problem and show how it
can be used in the analysis of one of the popular methods of regression function estimation,
the so-called LASSO.

First, we describe the generalized linear Gaussian model we work with. To this end, we
need the notion of an isonormal Gaussian process. Let H be a separable Hilbert space and
let (W(t)):cm be a centered Gaussian process on H. The process is called isonormal if its
covariance is given by E [W (t)W (u)] = (t,u) forallt,u € H where (t, u) denotes the inner
product of t and u. In our generalized linear Gaussian model, one observes, forall t € I,

Y(t) = (s, t) + eW(t), (52)

where ¢ > 0is a fixed parameter and W is an isonormal process.

The statistical problem we consider in this section is as follows: upon observing the pro-
cess Y(t),t € H, find, or atleast approximate, the element s € H generating Y(¢) according
to (5.2).

This framework is convenient to cover both finite-dimensional linear models and the
infinite-dimensional white noise model as described in the following examples.
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Example 5.11 (CLASSICAL LINEAR GAUSSIAN REGRESSION MODEL) In the classical

Gaussian linear regression model, a random vector Y = (Y3,...,Y,) is observed,
given by

Y}' = Sj + 0')(;
X =(X,...,X,)isavector ofindependent standard normal random variables, o > 0,
ands = (si,...,s,) € R%is a fixed unknown vector. Setting

W(t) = /n (X, 1)

with the scalar product (4, v) = (1/n) Z;’zl u;v;, we see that W is an isonormal process

onR" and that Y(t) = (Y, t) satisfies (5.2) with & = o /4/n.

Example 5.12 (WHITE NOISE MODEL) In this case a realization of the stochastic process
¢ (x) forx € [0, 1] is observed, given by the stochastic differential equation

d¢ (x) = s(x)dx + edB(x) with ¢ (0) = 0

where B is a standard Brownian motion, s is a square-integrable function, and ¢ > 0.If
we define W(t) = fol t(x)dB(x) for every square-integrable function t € L, ([0, 1]),
then W is indeed an isonormal process on H = L, ([0,1]) and Y(¢t) = fol t(x)dt (x)
satisfies the definition (S.2), provided that H is equipped with its usual scalar product
(s, t) = fol s(x)t(x)dx. Typically, s is a signal and d¢ (x) represents the noisy signal
received at time x. This framework easily extends to a d-dimensional setting if one
considers a multivariate Brownian sheet B on [0, 1]¢ and takes H = Lz( [o,1) )

Example 5.13 (FIXED DESIGN GAUSSIAN REGRESSION) The model of fixed-design
Gaussian regression is a special case of the classical Gaussian linear model for which
si=s(j/n), j=1,...,n, where s:[0,1] = R is a fixed unknown function. The
observed values Y; represent the “noisy” version of the “signal” s observed at “time”
j/n. It may be considered as a discretized version of the white noise model. Indeed, if
one observes ¢ (x), x € [0, 1] such that

d¢ (x) = s(x)dx + £dB(x)
only at the points j/nforj=1...,n,thenwitho = e,/nand
X; = /n(B(j/n)-B((j- 1) /n)) forallj € [1,n],

the noisy signal at time j/n is

j/n
Y= Gm - G-Dm)=n [ s+,
(-1)/n
Since Xj,...,X, are independent standard normal, we indeed obtain the fixed

design Gaussian regression model with s; = s (j/n) where s (x) = n fé./_nl)/n s(y)dy

whenever x € [(j— 1) /n,j/n).s™ is a piecewise constant approximation of s.
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Next we describe a general way of addressing the statistical problem.

A model is a closed and convex set S C [HL. If one wants to approximate s € IH by an ele-
ment of the model S, it makes sense to choose the best approximating point of s in S by
minimizing ||t - s||* or, equivalently, =2 (s, t) + [|t||* over t € S. However, s is unknown,
so it may be necessary to choose its “noisy” analog, the least squares estimator defined as
a minimizer of the least squares criterion y (t) = —2Y (t) + ||t||* with respect to t € S.

Such a minimizer may not exist so it may be necessary to resort to approximate min-
imization (as in Theorem 5.14 below). For now assume for simplicity that a least squares
estimator exists and denote it by §. The quality of the estimate § (and the model S) is
measured by the quadratic risk E[ 5 -sl? ]

The problem of model selection is to select a model from a collection such that the least
squares estimator has a quadratic risk as small as possible. To describe the problem in math-
ematical terms, consider a finite or countable family of models {S,, : m € M} where each
Sm is a closed and convex subset of Hl. For each m € M, we denote by §,, € S, the least
squares estimator corresponding to model S,,,. A model selection procedure uses the data to
select a value rit € M and chooses §;;, as the final estimator. Ideally, the risk of the resulting
estimator E [||sm - 5||2] is as close as possible to the minimal risk inf,,c A1 E [||sm - s||2].

A widely used principle for model selection is penalized risk minimization. In the context
of this section, it may be defined as follows. Supposing that a nonnegative number pen(m) is
assigned to each model m € M, these are the so-called penalties. Then one selects it € M
minimizing

¥ (8) + pen(m)

overm € M.
It is outside of the scope of this book to discuss how such a penalty function should be
chosen. We merely present the following general bound which suggests some guidelines.

Theorem S5.14 Let {Ss},,c ¢ be a countable collection of convex and compact subsets of H.
Assume the existence of an almost surely continuous version of W on each set S,,. Define, for
anym € M,

A,, = Esup W(t)

teS,
and consider weights x,, > 0, m € M such that

_x def
E e = X < 00.

meM

Let K > 1 and assume that for anym € M,

pen(m) > 2Ke (Am + &xy + A/ Amsxm>.

Given nonnegative numbers p,,, m € M, define a penalized approximate least squares
estimator as any s € Ue pm Sy, such that
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y () +pen (i) < inf, (tgg” (£) + pen(m) + p,,,)

where i = argmin,, (¢ pen(m). Then there is a constant C = C(K) such that for all
se H,

~_ 2 < . . _ 2 2
E[Ils s|| ] <cC I:mlen/f/l <t1€nS£ Is - t||* + pen(m) + ,om> +e* (T + 1)j|

Proof Foreachm € M, lets,, be the projection of s onto S,,, that is, the unique element of
Sm such that ||s - 5,4 || = infieg,, ||s - t]|. Then, by the definition of 5, forallm € M,

y (5) + pen (i) <y (sn) + pen(m) + py,.
Since ||s||> + ¥ (¢) = ||t = s||* - 26 W(¢), this implies that
5= slI* < lls = swll* + 26 [W (5) = W (s)] - pen (sir) + pen(m) + py.

Forall m" € M, let y, be a positive number whose value will be specified below and
define, forevery t € S,

2y (8) = [lls = sull + s = 111> + 57,
Finally, define the supremum of the weighted empirical process

) [W(t) - W(sm)]'
reS,

Vi = su
Wiy ()
Taking these definitions into account, the previous inequality implies
5= 51> < lIs = smll* + 2wy (5) Viis — pen () + pen (m) + . (53)

The proof mostly consists of controlling the fluctuations of the random variables
V. To this end, we may use the concentration inequality for suprema of Gaussian
processes (Theorem 5.8) which ensures that, given z > 0, forallm’ € M,

P {Vm/ > EVyr + /20 (300 + z)} < el eF (54)
where

W(f)-W(Sm)> o lie-sal?

Wy (t) -

Vy = sup Var( su 2 (t) .
' m'

tes,,

Since W,y (£) = (lIs = sl + ls = 1) yur = It = 5l yo, we have v,y < y-7. Therefore,
summing the inequalities (5.4) over m’ € M, we obtain for every z > 0, an event 2,
with P{Q2,} > 1 - X¢7%, such that on ,, forallm’ € M,
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Vir < EVyy +9,04/2 (%00 + 2). (55)

Next we bound EV,,,. We may write

EwﬁfErq%w<wm—ww%»}+E[mm%o—wcwx}

infies,, Wy (t) infies,, Wy (t)

(56)

Since 2w,y (t) = (|l — sl + llsm — sl1)* +92 > |lspw —smll* + 52, forall t € S,y, we
have 2inficg, [wm/(t)] > (yfn V 2 S — sm||) Hence, on the one hand, by the
definition of A,,,

E |:supt€sm’ W -w (SM/))i| < 2y.’E |:sup (W(t) - W(sm/))j| =2A,9.7,

inftesm/ Wy (t) tes,y

and on the other hand,

[ W) ().

inftesm, W' (t)

<y lE

—=)m

Fwwrwwm}

”Sm = S/ ”

Now, since [W (s,y) = W (5,4)] / llsis = s || is a standard Gaussian random variable,

E |:(W (Sm’) -w (sm))+

inftesm/ W (t)

} <ypr)'?
and collecting these inequalities, we obtain from (5.6), for allm’ € M,
EV,, <2A,y2+(2n) "2yl

2
Hence, setting § = ((47[)_1/2 + ﬁ) , (5.5) implies that on the event €2, for all
m e M,

Vir < y,0 [2Am,y;}, + 2% + (21) 7 4 vzz]
or equivalently, forall m’ € M,
Vi < y;nl, [ZAmry;nl/ + /2%, + «/28].

Defining

2
y2, = 2Ke? [( X + «/5) + e 'KV2A,, + \/SEIKI/ZAW,/],

the previous bound implies that on the event £2,, eV, < K2 forallm’ € M, which,
in particular, implies that £V;;, < K~/2 and therefore, by (5.3),
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15 =sl1> < IIs = swmll® + 2K 2wy, (3) - pen (rir) + pen(m) + pp,
or equivalently,

~ 2 2, p-1/2 ~12 L .2
15 = sl1* < lls = sll> + K> [lls = sull + lls =5011> + 37, ]

- pen (1) + pen (m) + p.
Using repeatedly the elementary inequality
2ab < 0a* +07'p?

for various values of & > 0, we derive that on the one hand,

2 1
K'%y?2 < 2Ke? [s‘lA,;, + x5+ VE T Ay + K (— + 2Z>},

2

and on the other hand,

2
~ - s—5

S—=Sull +1ls—s < s=s||I"+ ———m ).
S 2, s =sull

Hence, setting A" = (1 + K4 (Kl/4 - 1)_1), on the event 2,

15 =sll* < A" fls = sll> + K4 s =517

+2Ke [Am + Exy + A/ &‘Amxm:l - pen (ﬁ’l)
4Ke?

(m) ¢ (1 z)
+pen(m) + p + —— | — +2z).
P VK-1\2m

This, by condition on the penalty function, implies
Kl/4 -1 .
<—> 5= s* < A" lls = sull + pen(m) + oy,

K1/4
2K¢g? 1 5
+ — +2z).
VK-1\2m

Integrating this inequality with respect to z leads to the announced risk bound. O

In the rest of the section we apply the model selection theorem to the analysis of LASSO,
a popular algorithm for regression function estimation.

Let A = {¢y,...,¢on} C Hbe a finite set of (not necessarily linearly independent) vec-
tors in H. We seek estimates of s in the form of a linear combination of the vectors in A,
often called the dictionary.
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We may assume, without loss of generality, that [¢;|| = 1, for everyi=1,...,N (oth-
erwise one may simply replace ¢; by ¢/ ||¢;||). Denote by £; (A) the linear span of A
equipped with the £; norm

N N
Il =inf{ Y "Bl : B € RN suchthat Y " Big; = t}.

i=1 i=1

Given a parameter r > 0 (called the regularization parameter), the LASSO estimator 5 of s
is defined as a minimizer of

y () +rlitll,

overallt € £y (A). Thus, the LASSO estimator is an £;-penalized least squares estimator.
Here, we prove the following performance bound.

Theorem 5.15 Consider the isonormal model introduced in (5.2). Let 5 be a minimizer of
y () + 1ty overt € Ly (A). Assume that r > 4¢ (1 + \/logN). Then there exists an
absolute constant C > 1 such that

E [||§ —s||2] <cC [ inf (|ls—¢lI* +rlt];) + r8:|.
teLy(A)

The theorem states that, up to a constant factor, the “noisy” LASSO behaves as well as the
deterministic LASSO. The discussion of the approximation-theoretic implications of this
result goes beyond the scope of this book. The interested reader may find pointers in the
section on bibliographical remarks below.

The proof is based on an application of Theorem 5.14. The basic idea is that LASSO can
be considered as a penalized approximate least squares estimator over a properly defined
sequence of models. The key observation that allows one to make this connection is the
simple fact that the LASSO estimator § satisfies

s sl =i i R).
y ©)+ ISl = jof inf (y(e) +rR)

To obtain a countable collection of models, we “discretize” the family of ¢; balls by defin-
ing, forallm =1,2,...,S, = {t € Li(A) It < ms}. We may define #1 as the smallest

integer such that s € Sy and notice that

y (5) +rine < inf; ir;f (y (£) + rme) + re.
m>1tes,,

This means that s is equivalent to an approximate penalized least squares estimator over the
sequence of models given by the collection of £; balls {S,,, m > 1}.
Deriving Theorem 5.15 from Theorem 5.14 is now an exercise.

Proof of Theorem 5.15. Consider the ¢; balls S, ={te L, (A): |t|l; < me} for

m =1,2,...,and choose the weights of the form x,, = Om, where 6 > 0is a numerical
constant specified later. Then ) _, ™" = 3y = ¢/ (¢! 1) and
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sup W(t) < me _max |W ().

tesS,,

Since the variables W (¢;),i = 1,. .., N are standard normal, E Sup._; N ’W (goi)| <

y/2log (2N) and therefore
A,, = Esup W(t) < me/2log (2N) < me <\/210gN+ ,/210g2>.

tesS,,

We may apply now Theorem 5.14 with K = 44/2/5 > 1, p,, = re,and pen(m) = rme.
Defining 6 = (1 -/log 2) /K, since

S
2Ke (Am + &x,, + \/Amexm) < Ke (5 A, + 4xm8>
me> (4 logN + 4,/log2 + 4K0)
4me* (w/logN + 1),

the constraintr > 4¢ (1 + /log N) implies that the condition of Theorem 5.14 on the
penalty function is satisfied. The risk bound of Theorem 5.14 becomes

IA

21 \ Ity <me

E[||§—s||2] < C(K) |:inf ( inf ||s—t||* +rme + r8> +(1+ 29)82]
< C(K) [tegl(f/\) (IIs = 1>+ rlitlly) +2re + (1 + Zp) 821|,

hence the result. O

5.8 Hypercontractivity: The Bonami-Beckner Inequality

In this section we present a powerful concentration inequality for functions defined on the
binary hypercube. This so-called hypercontractive inequality bounds higher-order moments

of Boolean polynomials in terms of lower-order moments. The result, also known as

the Bonami-Beckner inequality, has its origins in harmonic analysis and has countless
applications and generalizations. The Bonami-Beckner inequality is closely related to the

logarithmic Sobolev inequality presented in Section S.1. In fact, the proof presented here is
based on Theorem S.1.

In this section we consider real-valued functions f : {~1,1}" — R. Every such function

can be expressed in a unique way as

flx) = Z asus(x)

Sc{1,...,n}
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where the sum is over all 2" subsets S C {1, ..., n}, and to each set S we assign the function
us (x) = l_[ Xi.
i€S

(If S = @, we define ug = 1.) The «; are real-valued coefficients. To demonstrate why
such a representation is unique, observe that if we define, for real-valued functions

f,g:{-1,1}" > R, the inner product

(fg)=2" Y flx)g),

xe{-1,1}"
then it can be seen immediately that forany S, S’ C {1,...,n},

[0ifS#S
(us,ug') = { LifS=§

and therefore the ug form an orthonormal basis of the vector space of all functions
f +{-1,1}". This means that forall S C {1,...,n}, as = {f, us). The formulaf = ) "¢ orgus
is often called the Fourier—Walsh expansion of f and the ag are the Fourier coefficients of f.
1/q
Forany g > 1, we define the norm ||f||,; = (2’" er{_l,l}n [f(x)|q> .

The main result of this section, the Bonami-Beckner inequality, can be stated in various
forms. Before stating the theorem in its full generality, we describe two of its corollaries as
these are relatively simple to formulate and are the versions that we use in this book.

Corollary 5.16 Let k be a positive integer and assume that f : {-1,1}" — R has the form
f= ZS;|S|:I< osus. Thenforall 1 < p < g < 09,

Il < (E)m 11l

A function of the form f = Zs:|8|=k agug is sometimes referred to as a homogeneous

Rademacher chaos of order k. If X = (X;,...,X,) is a vector of i.i.d. Rademacher random
variables and we define the random variable

Z=f(X)= ) asus(X),

S:|S|=k

then Corollary .16 states that

1/ q-1 k2 1/
(BlZ|") "™ < <p—1> (E|zIP) ™.

Thus, higher-order moments of Z can be bounded by a constant multiple of lower-
order moments. This is an important generalization of the so-called Kahane-Khinchine
inequalities that deal with the special case when k = 1.
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To state another useful formulation of the Bonami-Beckner inequality, we introduce, for
any positive number y, an operator T, that maps an arbitrary functionf = ) "¢ - (1.} OsUs
to another function

Tyf = Z y Flasus.

Sc{l,...,n}

For y = 1 this is just the identity operator. For y < 1, the Fourier coefficients correspond-
ing to a set S are shrunk by a factor that is exponential in the size of the set. For y > 1, the
Fourier coefficients are blown up similarly.

Corollary 5.17 Foranyf : {-1,1} - Randy <1,

”Tyf”Z =< |Lf||1+y2~

The corollary above asserts that, considered as an operator from Ly,,> to L,, T, has

an operator norm || Ty [[o, &f SUPf( 11} R I T, fll2/1lf ll1+,> bounded by 1. (In fact, it
equals 1; just consider the function f = 1.) As the inequality involves different norms, the
property is often called hypercontractivity. Next we formulate the general statement.

Theorem 5.18 (BONAMI-BECKNER INEQUALITY) Let 1 < p < q < 00 and let B > 0.

Definey =+/B/(q-1)and§ = /B/(p - 1). Then, for any functionf : {-1,1}" — R,
ITyfllg < NTsflp-

Observe that Corollary 5.16 follows simply by taking B = 1 while Corollary 5.17 is
recovered by settingg =2and 8 =p - 1.

Proof The key idea of the proof is to define the function g(t) = Be* + 1 for t > 0. Then
the statement of the theorem becomes

ITeefllgey < I Tesf llges)

wheret = log/(qg-1)/Bands =log\/(p-1)/8 (ie,s < t).IfX = (X3,...,X,) is

a uniformly distributed random vector on {-1, 1}", then defining the random variable
Z, = ZSC{L___’"} e lagug(X), we may write

1/4(t)
ITeflyo = (E[12:7°])

and therefore we need to prove thatforall 0 <s < ¢,
1
q(t)

that is, that (1/q(t)) logE [|Zt|‘1(t)] is a nonincreasing function of ¢ > 0. We do this
by induction on n. The following lemma establishes the result for the case of n =1

1
logE [|Zt|q(t)] < ——logE [|Z5|q(s):|,
q(s)

variable.
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Lemma 5.19 Let X be a Rademacher random variable, let o,y € R be real coefficients
and let

Zi =0y + €7t o X.

Then (1/q(t)) logE [|Zt|‘1(t)] is a nonincreasing function of t > 0 where q(t) = Be* + 1
with § > 0.

Proof Note first that for s,t > 0, Z; = etz 4 (1- e'(t‘s))EZs. Now define, for all
t>0Y = e’(t’$)|ZS| +(1- e’(t’s))E|ZS|. Then, forall t > s, Y, = |Z| and |Z;| < Y,
and thus,

1 0) 1
— o E[Yq ]5 — 1o E[Yf(s)]
O S ROl

1 1
— ——IlogE [ Z q(t)] < —logE [ A q(S):I‘
q(t) 17 q(s) 1%

In order to prove the lemma, it suffices to establish that (1/g(t)) logE[Ytq(t)] is a
nonincreasing function of t > s. However,

|C(() + e'5a1| + |(X0 - B_S(X1|
> .

Y, =) ot + e~y X| + (1 - e'(t’s))

If we exchange the roles of &g and e, the distribution of Y; does not change. Thus,
without loss of generality, we may assume that g > e~*|r;|. This means that Z, > 0
fort > s. Summarizing, we have shown that in order to prove the lemma, it suffices to
show that fort > s,if Z, > 0 then

d 1
— [ — logE Zq(t) .
dt<q(t) °8 [ ¢ ] =0

The derivative, by straightforward differentiation, may be written as
d (1
— (— logE I:Z?(t)]>
dt \q(t)
(t 1
RO (—E [Z?“)] log E [Z?(” ] +E [Z'Z(t) log 1) ]

7O 5[]
O, o ss])

On the right-hand side we recognize the entropy Ent(Z?(t) ). Also, using the simple fact
that dZ,/dt = EZ; — Z;, we have
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it (s oe2(2")

(1) ¢ (¢ ) -1
;1(1;) [Zlqm] <E t<Zq()> 7 (t [Zq() (EZ - Zt)])

Since q'(t) > 0, it suffices to show that the expression in parentheses is non-positive.
To this end, we invoke the logarithmic Sobolev inequality of Theorem 5.1. We get

2
Ent<Z;1(t)) <E [(thw/z B Z;q(t)/z) ]
.

with Z] = g + e'o; X’ where X' is a Rademacher random variable, independent of X.
In order to further bound the right-hand side, we observe thatfor0 < a < b,

2 2
b1/ - a3 q /b Wi ldy
b-a 2(b-a) J,

b
/ udu  (by Cauchy-Schwarz)

<
~ 4(b-a)

qz bq—l _aq—l
"~ 4(g-1) b-a

Using this inequality and the identical distribution of Z; and Z;, we obtain

2
Ent(zf“)) <E [(zﬁ“)“ B z’ﬂ(”/z) ]
.

qz(t) _1% g [(Zq(t) 1 Z/q(f) 1) (Z-Z )]

REICORE))

) (-1 ,

- Z(q(t)—l)E[Z? (Zt_zf)]
g1 (H-1

= m}; [Z‘} (Zt—EZt)].

Using this bound, we finally have

Ent(Z‘f(t)> + %E [Zf(t)il (EZ; - Zt)]

IA

_ () 2() q(t)-1
(2(q?t)t—1) q,(:))E[Zt() (Ezt—Zt)]

=0

because the expression in parentheses involving g(¢) equals zero. d
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With the proof of the case n = 1 completed, we proceed with the induction step to
finish the proof of Theorem 5.18. Assume that the statement of the theorem holds for
n — 1 variables. The argument is based on the general form of Minkowski’s inequal-
ity (Theorem 2.16). Recall that X = (X, ..., X,) is a uniformly distributed vector on
{-1,1}"and Z, = ZSC{LUW} e ISlogug(X). Introduce the random variables

Vt = Z e’tlslasus(X)

sc{1,...,n}n¢S

and

Wt = Z E_t(lsl_l)asus\{n}(X)
Sc{1,...,n},nes

so that Z; = V; + ¢*X,W,. Write E,,_; for the conditional expectation operator condi-

tioned on X, (i.e. integration with respect to X, ..., X, ;) and E®™ for expectation
taken with respect to X, only (i.e. conditional on X, . . ., X,,_;). Then

1/4(t) — 1/q(t)
(B1Z @) ™ = (Bt [B [Wes exawio@] )

9T\ V)
(Em4 [(E“)[HV}+e5)gva“”])q0wﬂ)])

(by Lemma 5.19)

_ g()/g0 T\ V4
< (EW [(El [V + x,wil170]) D

(by Minkowski’s inequality; Theorem 2.16)

— 1/4(s)
= (B [Bua [1ve + w19 ])

(by the induction hypothesis)

= (e[iza])"™,

where the last inequality is a consequence of the induction hypothesis. This completes
the proof of Theorem S.18. O

IA

The Bonami-Beckner inequality may be extended to the case of vector-valued functions.
For example, an extended version of Corollary 5.16 states that if X = (X, ..., X,) isa vec-
tor of i.i.d. Rademacher random variables and for each S C {1, ..., n}, as is an element of
anormed vector space, then the random vector defined by

Z = Z CYgug(X)

S:|S|=k
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satisfies
k/2
q-1
(ElZI)" < (1:> (ElzII?)"*

where 1 < p < q and k < n is a positive integer. The proof goes similarly to the case of
real-valued coefficients, only the proof of Lemma 5.19 needs to be adjusted. We leave the
details as an exercise (see Exercise 5.7).

The special case when k=1 is a classical and thoroughly studied problem. In this
case f(x) = Y ., bix; and the inequality above is a version of the classical Kahane-
Khinchine inequality. An especially interesting and important caseis when g = 2andp = 1.
Unfortunately, in this case the Bonami-Beckner inequality is vacuous. However, the
Bonami-Beckner inequality may be used to control the L,-norm of Z by a constant multiple
of the L; norm. To this end, just observe that by the Cauchy—Schwarz inequality,

E|Z|** < JVEIIZIVE|ZI]?

and therefore

(EIZIP)"™ _ ( (EIZI»)" )

E|Z|| (EllZ||?/2)*"
Thus, the Bonami-Beckner inequality implies

)1/2

(ENz)?) " < 2°*E| ).

However, the constant 2%/2 is not optimal. For k = 1, an ancient and elementary argu-
ment shows that 232 may be replaced by 3'/? (see Exercise 5.8). Moreover the optimal
constant is not difficult to determine. We close this section by a short and elegant proof of
the Kahane—Khinchine inequality for ¢ = 2 and p = 1 with the best possible constant. We
prove the result for general, vector-valued coefficients as it does not require any additional

effort.

Theorem 5.20 (SZAREK'SINEQUALITY) Letby, . . ., b, be elements of a normed vector space
and let Xy, . .., X, be independent Rademacher random variables. If Z = || 37| b Xil|,
then

VE[Z*] < V2EZ.

Proof Let f(x)=| ) 1, b:Xill forx = (xy,...,%,) €{-1,1}" and denote its Fourier coef-
ficients by ars = (f, us), SC{L,...,n}. Recallingﬁ(i) = (X1, ey XLy =Ky Kip 1y« -y %),
define f(x) = Z?:lf(&(i))' Since

—()y _ us(x) ifi¢g s
us(x) = {—us(x) ifi €S,
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the Fourier coefficient of f corresponding to S C {1,...,n} equals aes(n — 2|S]|). This
means that

(f.f) <§: asus, z:awbﬂww>

Sc{1,...,n} Sc{1,...,n}
= Y a(n-2s).
Sc{1,...,n}

Akey property of f is that if || is odd then g = 0. This simply follows because if |S| is
odd, ug(—x) = —us(x) and f(-x) = f(x),s0 05 = > ;13 f(x)us(x) = 0. Using this

fact implies

(f,]c): Z “ﬁ("—zlsp

Sc{l,...,n}
< nog + (n-4) Za§
A
= 4o + (n-4) Z o
Sc{L,..,n}

= 4lfII7 + (n =I5,

where we used the simple facts that g = ||f]|; and that ZSC{I o a? = ||f]13, known

as Parseval’s identity. We compare the upper bound obtained for (f,f) by a simple
lower bound derived as follows. Note that, for everyx € {-1,1}",

=3 Zb‘“ =222 005" = (-2,

i=1 | j=1 =1 j=1

Thus, since f is nonnegative, (f,f) > (n - 2)||f||3. Comparing the upper and lower
bounds obtained for (f,f), we get ||f||? < 2||f||> which is precisely what we wanted
to show. O

To confirm that the constant /2 is the best possible, just consider the case Z = X; + X,.

5.9 Gaussian Hypercontractivity

The hypercontractivity property of the symmetric Bernoulli distribution given by the
Bonami-Beckner inequality also has its Gaussian analog, called Nelson’s theorem, which
we do not detail here (see, however, Exercises 5.18, 5.19, and 5.20). However, we point out
a simple consequence of the Bonami-Beckner inequality for moments of polynomials of a
Gaussian variable.
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Corollary 5.21 Let f(x) = Z:.C:O a;x' be a polynomial of degree k of a real variable and let X
be a standard normal random variable. Then for any q > 2,

E[IF@[])" < (a- D" (E[IFEP])".

Proof Let ¢ = (&y,...,€,) be a vector of n i.i.d. Rademacher random variables. By the
central limit theorem, it suffices to prove that for all ,
2:| )

(G2 e (el ()

Introducing g(e1,...,8,) = f (\/Lﬁ > 8,»), we observe that g is a (nonhomogen-

1/2

eous) Rademacher chaos of order d, thatis, g : {-1,1}" — R may be expressed as

g(e) = Z asus(€).

Sc{l,...,n}:|S|<k

We may then apply the Bonami-Beckner inequality (Theorem 5.18) with = g -1
andp =2toget,withd = \/q-1> 1,

2 2 262|$ 2% 2 _ g2k .2
gl < ITsglz = Y. a8l <s® Y af=6%gl}
SC{1,...n}:|S|<k SC{1,...n}:|S|<k
which is exactly what we wanted to prove. d

5.10 The Largest Eigenvalue of Random Matrices

In this section we investigate concentration properties of the largest eigenvalue of random
Hermitian matrices with Gaussian entries. This is just one example from the vast liter-
ature on tail bounds for eigenvalues of random matrices. We present it to illustrate how
the Gaussian hypercontractive inequality (Corollary 5.21) may be used to obtain powerful
results in a nontrivial example.

Recall that in Example 3.14 (see also Example 6.8) we studied the random fluctuations
of the largest eigenvalue of random symmetric matrices with independent bounded entries.
However, the Gaussian assumption used here allows us to obtain significantly sharper
results.

A complex n X n matrix H is called Hermitian if H = H* where H* is the transposed
conjugate of H (i.e. HY: = Hj; for all 1 <i,j < n). The set of n x n Hermitian matrices
is denoted by H,, while the set of n X n unitary matrices is denoted by Uf,. The spectral
decomposition theorem for Hermitian matrices asserts that any Hermitian matrix H can
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be written as H = UDU* where U € U, and D is a diagonal matrix with real entries. The
entries of D are the eigenvalues of H, denoted by A; > A, > ... > A,.

In this section we consider a special random matrix model, called the Gaussian unit-
ary ensemble (GUE). A random matrix H is said to belong to the GUE if H is a Hermitian
matrix whose diagonal entries (H;;);<, are independent real Gaussian variables with vari-
ance 0 = 1/(4n) and whose off-diagonal entries (H;;) <;<j<x are independent complex
Gaussian random variables with independent real and imaginary parts, both with variances
0%/2 =1/(8n).

The distribution of a random # X n matrix from the GUE may be described by its density
with respect to the Lebesgue measure over R" (using the straightforward one-to-one map-
ping between the set of n X n Hermitian matrices and R™). This density is proportional to
exp (-||H|I%s/(20%)). Recall that the Hilbert—Schmidt norm of a complexn X n matrix A is
defined by ||AlI%, = Z1§i,j§n |A; >

Here we study the largest eigenvalue A; (H) of a random matrix H from the GUE. One
may use Lidskii’s inequality (see Exercise 3.16) to show that A; (H) is a Lipschitz function
of n? independent standard Gaussian random variables with Lipschitz constant n~'/2, The
Gaussian concentration inequality (Theorem 5.6) implies that the fluctuations of A;(H)

around its expectation are of an order of at most n1/2

, with high probabiliy. The main focus
of this section is the following theorem. It shows that the upper tail is significantly lighter
than implied by the Gaussian concentration inequality, as typical deviations are of the order
of n2/3,

Theorem 5.22 Let Z = A, (H) be the largest eigenvalue of a random n X n matrix H,

distributed according to the GUE. Then for all0 < t < 1,

P{ZZ 1+t} < m _nt3/?
By a more involved analysis, one may show that the factor 1/(2¢'/2) can be replaced by a
universal constant.

Note that EZ # 1,so Theorem 5.22 is not about deviations from the mean. Nevertheless,
it follows from Wigner’s theorem (Theorem 5.23 below) that lim inf, .o EZ > 1. This,
combined with Theorem 5.22, implies that, in fact, lim,_, oo EZ = 1. One may also show
that there exists a universal constant k¢ > 0 such that forall n, |[EZ - 1| < kn 23,

Wigner’s celebrated semi-circular law determines the asymptotic distribution of the
eigenvalues of random matrices from the GUE. In order to state Wigner’s theorem, we define
the spectral measure L, of an n x n Hermitian matrix H as the discrete probability measure
on the real line that assigns weight 1/n to each eigenvalue of H. In other words, for any
function f defined over R, we let

Lf = Y f),

The semi-circular density is defined, forx € R, by ¢p(x) = (2/7)V1 = &2 Lize[ 117}
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Theorem 5.23 (WIGNER’S THEOREM) Let L, denote the spectral measure of a random
n X n matrix from the GUE. Then the sequence L, converges weakly in probability, to the
semi-circular distribution. This means that for all ¢ > 0,

lim P {sup |Lof - /f(x)¢(x)dx| > 8} =0,
n—>00 feB

where BB denotes the set of 1-Lipschitz functionsf : R — [-1,1].

Wigner’s theorem may be proved by solving Exercises 5.32-5.35.
In preparation for the proof of Theorem 5.22, we need to introduce the so-called Hermite
polynomials. For every k = 1,2,..., the normalized Hermite polynomial of degree k is

defined by
1 dk ekx—kz /2

hi(x) = ﬁ RV

A=0

An important property of Hermite polynomials is that they form an orthonormal family in
the space of square-integrable functions under the standard Gaussian distribution. That is,
if X is a standard Gaussian random variable, then Ek;(X) = O foralli > 1,and

1 ifi=j
F [h'(X)h] (X)] - {0 otherwise.
A proof of this well-known fact and some other useful properties of Hermite polynomials
are suggested in Exercise 5.22.

The proof of Theorem 5.22 starts from the determinantal description of the joint dis-
tribution of the eigenvalues as shown in the next lemma. Deriving this lemma requires a
substantial amount of work (see Exercises 5.24-5.30). Observe that with probability 1, a
random matrix from the GUE has pairwise distinct eigenvalues.

Henceforth, let A(xy, . . ., x,) be the Vandermonde determinant defined by xy, . . ., x,:

2 n—1
1xg ) - &)
1x2x% xg'l

Alxy, ... x,) = | | (; — x;) = det .
1<i<j<n .

2 n—1

1w, x; - &,

Lemma 5.24 The joint density of the eigenvalues of an n X n random matrix from the GUE at
A1 > Ay > - > Ay equals

MoV (b A\ (T
2m)"2on o' e ) P 202 )

where o = 1//4n.
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The density of the unordered sequence (Ag, ..., ,) € R" of eigenvalues of a random
n X n matrix from the GUE is obtained by dividing the formula above by n!.

Starting from Lemma 5.24, the proof of Theorem 5.22 has two main steps. The first
relates expectations under the mean spectral measure with sums of Gaussian integrals. This
lemma is also used to establish Theorem $.23.

Lemma 5.25 Let H be ann X nrandom matrix from the GUE and let L,, denote the (random)
spectral measure of H. Forany f : R — R,

EL,f = % Z E[f(eX)h(X)*],

where X is a standard Gaussian random variable and o = 1/+/4n.

Proof As hy is of degree k and as the leading coefficient of «/Hhk is 1, the Vandermonde
determinant may be rewritten in terms of the Hermite polynomials as

ARy h 1_[\/T dEt(h ()"))1<1<n

0<j<n

The determinant may also be written by summing, over the set S, of all permutations
of {1, ...,n}, the signed product of diagonal elements:

A(ry,. .. )‘)_l_[fzsgn(f)nhr()l()‘)

TES,

where sgn(7) = 1 (resp. 1) if  is the product of an even (resp. odd) number of trans-
positions. In the sequel, T o 7’ is the composition of permutations 7 and 7’, that is,
70 7'(x) = 1(t'(x)) and sgn(t o ') = sgn(7)sgn(t’).

Foreachi € {1,...,n} and for any measurable function f,

Ef(A(H))
% Z sgn(t o t')

7,7'€eS,

e’ 22:1 )‘i/(ZUZ)

/I;nf()ti) 1_1[ ht(}')_l (%) hfr(]-)_l <%) W&lk1 <o dAy
j=
% Z sgn(t o t’)

" r,res,

ei ZZ*I )‘2/2

/f(aw]‘[hf(,)l V2 ) g
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Forall 7,7’ € S,, by Fubini’s theorem,
n
nog2
/ flor) 1_[ he )1 (A he (o1 (M) e Lia Mg, - dh,
R .
j=1

= (/ f(a)‘fi)hr(i)1()\fi)hr/(i)I(Ai)e)wz/zd)"i)
R

<[ </R hr(n_l(k;)hr’o)—l(/\j)eX'mdx")'
i#

By the orthogonality property of the Hermite polynomials, the last factor on the right-
hand side vanishes unless 7 (j) = t/(j) forallj # i, that is unless T = 7’. Hence,

2
N2

1 ) /
) ZAf(GKi)hr(i)-l(Ai) ﬁdk,-

T res,

Ef (1,(H))

1 n—-1 )\ e 2
;/Rf(a)‘i) (kX_O:hk()w) ) mdki.

The lemma follows by simplifying the expansion of EL,. a

Proof of Theorem 5.22. We may combine Lemma 5.25 and the simple bound

i=1

that is, we choose f(A) = L{;>14¢ to obtain
l n
P{Z>1+t} <nE - ; Tpumy=148
n-1
= ZE [Lixzaymanyhi(X)?].
i=0

By Hélder’s inequality, forany r > 1, letting r* = #/(r - 1),

(Plx = 241+ )" (E[n(0])"”

_ 2%
¢ 2n(1+t)*/r ”ht”%r

E [ Lo ey hi(X)°]

IA

IA

e—ln(l+t)2/r* (27’ _ l)t ”hlng
_ e—ln(1+t)2/r* (27’ _ l)i,

IA
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where the last inequality follows from Corollary 5.21. Summing the n upper bounds,

P{Z>1+t}

IA

n-1
e—2n(1+t)z/r* Z(Z’,_ l)i

i=0

— e—Zn(lH‘)z/r* (21‘ ~ 1)" .
2r -2

The theorem now follows by choosing r = 1 + +/%. O

5.11 Bibliographical Remarks

It is outside the scope of this book to offer an exhaustive account of logarithmic Sobolev
inequalities. Instead, we refer the interested reader to the excellent book of Ané et al. (2000)
for an extensive survey, with connections to other functional inequalities, Markov chains,
information theory, etc. The investigation of logarithmic Sobolev inequalities, Poincaré
inequalities and hypercontractivity was initially motivated by an analysis of the mixing prop-
erties of Markov processes and Markov chains. We refer the reader to the survey of Diaconis
and Saloff-Coste (1998), the lecture notes by Saloff-Coste (1997), and Martinelli (1997)
for a presentation of the role of functional inequalities in that field.

The logarithmic Sobolev inequalities for the balanced Bernoulli and Gaussian distribu-
tions were first derived by Gross (1975). It was Gross who determined the optimal constant
in the logarithmic Sobolev inequality for the balanced Bernoulli distribution. The case of
general Bernoulli distributions (Theorem $5.2) was clarified 20 years later by Higuchi and
Yoshida (1995) and independently by Diaconis and Saloff-Coste (1996). The proof of
Theorem 5.2 suggested in Exercise 5.4 is attributed to Bobkov, as it is presented in the lec-
ture notes by Saloff-Coste (1997) and in Ané et al. (2000, Chapter 1). The logarithmic
Sobolev constants for Bernoulli distributions can also be recovered from the more general
result of Latala and Oleszkiewicz (2000).

The argument, attributed to Herbst, to derive concentration inequalities based on log-
arithmic Sobolev inequalities appears first in Davies and Simon (1984) (see also Aida,
Masuda, and Shigekawa (1994)). The method was greatly generalized and popularized by
Ledoux (1997, 1996, 1999, 2001) (and see Chapters 6 and 12).

The story of the Kahane-Khinchine inequalities date back to Khinchine (1923),
Littlewood (1930), and Paley and Zygmund (1930), who proved it in the case of one-
dimensional coefficients with different constants. It was extended to vector-valued coef-
ficients by Kahane (1964). (For Littlewood’s argument see Exercise 5.8.) The optimal
constant /2 for real Rademacher sums in Theorem $.20 was established by Szarek (1976).
It was further generalized by Haagerup (1981) for comparing any g-th moment of a
real Rademacher sum to the second moment. The optimal comparison between the first
and second moments for norms of vector valued Rademacher sums is due to Latata and
Oleszkiewicz (1994). The proof of Theorem 5.20 given here was inspired by the proof
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given by de la Pend and Giné (1999) who attribute it to Kwapier, Latala, and Oleszkiewicz
(1996). We refer to de la Pena and Giné (1999) for many related results.

Theorem $.6 was originally proved by Tsirelson, Ibragimov, and Sudakov (1976) using
arguments different to the ones given here, based on stochastic calculus. A sharper form of
this inequality is given in Section 10.4. For a thorough account of Gaussian concentration
inequalities see Ledoux (1996).

The generalized Johnson-Lindenstrauss problem in Section 5.6 was investigated by
Klartag and Mendelson (2005) whose results essentially contain Theorem 5.10 and also
the bounds on A derived in Section 13.6.

The generalized linear Gaussian model discussed in Section 5.7 was introduced in Birgé
and Massart (2001). For a detailed account of Gaussian model selection and related prob-
lems we refer the reader to Massart (2006). The LASSO estimator was introduced by
Tibshirani (1996) and has become an important tool for high-dimensional regression prob-
lems. We refer the interested reader to Barron ef al. (2008), Bickel, Ritov, and Tsybakov
(2009), Bunea, Tsybakov, and Wegkamp (2007), Candés and Tao (2005, 2007), Donoho
(2006b, 2006¢), Huang, Cheang and Barron (2010), Koltchinskii (20094, 2009b), and
van de Geer (2008) for a variety of theoretical results. Theorem 5.15 and the argument
presented here are borrowed from Massart and Meynet (2010). Related results were
obtained by Bartlett, Mendelson and Neeman (2012).

The Bonami-Beckner inequality (Theorem 5.18) is due to Bonami (1970) and Beckner
(1975). The Gaussian analog of Theorem 5.16 described in Exercises 5.18 and 5.19 is from
Nelson (1973). Gross (1975) established the equivalence between hypercontractivity and
logarithmic Sobolev inequalities in a general framework that we do not discuss here. Our
proof of the Bonami-Beckner inequality is based on some of these ideas (see again Ané et
al. (2000)) and see also Exercise 5.18 for another aspect in this connection. Starting with
an important paper by Kahn, Kalai, and Linial (1988), the Bonami-Beckner inequality has
found many interesting applications in the geometry of the binary hypercube and in the
study of threshold phenomena. Several of these applications are described in Chapter 9
(though we prove most of these results using logarithmic Sobolev inequalities).

Wishart (1928) initiated the analysis of random matrices, namely the analysis of empir-
ical covariance matrices of multivariate Gaussian samples. A survey of recent developments
in the non-asymptotic analysis of random covariance matrices can be found in Rudelson
and Vershynin (2010), and see also Section 13.4.

Nowadays, eigenvalues and singular values of random matrices are a major topic of study
in mathematical physics, multivariate statistics, combinatorics, and information theory, to
name but a few. The interested reader is referred to Mehta (2004) or Anderson, Guionnet,
and Zeitouni (2010) for a thorough presentation (see also Tao (2012)). Theorem 5.23
was proved by Wigner (1955) who actually proved the weak convergence of the mean
spectral measure to the semi-circular distribution. The convergence of the empirical spec-
tral measure to the semi-circular distribution has been established for many other matrix
ensembles using a variety of proof techniques (see Anderson, Guionnet, and Zeitouni
(2010)). It holds for random real symmetric Hermitian matrices with independent entries
under some mild tail assumptions on the distribution of the entries. G6tze and Tikhomirov
(2003, 2005) provide upper bounds on the rate of convergence of the spectral measure
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to the semi-circular distribution. Refer also to Meckes and Meckes (2012) and references
therein for recent progress on the rate of convergence for spectral measures of a variety of
matrix ensembles.

The asymptotic distribution of the largest eigenvalue of random matrices from the
Gaussian unitary ensemble was characterized by Tracy and Widom (1994). The Tracy—
Widom asymptotics for the largest eigenvalue has been extended to other ensembles of
random matrices, including some non-Gaussian ensembles (see Soshnikov (1999)). Erdds
and Yau (2012) survey universality issues raised by spectra of random matrices. In particu-
lar, the Tracy-~Widom asymptotics holds for ensembles of random symmetric matrices with
Rademacher entries, suggesting that there is room for improvement in the variance bound
described in Example 3.14.

The largest eigenvalue of a random matrix from the GUE has interesting connections
outside the random matrix theory. For example, for large #, once properly centered and
standardized, the length of the longest increasing sequence in a random permutation over
{1,...,n} behaves like the largest eigenvalue of a random matrix distributed as the GUE
(Baik, Deift and Johansson (1999)).

The proof of Theorem 5.22 is taken from Ledoux (2003) but see also Aubrun (2005) for
an alternative approach. Using more involved arguments, Ledoux (2003) proves that the
polynomial factor in the tail bound is not necessary. The survey by Ledoux (2007) provides
an accessible account of a wide range of non-asymptotic as well as asymptotic results on
eigenvalues of random matrices.

S5.12 EXERCISES

5.1. Show that for any nonnegative random variable Z, Var (Z) < Ent(Z?) (Latata and
Oleszkiewicz (2000).) Show by example that the inequality is not necessar-
ily true if Z is not required to be nonnegative. Hint: introduce, for p € [1,2),
the functional W,(Z) = E[Z*] - (E [Zp])z/p. Show that lim,;, W(Z) = Ent(Z*)/2.
Moreover, show that W,(Z)/((1/p) - (1/2)) is nondecreasing in p.

5.2. Show that Theorem 5.1 implies that for any function f:{-1,1}" - R,
Var (f(X)) < E(f). Prove also similarly that the Gaussian logarithmic Sobolev
inequality (Theorem 5.4) implies the Gaussian Poincaré inequality (Theorem 3.20).
Hint: let ¢ > 0 be small and use the logarithmic Sobolev inequality for 1 + f. Show
that Ent((1 + &f)?) = 262 Var (f(X)) + O(e?).

S.3. (OPTIMALITY OF THE CONSTANT IN THE LOGARITHMIC SOBOLEV INEQUAL-
ITY) Prove that Theorem 5.1 does not hold if the constant 2 is replaced by any smaller
constant.

S.4. Prove Theorem S.2. Prove also that c(p) is the best possible constant. Hint: by sub-
additivity of the entropy it suffices to prove the theorem for n = 1. Start with the
duality formula of the entropy (Theorem 4.13). Show first that it suffices to prove
the statement for strictly positive functions f.
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Prove the following variant of Theorem S5.3. Let f : {-1,1}" — R and let X be
uniformly distributed on {-1, 1}". Let v > 0 be such that

n

> (e £ (59)) <o

i=1

for all x € {-1,1}". (Note that, as opposed to the statement of Theorem $.3, the
positive part is omitted in the definition of v.) Prove that, for all t > 0, Z = f(X)
satisfies

P{Z>EZ+t} </,

Hint: proceed as in the proof of the theorem, but instead of using the simple convexity
argument, establish first that for real numbers z > y,

(ez/z_ey/Z)2 < (Z —SJ’)Z (ez+ey).

Use this to show that

" —i 2 2
Ent (e}‘f(x)> < l ZE X2 _ e}‘f(x()>/2 <E ue*f(X) )
2 i=1 - 8

Prove the following version of Theorem 5.3 for asymmetric Bernoulli distributions.
Letf : {-1,1}" — R and assume that X = (Xj, ..., X,) has iid. components with
distribution P{X; = 1} = 1 - P{X; = -1} = p. Let v > 0 be such that

n

5104 ()) <

i=1

forallx € {-1, 1}". Show that if f is nondecreasing in all of its components then for
allt > 0,

PLAX) > Bf(X) +1) < exp (—(1 _;;C (p)v>.
If f is nonincreasing then
P{f(X) > Ef(X) + 1} < exp (;%p)v)’

Hint: use Theorem 5.2 together with Herbst’s argument.
(EXTENSION OF BONAMI-BECKNER TO VECTOR-VALUED FUNCTIONS) This
exercise extends Lemma 5.19 to vector-valued functions. Let X be a Rademacher
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S.10.

random variable and let Z = oy + ;X where o, ; belong to a normed vector
space. For t > 0, let q(t) = Be* + 1 and define Z; = op + e '¢; X. Show that for all

0<s<t,
1/q(t) 1/4(s)
(e[1z11]) ™ < ([12109]) ™

Hint: if v=0a¢+a; and w=ay—a;, notice that og+e oy = v(l +e')/2 +
w(l-¢")/2 and ap — ety = v(1 —¢')/2 + w(1 + €)/2. By the convexity of the

norm,
1/q(t)
CE)
JPRN(O) q(t)\ /10
(S5l 5 pel) T+ (B2 + B )
- 2
Write 8y = (|v| + |w|) /2,81 = (|v|,|w|),anduse Lemma S.19.

(LITTLEWOOD’S INEQUALITY FOR REAL RADEMACHER SUMS) Let Z=
’Z?:I b,-Xi| be a real-valued Rademacher sum where by,...,b, € R are fixed
coefficients and Xj, . .., X, are iid. Rademacher random variables. Show first by
elementary arguments that E[Z*] < 3(E[Z?])>. Next use Hoélder’s inequality to
derive E[Z%] < (EZ)*3(E[Z*])"3. Conclude that E[Z?] < 3(EZ)?. This is a
slightly weaker version of Theorem 5.20. Is the comparison between the fourth and
the second moments improvable?
(MARCINKIEWICZ’S INEQUALITIES) Let Yj, . .., Y, be independent random vari-
ables with finite variance and let Xj, . . ., X, be independent Rademacher variables.
n
DXy,
i=1

Prove that
n 1/2 n
i=1 i=1
Hint: use Theorem 5.20 and symmetrization.
(KHINCHINE’S INEQUALITY) Let &,...,&,, be a sequence of independent

Rademacher random variables. Let o, . . ., «, be n fixed real numbers. Prove that

forp=1,2,...,
n P
2p)1
55 ()
: i=1

Using the central limit theorem and the known values for the moments of the stand-
( p)

ard Gaussian distribution, check that the dimension-free coefficients cannot be

improved. Hint: if we are ready to replace the constants (Zp)!/(ZPp.) by (2p - 1),
the above inequalities follow from the Bonami-Beckner inequalities. Another version
can be derived from Hoeffding’s inequality.
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Show that the constant 2 on the right-hand side of the Gaussian logarithmic Sobolev
inequality (Theorem 5.4) is the best possible. Hint: the bound for the moment
generating function in the Gaussian concentration inequality is an equality if f is
linear.

(THEOREM 5.4) Work out the details of the density argument used in the proof of
Theorem 5.4.

(POINCARE AND LOGARITHMIC SOBOLEV INEQUALITIES FOR GENERAL GAUS-
SIAN DISTRIBUTIONS) Assume that the random vector X € R” has centered
Gaussian distribution with covariance matrix I'. Show that for any continuously

differentiable functionf : R" — R,

Var (f(X)) < E[{TVf(X), Vf(X))]
and

Ent (f*) < 2E[(I'Vf(X), Vf(X))].

Detail the first step of the proof of Theorem 5.8. Hint: by total boundedness and
sample path continuity, Z = sup,., X; where D is a dense countable subset of 7.
Use the Gaussian Poincaré inequality for finite subsets and monotone convergence
to show that Z has an expected value (by relating it to the median of Z). Then again,
use monotone convergence and the theorem for finite sets to conclude.
(NON-CENTERED CHI-SQUARED RANDOM VARIABLES) If X|,...,Xp are inde-
pendent standard normal random variables, then Z* = (X; +8)> + Y2, X> has
chi-square distribution with D degrees of freedom and non-centrality parameter §2.
Compute the expected value and the variance of Z*>. Show that Z* is sub-gamma with
variance factor v = 2EZ? + 28* and scale factor 2. Use the Gaussian Poincaré inequal-
ity and the Gaussian concentration inequality to show that the variance of Z is less
than 1, and that Z is sub-Gaussian with variance factor 1. Show how this implies that
Z?* is sub-gamma with variance factor 4EZ* and scale factor 2.

(ADAPTING HERBST’S ARGUMENT) Let Xj,...,X, be independent standard
Gaussian random variables. Let f denote a differentiable function on R" such
that E [exp(k”Vf(Xh X)) ||2)] < 00 for A < Ay where Ay may be oco. Let
Z=f(Xy,...,X,). Prove that for A, 6 satisfying A/ < Agand 10 < 2,

logE[exp ()»(Z—EZ))] < logE[exp ()»||VF||2/9)].

A
2(1-16/2)
Hint: starting from Gaussian logarithmic Sobolev inequality, use Corollary 4.15 to
upper bound E [||Vf 1 exp()»Z)]. Apply this result when f is the squared norm of
the orthogonal projection of X on some linear subspace of R".

(SZAREK’S INEQUALITY FOR GAUSSIAN SUMS) Let by, ..., b, be elements of a
normed vector space and let Xj, . . ., X, be independent standard Gaussian random
variables. Let Z = || Z:;l b;X;||. Prove that

VE[Z2] < V2EZ



158 | LOGARITHMIC SOBOLEV INEQUALITIES

S.18.

S.19.

Hint: start from Theorem 5.20 and use the central limit theorem as in the proof of the
Gaussian Poincaré inequality or as in the proof of the Gaussian logarithmic Sobolev
inequality. The factor /2 is not optimal and can be improved to /7 /2. The best
constants in comparison of moments of Gaussian vectors can be found in Latata and
Oleszkiewicz (1999).

(NELSON’S THEOREM) Let X be a standard Gaussian random variable. For any
0 < y < 1, let the operator T, map any function f with E[f(X)*] < 00 to another
function T, f defined by

Tyf(y) = E [f (J/y tV1- 72X>]-

Check first that forall y < 1, T, is a contraction, thatis, E [(Tyf(X))Z] < E[f(X)?].
Lett>0,1<p <00 q(t) =1+e*(p-1), and let the function f be such that
E[|[f(X)]f] < oc. Prove that

([irescor@]) ™ = elycop) .

Check that this is enough to establish the property for nonnegative twice differenti-
able functions. Define the differential operator L by Lf(x) = f”(x) — «f'(x). Check
first that for any nonnegative twice differentiable function g, dT,+g/dt = LT,+g and
that, forany r > 1,

r2

“2(r-1)

Ent (g(X)") < E[g(X)"'Lg(x)].

Hint: this follows from the Gaussian logarithmic Sobolev inequality by rewrit-
ing E[h(X)?] using integration by parts, where h(x) = d,g”*(x). Prove that
(1/4(t))log E [| Tef (X) |q(t)] is a nonincreasing function of t. The argument paral-
lels the proof of Lemma S.19. The collection of operators (T, );>o is known as the
Ornstein—-Uhlenbeck semigroup. The hypercontractivity of the Ornstein-Uhlenbeck
semigroup was first proved by Nelson (1973).

(GAUSSIAN HYPERCONTRACTIVITY IN SEVERAL DIMENSIONS) Suppose
Xj,...,X, are independent standard Gaussian random variables. For any
0 <y =<1, let the operator T, map any function f: R" — R such that
E[f(Xy,...,X,)*] < 00 to another function

Tyf(yly- . -ryn) = E[f (7/)’1 + vV 1- VZXIJ . ~;Vyn + 1- szn>]~

Lett>0,1 <p <00, q(t) =1+e*(p-1), and let the function f be such that
E[|[f(X3,...,X,)|P] < oo. Prove that

1/q(t)
<

(E[|Te-tf(X1,...,Xn)|q(t)]> < (E[If(xs, ..., X))
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Hint: use the results of Exercise 5.18 and imitate the last part of the proof of
Theorem 5.16.

(GAUSSIAN HYPERCONTRACTIVITY AND HERMITE POLYNOMIALS) Recall the
definition of Hermite polynomials 4, from Section 5.9. Let the operator T,, with
0 < y =<1 be defined as in Exercise 5.18. Prove that the Hermite polynomials are
eigenfunctions of T, foralln = 1,2, . .., that s,

Ty h, = y"h.

Hint: recall the definition of the differential operator Lf(x) = f”(x) - xf'(x) from
Exercise 5.18. Use the relation dT,+g/dt = LT,+g established in Exercise 5.18, the
fact that L o T,+ = T,+ o L, and the fact that Hermite polynomials satisfy nh, =
—Lh,,.Fora vector k = (ki, ..., k,) of nonnegative integers, let |E| = ZLI k;. Define
Flar, oo 2) =D gep o [T b (%), where D 1o ot% < 00. Show that

Tyf = Z )/EOlE l_[ hk,v-
% i=1

This is the exact Gaussian analog of Theorem 5.16. The Hermite polynomials form
an orthonormal basis of the Hilbert space of square integrable functions of a vector
of independent standard Gaussian random variables, and they are the eigenfunctions
of the hypercontractive operator T,.

(TIGHTNESS OF HYPERCONTRACTIVE BOUNDS) For A > 0, define f;(x) =
exp(Ax — 1%/2). Let the operator T,, (for y € [0, 1) be defined as in Exercise 5.18.
Compute Ty, f, and E[| f;,(X)|P], where X is a standard Gaussian random variable and
p > 1.Check thatifg > 1 + ¥,

E[| T (X)[7]1

sup _— o
FElfPI<o0 ELLFOP]?

This proves that the hypercontractive bounds of Exercises 5.18 and 5.19 are tight.
(HERMITE POLYNOMIALS) Recall the definition of the Hermite polynomials from
Section 5.9. Prove thatfor A, x € R,

Ax-A2/2 i A
e = —h(x).
o VK

Prove that if (X;,X,) is a Gaussian vector where X; and X, are standard Gaussian
random variables, then

E |:exp (XXI - %) exp </LX2 - %)i| = exp (MLE[X; X,]).
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Combine the two statements in order to establish that the Hermite polynomials form
an orthonormal family, that is,

1 ifi=j

0 otherwise,

E[m(X)h(X)] =

where X is standard Gaussian. Prove the following three-term recurrences for nor-
malized Hermite polynomials:

xhy(x) = V/n+ Ly (x) + B (x)
xhy(x) = V/n+ Thyy (%) + /nhy_ (x)
foralln = 0,1,2,...and x € R. Note that the three-term recurrences entail / (x) =

/nh,_1 (x). From the recurrences, deduce the Christoffel-Darboux formula: for
x#yforn=12,...,

N oy @1 0) = b () ()
D hh0) = = |

The Hermite polynomials form an orthonormal basis of the space L,(y) of square-
integrable functions under the standard Gaussian distribution y. This can be checked
by invoking the density of bounded continuous functions in L, (y) and the density of
polynomials in the set of continuous functions with respect to the supremum norm
over compact sets.

(INVARIANCE OF GUE) Prove that the GUE is invariant under unitary transforma-
tions: if W € U,,, and the random matrix H is distributed according to the GUE, then
sois W H.

(ZEROS OF MULTIVARIATE POLYNOMIAL) Prove that if p is a nonzero n-variate
polynomial, then {x € R" : p(x) = 1} has Lebesgue measure 0 over R".

Hint: use induction over n and the Tonelli-Fubini theorem.

(MULTIPLE ROOTS AND DISCRIMINANT) Let P(x) =) " ax’ and
Q(x) = Z;:O bix). The Sylvester matrix Spq is the (n+m) x (n+m) matrix
defined by stacking n — 1 circular shifts of

(am;am—l:u-;ao,o,...,O)
——

n—1 times

and m — 1 circular shifts of

(bnrbn—h--')bO;Ox--')O):
—_——

m-1 times
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Ay Aol a 0 ... ... 0

0 ay apy .. ... a O 0

0 0 a, am ... a O 0

0 0 ... oo il i 0

0 0 0 ... ... Ay A1 ap

SP,Q = b,, bn—l ce eee een b() 0 0
0 b, by oo oo ... by O 0

0 b, by ...... b 0

0 ... ... Lo . by O

0 0 0 b, byg oo oon... bo

The determinant of Sp is called the discriminant of P and Q and it is denoted by
D(P, Q). Prove thatif Pand Q have a common root, then D(P, Q) = 0. Prove that if P
has multiple roots, then D(P, P") = 0. Prove that there exists an n*-variate polynomial
P such that if an n X n matrix A has eigenvalues with multiplicity larger than 1, then
P vanishes on the vector defined by the coefficients of A. See Lang (1965) for details
about discriminants.

In Exercises 5.26-5.35, we denote by H the subset of n x n Hermitian matrices
with pairwise distinct eigenvalues. Let D? denote the subset of n x n real diagonal
matrices with decreasing diagonal entries. Let U5 denote the subset of n X n unitary
matrices with real positive diagonal entries. If A is an n X n matrix, then the i, j minor
of A, AU is obtained by deleting the i row and the j column of A. We denote
AW = oKk A matrix from US belongs to U,2 if all its minors are invertible. Let the

set of “good” Hermitian matrices 'Hﬁ'g be the subset of n X n Hermitian matrices that
admit a decomposition UDU* where U € UL andD € fo.

Prove that, almost surely, a random matrix from the GUE has pairwise distinct
eigenvalues, that is, H, \ 'Hﬁ has Lebesgue measure 0. Hint: the coefficients of the
characteristic polynomial of a matrix are polynomials of the entries of the matrix. Use
Exercises 5.24 and 5.25.

Prove thatif H € 'Hﬁ andforalll <k <n,Hand H ®) do not have common eigen-
values then if H = UDU* with U € U,, and D € D,, U has nonzero entries. Prove
that H, \ H2® has Lebesgue measure 0. Hint: the adjugate Adj(H) of H is defined
by Adj(H);; = (-1)"det(HU"). Recall that HAj(H) = Adj(H)H = det(H)I, (see,
e.g. Apostol (1969, Theorem 3.12)). Let A be an eigenvalue of H € H. Let
A = H - A\1d,. Use the assumption H € H? to check that the columns of Adj(A) are
scalar multiples of a column of U. Finally, use the assumption that H and H*) do not
have common eigenvalues to verify that Adj(A) has nonzero entries. To prove the last
statement, use results from Exercises 5.24 and 5.25. (See the proof of Lemma 2.5.5 in
Anderson, Guionnet and Zeitouni (2010).)

(DENSITY OF EIGENVALUES 1) Prove the existence of a difftomorphism (i.e.

o e . . . . . . d,
a bijective differentiable map whose inverse is differentiable) between H,® and
D¢ x R"1 where DY is the set of n X n real diagonal matrices with decreasing



162 | LOGARITHMIC SOBOLEV INEQUALITIES

5.29.

diagonal coefficients. Hint: let T be the operator that maps U € U,* to the
vector

( U1,2 Ul,3 Ul,n U2,3 UZ,n Un—l,n )
ey )Ty ey ey .
Ui Ui Uy U, Up_1,n-1

Each U;;/U;; (1 <i <j < n) should be considered as a pair of real numbers corres-
ponding to the real and imaginary part. Check that T is one-to-one on U,® and that
T(U?) is open in Rr(-1), (See Anderson, Guionnet, and Zeitouni (2010, Lemma
2.5.5).)

(DENSITY OF EIGENVALUES II) Let T be defined as in Exercise 5.28. Let
J: D4 x T(US) — H® be the inverse of the mapping defined by

HY? — DI x T(US)
H = Udiag(Ay, ..., A,)U" > (diag(Ay, ..., 21,), T(U)).

Letp = (p1,- -+, Pu(n1)) € T(Us). Define a one-to-one mapping r : {(i,j) : 1 <i <
j<n}— {1,n(n-1)/2} by r(i,j) = S} (n—k) +j—i+1 (this is the rank of
(i,j) when traversing the upper-triangle in a row-wise fashion). The purpose of
this exercise is to outline a collection of equations satisfied by the n> x n* matrix
of partial derivatives of ] (the Jacobian matrix of J). Exercise 5.30 takes advantage
of these equations to establish the fact that the determinant of the Jacobian mat-
rix (the Jacobian determinant) is the product of the square of the Vandermonde
determinant defined by (A1, . .., A,) (thatis ﬂ15i<j5n(ki - 1)) and of a function of
(P1,- -1 Pu(n1)) € T(Us). This observation is an essential part of the proof of
Lemma 5.24. For each 1 < ¢ < n(n-1), let 3U/dp, be the n X n complex mat-
rix of partial derivatives of U with respect to py. Verify that the complex matrix
Se = U*gTLZ is skew Hermitian, that is,

Sy = U =-§,.
14 3p4 4

Now letting B, = U*dH/dp,U foreach 1 < £ < n(n - 1), verify that

L 0H

U 5 U =S¢ x diag(Ay, ..., A,) —diag(Ay, ..., 1) X S,
Pe

or equivalently that
By[iyj] = Sl (2 = 20), (s7)
for i,j < n. Verify that for each 1 <i <n, dH/0A; is the matrix of the ortho-

gonal projection on the line generated by the i column of U. Verify that for each
1<i<n,
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LOH ]
U —U=dlag(O,...O,l,O,...,O),
——— N —

oA
i—1 times n—i times
which implies
0H "\ OH _
U'—U | [j,k] = — [, K1U[j,j1U[K, k] = Liizizp, 8
( ax,->[ ] ;;%[J 100, j1ULK, K] = Ly (58)

forl <jk <n.
5.30. (DENSITY OF EIGENVALUES I1I) The Jacobian matrix of the mapping J defined in
Exercise 5.29 is an n* X n* real matrix Jac(J) which may be described in partitioned

form by
1<j<n 1<j<k=n 1<j<k<n
—— —~— ——
0H,; RedH; ImoH;
i otk moHjk l<i<n
oA; OA; oA
Jaa)={
0H;; RedH; ImoH;
- I i <l<n(n-1).
dpe dpe dpe

The key step in the proof of Lemma 5.24 consists of showing that det (Jac(J)) is the
product of the square of a Vandermonde determinant and of an expression that only
depends on U. Define the matrix M in partitioned form as

1<j<n 1<j<k<n 1<j<k<n
—— —— ——
Ul4,1]1UL,f] ReU[i, j]U[;, k] ImU [, j]1U[i, k] 1<i<n

ReU[j,jlU[K,j] 2ReU[f,j]U[K,k] 2ImU[/,j]JUK,k] | 1<j <K <n

-ImU[f,j]lU[K,j] -2ImU[f,j]U[K,k] 2ReU[j,jlU[K,k] | 1 <j <k <n.
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Write C = Jac(J) x M in partitioned form as
Cl,l C1,2 C1,3
C= (CZ,I c2 C2,3>
The exercise mostly consists of checking that

1<j<n 1<j<k=n 1<j<k=n
—— —— ——

? ReB[j,k] ImB[j,k] | 1 <€ <n(n-1)

where By is defined as in Exercise 5.29.

1. Check that CM =1d, while C =CY =0. Hint: verify that
CY[ij] = U*g—iU[j,j], while for 1 <j <k <n, m=r(jk), C"*[i,m]
(resp. C**[i, m]) is the real (resp. imaginary) part of the U*%U[j k]. Use
(5.8) from Exercise 5.29.

2. Check that for €€ {1,...,n(n-1)} and me {1,...,n(n-1)/2},
C**[t,m] = ReBy[i,j] = ReS,[i, j]1(A; - )»}-) and C*3[¢,m] = ImB, li,j] =
ImSe[i,j](X; - A;) where 1 <i <j <n, m=r(i,j). Hint: use (5.7) from
Exercise 5.29.

3. Check that the determinant of the n(n — 1) by n(n — 1) real matrix (c** ¢23)
is the product of A(Ay, ..., A,)* and of a quantity that only depends on U,
where A(Ay,...,A,) is the Vandermonde determinant H1§i<j§n()"i - ).
Deduce from this that the Jacobian determinant det(Jac(J)) can be written
as the product of A(Ay, . . ., A,)* and of a quantity that only depends on the
coefficients of U.

4. Conclude the proof of Lemma 5.24 by combining the results of Exercises
5.24-5.29 and the change-of-variables formula in multiple integrals.

(This argument is from Mehta (2004, Chapter 3) and Anderson, Guionnet, and
Zeitouni (2010, Chapter 2); see also Tao (2012). It can be tailored to other
ensembles of Gaussian random matrices.)
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Using the notation of Theorem 5.23, prove that

Z ,r

e 2

/ A(xly . /xn)z n 1_[]'
Re =0

Hint: use the pattern of proof of Lemma 5.24.

(MOMENTS OF THE SEMI-CIRCULAR DISTRIBUTION) The semi-circular distribu-
tion has density 2/ /1 - &2 1{|x|§1}. Let my; denote its 2k™ momentfork = 1,2, . . ..
Prove that

Ce
Mok = ﬁ

where C; = (Zk)/(k +1) is the k™ Catalan number. Hint: prove that my, = 2/( (2k +

1)) fJ;//ZZ sin(0)**2d0 and also that ma. =2/ (7 (2k+2))f7;//22 sin(0)%*d0.
(CONCENTRATION OF THE SPECTRAL MEASURE) Let H be a random n x n mat-
rix from the GUE with eigenvalues A; > --- > X, and spectral measure L,. Let B
denote the set of functions f on R with sup, _ |f(x)| < 1 and Lipschitz constant

not larger than 1. Prove that fort > 0

sup P {|L,(f) - E[L,(f)]| = t} < 2%
feB

Hint: use Lidskii’s inequality (see Exercise 3.16) and Theorem 5.6. (See Anderson,
Guionnet, and Zeitouni (2010, Theorem 2.3.5).)

(CONCENTRATION OF THE SPECTRAL MEASURE OF MATRICES FROM THE
GUE, CONTINUED) Let H be a random n X n random matrix from the GUE with
eigenvalues A; > --- > A, and spectral measure L,. Let 3 denote the set of func-
tions f on R with sup__5 |f(x)| < I and Lipschitz constant not larger than 1. Let
Z =sup;cp ’L,,(f) —E[Ln(f)]| be the bounded Lipschitz distance between the
empirical spectral measure and the average spectral measure. Prove that for t > 0,

rxztz
P{Z>EZ+t} <2 >
Prove that there exists a universal constant « such that

EZ <

Bl

Hint: use again Theorem 5.6 as in Exercise 5.33 to establish the tail bound. (See
Anderson, Guionnet, and Zeitouni (2010, Theorem 2.3.5).) A proof of the upper
bound for EZ can be derived from Gétze and Tikhomirov (2003, 2005) who state
similar bounds for the uniform distance between the empirical spectral distribu-
tion function and the semi-circular distribution function and the uniform distance
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between the average empirical spectral distribution function and the semi-circular
distribution function. By standard results (see Dudley, 2002), the bounded-Lipschitz
distance to the semi-circular distribution is within a constant factor of the uniform
distance to the semi-circular distribution. Note that this upper bound holds under
rather general moment conditions on the entries of the random Hermitian matrices.
(MOMENT-GENERATING FUNCTION OF THE SPECTRAL MEASURE OF RANDOM
MATRICES FROM THE GUE) Let H be an n X n random matrix from the GUE. The
aim of this exercise is to compute the expected moment-generating function of the
spectral measure L, of H, that is,

n

1
F,(s) =E |:Z ;esx‘j| fors e R,

i=1

and then to check the pointwise convergence of F, to the moment-generating
function of the semi-circular distribution, that is,

Mok SZk

lim F,(s) = foralls € R.
oo kEZN (2k)!

The even moments (my)ieny of the semi-circular distribution are determined
in Exercise 5.32. As in Exercises (5.20-5.22), h; denotes the i" normal-
ized Hermite polynomial. Use the Christoffel-Darboux’s identity (see
Exercise 5.22) to establish that for all x € R and n=1,2,..., % S hi(x)? =
ﬁ(h;(x)h,,,l(x)—hn(x)h’nfl(x)). To lighten notation, denote K,(x,x) =

2
ex /2

T (W, (x)h,_1(x) = hy(x)H,_;(x)). Use Lemma S5.25 to prove that for any

bounded continuous function f,

ELf = / /AR K (3, %)
R
Hint: prove and use the fact that

—x%/2 hn (x) h; (x)

(See Anderson, Guionnet, and Zeitouni (2010, page 102).)

(GAUSSIAN ORTHOGONAL ENSEMBLE) A random real symmetric n X n matrix A
belongs to the Gaussian Orthogonal Ensemble (GOE) if the entries (A;;)1<i<j<n are
independent centered Gaussian random variables with variance 1/n. Following the
approach described in Exercises 5.24-5.30, prove the determinantal formula for the

d >
—K,(x,x) = - /Zhn(x)hn_l(x) =—e
dx

GOE: the joint density of the eigenvalues of a n X n random matrix from the GOE at
Al > Ay > > Aylis

Dy
GZnA()LI,...,)»,,)exp -

2 kf)

202

where D, is a normalizing constant and o = 1/+/4n.
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5.37. (TAIL INEQUALITY FOR MAXIMA OF GAUSSIAN RANDOM VECTORS) Let Z be
the maximum of the absolute value of n independent standard Gaussian random
variables, and for t > 1,let U(t) = inf{x : ®(x) > 1 - 1/t}. Prove thatfort > 0,

2 2
P{Z-EZ>1t+§,} <exp <—ﬂ>,
2(2 +tU(2n)/3)
where §, > 0 and lim, (2 log(2n))*?8, = 2/12. Hint: represent Z as U(2 exp(Y))
where Y is the maximum of n independent exponential random variables with expec-
ted value 1 and use the fact that U(e") is concave in x. The second part of the
statement may be checked using standard results from extreme value theory (see de
Haan and Ferreira (2006)).



The Entropy Method

In Chapter 3 we saw that the Efron-Stein inequality served as a powerful tool for bounding
the variance of functions of several independent random variables. In many cases, how-
ever, it is reasonable to expect that, as in the case of sums of bounded random variables,
the tail probabilities decrease at an exponential speed, a phenomenon the Efron-Stein
inequality fails to capture. In Chapter 5 we have seen that logarithmic Sobolev inequal-
ities, together with Herbst’s argument, may be used to derive exponential concentration
inequalities. However, the logarithmic Sobolev inequalities presented there are only valid
for functions of either Bernoulli or Gaussian random variables and therefore the scope
of the concentration inequalities obtained is significantly more limited than that of the
Efron-Stein inequality.

The purpose of this chapter is to attempt to generalize the methodology based on log-
arithmic Sobolev inequalities that allows one to prove exponential concentration bounds
that hold for functions of arbitrary independent random variables. A way to achieve this is
by trying to mimic the procedure that worked for functions of Bernoulli and Gaussian ran-
dom variables, that is, to start with a logarithmic Sobolev inequality and then, according
to Herbst’s trick, apply it to exponential functions of the random variable of interest. Since
exact analogs of the Bernoulli and Gaussian logarithmic Sobolev inequalities do not always
exist, we need to resort to appropriate modifications. Luckily, the sub-additivity of entropy
(see Theorems 4.10 and 4.22) holds in a great generality and indeed, this inequality serves
as our starting point. Then, by bounding the right-hand side of the inequality of Theorem
4.10, we obtain an appropriate modified logarithmic Sobolev inequality which, in turn, can be
used via Herbst’s argument to derive exponential concentration inequalities.

We term the proof method described above the entropy method, and the purpose of this
chapter is to define its basis and to show some of the simplest powerful concentration
bounds one can achieve using this method. In Chapters 11, 12, 14, and 15 we elaborate
the entropy method and show various extensions.

As in Chapter 3, we investigate the concentration behavior of a real-valued random vari-
able Z = f(Xy, . ..,X,) where X, ..., X, are independent random variables taking values
in a measurable space X and f : X" — Ris a function.
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The main purpose of the entropy method for proving concentration inequalities is to
apply the sub-additivity of entropy (Theorems 4.10 and 4.22) for the positive random
variable Y = ¢*# where A is a real number. Recall that by the sub-additivity of entropy,

Ent(Y) < E Xn: Ent?) (Y)

i=1
or, equivalently,

E[YlogY] - (EY)log(EY)

< ZE [E(i)[Ylog Y] - (E@Y) 1og(E<">Y)] (61)

i=1

where E® denotes integration with respect to the distribution of X; only. Then, normal-
izing by E¢*? and denoting the logarithmic moment-generating function of Z — EZ by
Y (1) =log EeMZE?) the left-hand side of this inequality becomes

Ent (e)‘z)
EeAZ

=2 () =Y (R). (62)

Our strategy is based on using (6.2) the sub-additivity of entropy and then univariate calcu-
lus to derive upper bounds for the derivative of ¥ (). By solving the obtained differential
inequality, we obtain tail bounds via Chernoff’s bounding.

To achieve this in a convenient way, we need some further bounds for the right-hand
side of the inequality above. This is the purpose of Section 6.3 in which, relying on the sub-
additivity of entropy, we prove some basic results which will serve as our starting point.
These results are reminiscent of the classical logarithmic Sobolev inequalities discussed
in Chapter S, where it is shown that concentration inequalities follow from logarithmic
Sobolev inequalities by Herbst's argument. Here we formalize this argument.

Proposition 6.1 (HERBST'S ARGUMENT) Let Z be an integrable random variable such that
for somev > 0, we have, for every A > 0,

Then, for every A > 0,

1M(2-E2) A_ZV .

log E
ogEe 3

Proof The condition of the proposition means, via (6.2), that

w0y < 2,
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or equivalently,

1, 1 v
—Y'A)-=vr) < -.
L0y - vy <
Setting G(1) = A~'4/ (1), we see that the differential inequality becomes G’ (1) < v/2.
Since G(1) — 0as A — 0, this implies G(A) < Av/2, and the result follows. O

First, we present in Section 6.1 two simple direct methods to bound the right-hand side
of the inequality of the sub-additivity of entropy and use Herbst’s argument to conclude.
This permits us to derive the celebrated bounded differences inequality, a simple prototypical
exponential concentration inequality for functions of bounded differences that has found
countless applications. We also present a sharper version in which the bounded differences
assumption is significantly relaxed.

In Section 6.4 we present the first and simplest application of these modified logarithmic
Sobolev inequalities. This first example is surprisingly powerful as it may be used to prove
exponential concentration in many interesting cases. We describe some applications. The
obtained inequalities reach further than the bounded differences inequality as they are able
to handle much more general functions than just those having the bounded-differences
property. A simple but useful application for convex Lipschitz functions of independent
random variables is presented in Section 6.6.

In Section 6.7 we return to the class of self-bounding functions introduced in Section 3.3
and prove an exponential concentration inequality, thus providing a significant sharpen-
ing of Corollary 3.7. The notion of self-bounding function is generalized and further
investigated in Section 6.11.

In Sections 6.8, 6.9, and 6.13 we use the entropy method to prove inequalities that may
be considered as exponential versions of the Efron-Stein inequality. Various concentration
results are shown here under different conditions with the purpose of demonstrating the
flexibility of the entropy method.

We close the chapter by proving Janson’s celebrated inequality for the lower tail probab-
ilities of random Boolean polynomials. Even though Janson’s inequality is not based on the
entropy method, its proof shows some similarities with the techniques we use throughout
the chapter.

6.1 The Bounded Differences Inequality

As a first illustration of the entropy method, we derive an exponential concentration
inequality for functions of bounded differences. Unlike the Bernoulli and Gaussian concen-
tration inequalities of Chapter 5, this inequality is distribution free: apart from independ-
ence, nothing else is required from the random variables X, . . ., X,,.

Recall that a function f : X" — R has the bounded differences property if for some
nonnegative constants cy, . . ., ¢,,
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sup f (o1, .y n) = f(x1, ooy ity &y Xivt, %) <6, 1< i <
X1jyeeyXny

xeX

In Chapter 3, as a corollary of the Efron-Stein inequality, we saw that if f has the
bounded differences property, then Z = f(Xj, ..., X,) satisfies Var (Z) < (1/4) Y1, ¢
(see Corollary 3.2). The bounded differences inequality shows that such functions satisfy
a sub-Gaussian tail inequality in which the role of the variance factor is played by the
Efron-Stein upper bound of the variance v = (1/4) > ¢/

Theorem 6.2 (BOUNDED DIFFERENCES INEQUALITY) Assume that the function f satisfies
the bounded differences assumption with constants cy, . . ., ¢, and denote

1,
v=—9Y .
$ 2
LetZ = f(Xy,. . .,X,) where the X; are independent. Then

P{Z-EZ>t} <t/

Note that since the bounded differences assumption is symmetric, Z also satisfies the lower-
tail inequality

P{Z-EZ < -t} </,

The proof combines sub-additivity of entropy, Hoeffding’s lemma (Lemma 2.2) and
Herbst’s argument. The following way of looking at Hoeffding’s lemma may illuminate
the use of the sub-additivity of entropy: if Y is a random variable taking its values in
[a, b], then we know from Lemma 2.2 that /" (1) < (b - a)*/4 for every A € R, where
() = IogEe)‘(Y'EY). Hence,

A b-a 2)\’2
0w = [ ou @ < I,
which means that

Ent(e*) - (b-a)*r?
EeY 8

(63)

By Proposition 6.1, this inequality implies Hoeffding’s inequality, that is, ¥ (1) <
(b -a)*A%/8 for all 1. Thus, (6.3) is a way of rephrasing Hoeffding’s inequality, which is
stronger than the usual one.

Proof Recall that by the sub-additivity of entropy (6.1),

n
Ent(¢"’) < E Z Ent® ()

i=1
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where Ent() denotes conditional entropy, givenX(i) = (X, -, Xio1, Xis1 - - -, Xp)- By
the bounded differences assumption, given X (i), Z is arandom variable whose range is
in an interval of length at most ¢;, so by (6.3),

Ent® (e}‘z) ciz)\2
- < L
EDegz  — 8

Hence, by the sub-additivity of entropy,

2L (3N . 2L 2A?
Ent(¢*?) <E Z (‘T> ED 2 | = Z ‘TE‘;’\Z,

i=1

or equivalently,

Proposition 6.1 allows us to conclude that

)\'2
P(A) = logEe)‘(Z_EZ) < 71)

Finally, by Markov’s inequality,
P{Z>EZ+t} < eV ()-rt o /2t
Choosing A = t/v, the upper bound becomes ¢™*"/(2"), 0O

This extends Corollary 3.2 to an exponential concentration inequality. Thus, the applic-
ations of Corollary 3.2 in all examples of functions with bounded differences shown in
Section 3.2 (such as bin packing, the length of the longest common subsequence, the L,
error of the kernel density estimate, etc.) are improved in an essential way without further
work.

Next we describe another application which is the simplest example of a concentration
inequality for sums of independent vector-valued random variables.

Example 6.3 (A HOEFFDING-TYPE INEQUALITY IN HILBERT SPACE) As an illustra-
tion of the power of the bounded differences inequality, we derive a Hoeffding-type
inequality for sums of random variables taking values in a Hilbert space. In par-
ticular, let X, ..., X, be independent zero-mean random variables taking values in
a separable Hilbert space such that || X;|| < ¢;/2 with probability one and denote
v=(1/4) Y %, c. Then,forallt > /v,

5

i=1

- t] < VAP ),
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This follows simply by observing that, by the triangle inequality, Z = ”2?:1 X,-”

|

satisfies the bounded differences property with constants c;, and therefore
P{ in >t} =P< ZX,. in in
i=1 i=1 i=1 i=1
" 2
oy L)
2v

The proof is completed by observing that, by independence,

-E >t-E

n

>

i=1

E

Y EIXIP < Vo
i=1

The next example illustrates a surprising application in which the bounded differences
inequality is applied in a quite unexpected context.

Example 6.4 (SPECTRAL MEASURE OF RANDOM HERMITIAN MATRICES) Let H= (H;;)
be an n x n random Hermitian matrix such that the vectors (H;);<;<, are independ-
ent, where H; = (H;;)1<j<;. Let Ly denote the empirical spectral measure of H (i.e.
the probability measure that gives mass r/n to an eigenvalue of H with multiplicity r).
Givenabounded functiong : R — R that has total variation H g H v < 1, weareinter-
ested in the concentration of the random variable Z = f gdLy. Recall that the total
variation of a functiong : R — Ris defined by

lgls = sup  sup > |f(xir) —f(x)|-

n=1,2,... x; <---<x, i-1

Remarkably, much can be said about Z without imposing any moment assumption
on the entries of the matrix. The argument is surprisingly simple. Indeed, for every
x = (x1,...,%,) suchthatx; € C™! x Rforalli, denote by H(x) the Hermitian matrix
given by (H(x));; = x;j for 1 <j < i < nand define the function f by

flx) = / gdLy ().

The random variable of interest Z is just f(Hj, ..., H,) and it remains to establish
the bounded differences property for f to get a concentration inequality of Z around
its mean. To this end, we apply the following deterministic rank inequality for spec-
tral measures (which relies on the Cauchy interlacing theorem, see Exercises 6.2 and
6.3 below). Let A and B denote Hermitian matrices. If one denotes by F4 and Fp the
distribution functions related to the spectral measures L4 and Lg, then

k(A -
\Fx - Fall, < KA B)
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Integrating by parts (noting that F4 — F tends to 0 at —00 and +00), one has

‘/gdLA—/gdLB

where the last inequality comes from the fact that the absolute total mass of the Stieljes

= ”FA_FB“oo;

=‘/(FA—FB)dg

measure dg equals ” g” rv < 1. Combining the two inequalities above, we find that for
every x and &/,

rank(H(x) - H(x')) .

n

|f(2) -f(«)] =

Now if «" differs from x only in the i-th coordinate, the matrix H(x) - H(x") has
all zero entries, except maybe for one row and one column which proves that
rank (H(x) - H(«')) < 2. This shows that f satisfies the bounded differences con-
dition with ¢; = 2/# for all i and, therefore, the bounded differences inequality tells
us that Z is a sub-Gaussian random variable with variance factor 1/n. Consequently
P {|Z—EZ| > t} < 22 forall t > 0.

6.2 More on Bounded Differences

Next we show a more flexible variant of the bounded differences inequality of Theorem
6.2. It relaxes the bounded differences condition in that differences need not be bounded
by “hard” constants ¢; but rather by quantities that are allowed to depend on x, as
long as the sum of their squares are bounded. More precisely, we say that a function
[+ X" — R has the x-dependent bounded differences property if there exists a constant
v > 0 such that for all x = (x1,...,%,) € X" there exist n functions of n — 1 variables
ClyevyCy: X1 — [0,00),such thatfor1 <i<n,

SUP |f(x1; .. ~;xi—1;x£,; Xitly - - ~;xn) —f(xly LR ;xi—hx;) Xitly - - ~;xn)|

xeX
=g (x(t)) )

x/eX
and (1/4) Z?:l ciz(x(")) <vforall x € X". Here x1) = (x1, .., %1, Xi41, - - -, X%,) stands
for the (n — 1)-vector obtained by dropping the i-th component of .
Clearly, the Efron—Stein inequality still implies that if f has the x-dependent bounded
differences property, then Z = f(Xj, . . ., X,,) satisfies Var (Z) < v. The next sub-Gaussian
tail inequality extends Theorem 6.2 to such functions.

Theorem 6.5 Assume that the function f satisfies the x-dependent bounded differences property
with constantv. Let Z = f(X, . . ., X,) where the X; are independent. Then for all t > 0,

P{Z-EZ>t} </,
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Proof Since the proof is a simple extension of that for bounded differences inequality, we
will only sketch it. By the x-dependent bounded differences assumption, for fixed X @,
conditionally, Z is a random variable whose range is in an interval of length at most

¢ (X(i)) so by (6.3),

(i) i
Ent (e}‘z) - ¢ (X( )) 22
EDegiz  — 8

and by (6.1),

w552

Since (1/4) >, ¢ (x®) < v, this inequality implies that

Ent (e’\Z) A
R S A G
) )
and the announced inequality follows by using Herbst’s argument as we did at the end
of the proof of Theorem 6.2. O

6.3 Modified Logarithmic Sobolev Inequalities

In this section we present a simple inequality with the purpose of bringing sub-additivity
of entropy into a more manageable form, providing a versatile tool for deriving exponen-
tial concentration inequalities. This tool will help us prove inequalities under much more
flexible conditions than bounded differences. This is achieved by further developing the
right-hand side of Eq. (6.1). The obtained inequalities are closely related to the logarithmic
Sobolev inequalities that we met in Chapter S, but there we were restricted to functions of
Bernoulli or Gaussian random variables.

Our first modified logarithmic Sobolev inequality follows from the sub-additivity and
the variational formulation of entropy. Throughout the entire chapter, we consider inde-
pendent random variables Xj, . . ., X, taking values in some space /X', a real-valued function
f: X" — R, and the random variable Z = f(X), ..., X,). As in Section 3.1, we denote
Z: = f(XD) = fi(Xy, ..., Xiit, Xie, - - ., X)) where f; : X1 — R is an arbitrary function.

Theorem 6.6 (A MODIFIED LOGARITHMIC SOBOLEV INEQUALITY) Let ¢(x) =
e —x— 1. Thenforall X € R,

AE[Zé*”] - E[e"*]log E [¢*] ZE [¢7¢ (-1(2 - 2)))].
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Proof We bound each term on the right-hand side of the sub-additivity of entropy (6.1).
To do this, recall that by the variational formula of entropy given in Corollary 4.17, for
any nonnegative random variable Y and for any u > 0,

E[YlogY] - (EY)log(EY) < E[YlogY - Ylogu - (Y —u)].

‘We use this bound conditionally. It implies that if Y; is a positive function of the random
variables X, . .., Xi_1, Xis1, - . ., X,,, then

EO[YlogY] - (E@ Y) log (E<">Y) < EY [Y(logY -logY}) - (Y - Y;)].
Applying the above inequality to the variables Y = ¢*# and Y; = ¢*%, one obtains
EV[YlogY] - (E@Y) log (E(") Y) < EV[¢(-1(Z-2))]

and the proof is completed by (6.1). O

6.4 Beyond Bounded Differences

Simplicity and generality make the bounded differences inequality attractive and it has
become a universal tool as witnessed by its countless applications. However, it is possible to
improve this simple inequality in various ways, and the entropy method provides a versatile
tool. In this section we first give a simple example that is quite easy to obtain from the mod-
ified logarithmic Sobolev inequalities of the previous section yet has numerous interesting
applications. Its proof is essentially identical to that of Theorem 5.3 but thanks to the gener-
ality of Theorem 6.6, we do not need to restrict ourselves to functions of Bernoulli random
variables.

Here we consider a general real-valued function of n independent random vari-
ables Z = f(Xj,...,X,) and Z; denotes an X@-measurable random variable defined by
Z; =infy f(Xy,...,x,...,X,).

Theorem 6.7 Assume that Z is such that there exists a constant v > 0 such that, almost surely,
Y (z-z) <v.
i=1
Then for allt > 0,
P{Z-EZ>t} <’/
Proof The result follows easily from the modified logarithmic Sobolev inequality proved

in the previous section. Observe that for x > 0, ¢(-x) < x?/2, and therefore, for all
A > 0, Theorem 6.6 implies
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LE [Ze)\z] -E [ekz] logE [ekz] <E |:ekz Xn: %Z(Z - Z,-)Zj|

i=1

where we used the assumption of the theorem. The obtained inequality has the same
form as the one we already faced in the proof of Theorem 6.2 and the proof may be
finished in an identical way. O

By replacing f by —f in the theorem above, we see that if Z is such that

n

Z(Z - Zi)2 <v

i=1

with Z; = sup,, f(Xi, ..., Xi_1,%}, Xis1, . . ., X,), then one obtains an analogous bound for
the lower tail

P{Z<EZ-t} </,

As a consequence, if the condition

n
Z(z -Z) <v
i=1

is satisfied both for Z; = infx;f(Xl, co X, %, Xiv1y .-, Xy) and  for Z;=
sup, f(Xi,. .., Xi1,%), X1, - - ., Xy), one has the two-sided inequality

P{|Z-Ez| > t} < 2¢7/@),

To understand why this inequality is a significant step forward in comparison with
Theorem 6.2, simply observe that the conditions of Theorem 6.7 do not require that f
should have bounded differences. All they require is that

n
SuP Z (f(xh .. ;xn) _f(xl; ceey xi—l)x;; Kitly e+ ;xn))z S v.

T
) =
Xy X, €X

The quantity v may be interpreted as an upper bound for the Efron-Stein estimate of the
variance Var (Z). Many of the inequalities proved by the entropy method in this chapter
have a similar flavor: a sub-Gaussian (or sometimes sub-gamma) tail bound where the
role of the variance factor is played by a suitable upper bound based on the Efron-Stein
inequality.
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Note, however, that iff satisfies the bounded differences assumption (or the x-dependent
bounded differences assumption), then Theorems 6.2 and 6.5 provide better constants
in the exponent. To illustrate why Theorem 6.7 is an essential improvement, recall the
example of the largest eigenvalue of a random symmetric matrix, as described in Example
3.14. For this example Theorem 6.5 fails to provide a meaningful inequality.

Example 6.8 (THE LARGEST EIGENVALUE OF A RANDOM SYMMETRIC MATRIX)
As in Example 3.14, we consider a random symmetric real matrix A with entries
Xi,jl
bounded by 1. Let Z = A, denote the largest eigenvalue of A. In Section 3.14, we have
already seen that, almost surely,

Z (-2, < 16.

1<i<j<n

1 < i <j < nwherethe X;; are independent random variables with absolute value

We used this estimate and the Efron-Stein inequality to conclude that Var (Z) < 16.
Using Theorem 6.7, we get, without further work, the sub-Gaussian tail estimate

P{Z>EZ+t} <t/

Clearly, the bounded differences inequality is useless here as it is impossible to handle
the individual differences Z — Z; in a meaningful way, while the sum of their squares is
bounded by 16. In Section 8.2 we return to this example, re-prove the exponential tail
inequality with a different method and derive a corresponding lower-tail inequality.

6.5 Inequalities for the Lower Tail

In the previous section we showed that the condition

n

2
Z (f(Xl, .. .,Xn) —1Il/ff(X1, .. -)Xi—lj x;,X,»H, .. .,X”)> f v
X

i=1

guarantees a sub-Gaussian behavior for the upper tail probabilities P{Z > EZ + t}. To
obtain an analogous bound for the lower tail probabilities P{Z < EZ - t}, however, one
needs a condition of the form

n

2
> (f(Xl, oy X)) —sup f(Xy, -y Xig, &) Xip, - X)) <.

i=1

In many interesting cases, only one of the two quantities can be controlled easily, although
one would like to handle both upper and lower tails. This is possible under an additional
condition of bounded differences. Here we show a simple version of such a result. Note
that it is not quite a sub-Gaussian but rather a sub-Poisson bound. As we point out in sub-
sequent sections, there are some important applications in which sub-Gaussian lower tail
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bounds hold. In particular, in Section 6.11 below, we show a general sub-Gaussian lower
tail inequality under some additional conditions (see Corollary 6.24). For more discussion
and related results, we refer to Chapters 7,9, and 15.

Theorem 6.9 Assume that X, ..., X, are independent and Z = f(Xy, .. .,X,) is such that
there exists a constant v > 0 such that, almost surely,

n

Y (Zi-2) <v

i=1
where Z; = sup,, (X1, . .., Xit, %}, Xi1, - - ., Xp). Assume also that Z; - Z < 1 almost
surely foralli = 1,...,n. Then forallt > 0,

P{Z-EZ > t} < "Mt < #/C0H/3)

where h(x) = (1 +x) log(1 + x) — x forx > —1.

Proof Our starting point is, once again, the modified logarithmic Sobolev inequality of
Theorem 6.6. In order to bound the right-hand side of that inequality, we need
to bound E [¢*“¢ (-A(Z - Z;)) ] with Z; defined above. The key observation is that
¢ (x)/x* = (¢* — x — 1)/x* is an increasing function of x and therefore, for any A > 0,

6 (Mz-2)) _ o)
2(z-z)2 — A

where we used the fact that Z; - Z < 1. Thus, by Theorem 6.6, for A > 0, we have

d
T ( logEe ) < AZE — ZE )‘Z¢( AMZ - Z))]

(A) ['\ZZ(Z Z) }

V¢(/\)

IA

where we used the hypothesis of the theorem. The proof can now be finished as in
Theorem 6.7, by integrating the bound above. We thus obtain

EH(ZE2) < 9O,

The upper bound is just the moment-generating function of a centered Poisson(v)
random variable and the tail bounds follow from the calculations shown in Sections
2.2and2.7. a
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Of course, by replacing f by —f, we get the analog result that if

n

2
Z <f(X1; e ;Xn) - 1n/ff(X1; e ;Xi—l;x;inJrl; . .,Xn)> f v

i=1
(i.e. under the same condition as in Theorem 6.7) and also

f(Xlr ... ;Xn) - in,ff(le .. ;Xi—lyx;;XHI; .- ~)Xn) S 1)

then forall 0 < ¢,
P{Z <EZ-t} < ot/ (24/3))

This bound explains the title of the section.

6.6 Concentration of Convex Lipschitz Functions

In Section 5.4 we proved the fundamental result that any Lipschitz function of a canonical
Gaussian vector has sub-Gaussian tails. The entropy method presented in the previous sec-
tions allows us to extend this to much more general product distributions, though we need
an extra convexity condition on the Lipschitz function. This is analogous to the relation-
ship of the “convex” Poincaré inequality of Section 3.5 to the Gaussian Poincaré inequality
presented in Section 3.7. We state the result for functions of n independent random vari-
ables taking values in [0, 1]". However, the same proof extends easily to functions of n
independent vector-valued random variables under appropriate Lipschitz and convexity
assumptions (see Exercise 6.5).

Recall thatf : [0,1]" — Ris said to be separately convex if, foreveryi=1,...,n,itisa
convex function of i-th variable if the rest of the variables are fixed.

Theorem 6.10 Let Xi,...,X, be independent random variables taking values in the
interval [0,1] and let f:[0,1]" — R be a separately convex function such that
|[f(x) =fG)| < llx=yll for all x,y € [0,1]". Then Z = f(X,,...,X,) satisfies, for all
t>0,

P{Z>EZ+t} <et/

Proof We may assume without loss of generality that the partial derivatives of f exist.
(Otherwise one may approximate f by a smooth function via a standard argu-
ment.) Theorem 6.7 suffices to bound the random variable > . (Z - Z;)* where
Z; = infx[ff(Xl, .ey %, ..., X,). However, we have already shown in the proof of
Theorem 3.17 that

Y (Z-z) < IV))IF <1

i=1
where at the last step we used the Lipschitz property of f. Therefore, Theorem 6.7 is
applicable with v = 1. d
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Note that a naive bound using the Lipschitz condition would only give the bound
—()\2
> ( fX)-f (X(l))) < 4n. The convexity assumption provides an immense improve-

ment over this simple bound.

Example 6.11 (THE LARGEST SINGULAR VALUE OF A RANDOM MATRIX) Consider
again Example 3.18, that is, let Z be the largest singular value of an m X n matrix with
independent entries X;; (i=1,...,mj=1,...,n) taking values in [0, 1]. As we poin-
ted out, Z is a convex function of the X, which is also Lipschitz, so Theorem 6.10
implies

P{Z>EZ+t} <e'

Here, we assumed that all entries of the matrix A are independent. This assumption
may be weakened at the price of obtaining a weaker sub-Gaussian bound. The same
argument may be used to establish concentration properties of the largest singular
value of a matrix whose columns are independent vectors, but the components of these
vectors are not necessarily independent (see Exercise 6.6).

6.7 Exponential Inequalities for Self-Bounding Functions

In this section we revisit self-bounding functions introduced in Section 3.3. Recall that
a function f : X" — R is said to have the self-bounding property if, for some functions
fi: X"t - R, forallx = (xy,...,x,) € X" andforalli=1,...,n,

0= f()-f(x") =1

and

n

(F@ -5 (x9)) =5,

i=1

where, as usual, % = (%1, -+ - &i1, Xis1y - - -, %) If X4, ..., X, are independent random
variables taking values in X and Z = f(Xj, . . ., X,,) for a self-bounding function f, then the
Efron-Stein inequality implies Var (Z) < EZ. We have seen several interesting examples of
self-bounding functions, including various configuration functions, Rademacher averages
(Section 3.3), and the combinatorial entropies introduced in Section 4.5. Here, building
on the modified logarithmic Sobolev inequality of Theorem 6.6, we obtain exponential
concentration bounds for self-bounding functions.

To state the main result of this section, recall the definition of the following two functions
that we have already seen in Bennett’s inequality and in the modified logarithmic Sobolev
inequalities above:

h(u) = (L+u)log(l+u) ~u, u>-1
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and

d(v) =sup (uv-h(u)) =¢" -v-1.

u>-1
Theorem 6.12 Assume that Z satisfies the self-bounding property. Then for every A € R,
log EM“FD) < ¢(L)EZ.

Moreover, for every t > 0,

P{Z>EZ+t} <exp (—h (ELZ> EZ)

and forevery0 < t < EZ,

P{Z <EZ-t} <exp (—h <_Eiz) EZ).

By recalling that h(u) > u?/(2 + 2u/3) foru > 0 (we have already used this in the proof
of Bernstein’s inequality; see Exercise 2.8) and observing that h(u) > u*/2 for u < 0, we
obtain the following immediate, perhaps more transparent, corollaries: for every t > 0,

t2

and forevery0 < t < EZ,

tz
P{Z <EZ-t} <exp <_ﬁ>

In these sub-gamma tail bounds the variance factor EZ is the Efron-Stein upper bound of
the variance Var (Z).

Proof We first invoke the modified logarithmic Sobolev inequality (Theorem 6.6).
Since the function ¢ is convex with ¢(0) =0, for any A and any u € [0,1] ,
¢(-Au) < ugp(-A). Thus, since Z-Z; €[0,1], we have, for every A,
(-2 (Z2-2)) <(Z-2Z;) p(-1) and therefore, Theorem 6.6 and the condition
Y (Z-2Z;) < Zimply that

i=1

AE [Ze)‘z] -E [e)‘z] logE [e)‘z] <E |:¢(—)L)e)‘z Z (z- Zi):|

< ¢(-M)E[ze].



EXPONENTIAL INEQUALITIES FOR SELF-BOUNDING FUNCTIONS | 183

Define, for & € R, F(1) = E¢**F?), Then the inequality above becomes

F'())
F(V)

[A-¢(-2)] ~logF(1) < ¢(-A)EZ,

which, writing G(1) = log F(1), implies
(1-¢*)G'(A) - G(L) < ¢(-1)EZ.
For A > 0 this inequality is equivalent to
G\ 2\
<EZ- .
(ek—l) - (ek—l)

The last differential inequality is straightforward to solve and we obtain, for
A > Ag >0,

G(1) = (¢ -1) <§(A_Oi +EZ<eoni1 i ekk— 1))

Letting Ao tend to 0 and observing that lim;, .oAo/(e* —1) = 1 and that, by
I'Hospital’s rule, limy, o G(Xo)/(¢* - 1) = E[Z - EZ] = 0, for A > 0, we get

G(2) < ¢(1)EZ.

Proceeding in a similar way for A < 0, we obtain the first inequality of the theorem.
On the right-hand side we recognize the moment-generating function of a centered
Poisson random variable with parameter EZ. The probability bounds are the cor-
responding Poisson tail inequalities and are obtained by Chernoff’s bounding, as
calculated in Section 2.2. O

Theorem 6.12 provides concentration inequalities for any function satisfying the self-
bounding property. In Sections 3.3 and 4.5 several examples of such functions are discussed.
Here we mention one more example.

Example 6.13 (MAXIMAL DEGREE IN A RANDOM GRAPH) Consider the Erdés-Rényi
G(n, p) model of a random graph. In this model a graph of n vertices is obtained if each
one of the m = (;) possible edges is selected, independently, with probability p. The
degree of a vertex is the number of edges adjacent to that vertex. Note that the degree of
any vertexis abinomial (1 - 1, p) random variable. Let D denote the maximal degree of
any vertex in the graph. Clearly, D is a configuration function, so Theorem 6.12 applies.
See Exercise 6.14 for properties of D.

Next we write out explicitly what the theorem implies for combinatorial entropies,
defined in Section 4.5.
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Theorem 6.14 Assume that h(x) = log, |tr(x)| is a combinatorial entropy such that for all
xe€ X"andi <n,

h(x) -h (x(i)> <1

IfX = (Xy,...,X,) is a vector of n independent random variables taking values in X, then
the random combinatorial entropy Z = h(X) satisfies

2
P{Z> EZ+t} < exp <——);

2EZ +2t/3
and
)
P{Z<EZ-t}<exp <_E) .
Moreover,

b-1
Elog, |tr(X)| < log, E|tr(X)| < nElogh [tr(X)].
08

Note that the left-hand side of the last statement follows from Jensen’s inequality, while
the right-hand side follows by taking A = log b in the first inequality of Theorem 6.12. One
of the examples of combinatorial entropies, defined in Section 4.5, is VC entropy. For the
random VC entropy T(X), we obtain

Elog, T(X) < log, ET(X) < (log, ¢)Elog, T(X).

This last statement shows that the expected VC entropy Elog, T(X) and the annealed
VC entropy log, ET(X) are tightly connected, regardless of the class of sets A and the
distribution of the X’s.

The same inequality holds for the logarithm of the number of increasing subsequences
of arandom permutation (see Section 4.5 for the definitions).

6.8 Symmetrized Modified Logarithmic Sobolev Inequalities

One of the most useful forms of the Efron-Stein inequality establishes an upper bound for
the variance of Z = f(Xj, .. ., X,,) in terms of the behavior of the random variables Z — Z;
where Z, = f(Xy,...,X],...,X,) is obtained by replacing the variable X; by an independ-
ent copy X] (see Theorem 3.1). The purpose of the next few sections is the search for
exponential concentration inequalities involving the differences Z - Z!. The following sym-
metrized modified logarithmic Sobolev inequality is at the basis of such exponential tail
inequalities.



EXPONENTIAL EFRON-STEIN INEQUALITIES | 185

Theorem 6.15 (SYMMETRIZED MODIFIED LOGARITHMIC SOBOLEV INEQUALITIES)
Forall ) € R,

AE[ze%] - E[¢%]1og E [ ] ZE [7¢ (-M(2-2)))]
where ¢(x) = € — x — 1. Moreover, denoting T(x) = x(e* - 1), forall A € R,

AE[Zé#] - E[¢*]1og E [¢] ZE [4T(-A(z-Z).)],

AE[Ze"”] - E[¢*]log E [¢/7] ZE [t (0(Z, - 2).)].

i=1

Proof The first inequality is proved exactly as for Theorem 6.6, simply by noting that, like
Z;, Z! is also independent of X;. To prove the second and third inequalities, write

Mo (M2 -12)) = P (M2 -Z),) + o (M(Z - 2).).

By symmetry, the conditional expectation of the second term, conditioned on
Xy, ..., X1, X1, - - ., Xy, may be written as

E® [eAZ¢ ()»(Z; _ Z)+)] - g® I:eAZ§¢ Mz - Z:)+)i|
= EV [ekze_)‘(z_z*/)(p \(z- Z:)Jr)il .
Summarizing, we have

EY [¢4¢ (-1(2-72)))]
0 [(¢ (M(Z-2Z),) + DDy (M(Z - Z§)+)) e*Z] .

The second inequality of the theorem follows simply by noting that ¢ (x) + e“¢(—«x) =
x(e* - 1) = 7(x). The last inequality follows similarly. |

6.9 Exponential Efron-Stein Inequalities

Recall that by the Efron-Stein inequality, if X = (Xj,...,X,) is a vector of independent
random variables, then the variance of Z = f(X) is bounded as

Var (Z) < %Xn:}z [(Z— Z;)Z].



186 | THE ENTROPY METHOD

If we denote by E'[-] = E[-|X] expectation with respect to the variables X/, ..., X} only,
then by introducing the random variables

vi=) E[(z-2)]
i=1
and
V=2 Elz-2)7],
i=1
the Efron—Stein inequality can be written in either one of the equivalent forms
Var(Z) < EV" and Var(Z) < EV".
The message of the next theorem is that upper bounds for the moment-generating func-
tion of the random variables V* and V™ may be translated into exponential concentration

inequalities for Z. In a sense, these may be understood as exponential versions of the
Efron-Stein inequality.

Theorem 6.16 Let Z = f(Xi,...,X,) be a real-valued function of n independent random
variables. Let 0, . > 0 be such that OA < 1 and Ee*V"/? < co. Then

MZ-EZ)

log Ee

Next assume that Zis such that Z; - Z < 1 forevery1 < i < n. Thenforall A € (0,1/2),

log EeMZE2) < i log EV.
1-2A
Proof The proof of the first statement is based on the second inequality of Theorem 6.15.
To apply this inequality, we need to establish appropriate upper bounds for the quant-
ity > E[e¥*T(-A(Z - Z}),)] appearing on the right-hand side. By noting that
7(-x) < &*forall x > 0, we see that it suffices to bound

Y E[¢42(2- 7)) = VE[VTe].

i=1

In previous applications of the entropy method, our strategy was to relate E [V*e’\Z]
to quantities expressed as a functional of the random variable Z. Here our approach
is different: we bound the right-hand side by something that involves the moment-
generating function of Z and a functional of V*. In order to do this, we “decouple” the
random variables ¢*Z and V™.
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The duality formula of the entropy given in Theorem 4.13 serves as an ideal tool for
this purpose. Recall that the duality formula implies that for any random variable W
such that Ee" < oo,

E [(W - logEew) e’\Z] < Ent(e"?),
or equivalently,
E [We)‘z] <E [e)‘z] log E [ew] + Ent(e*?).
A natural choice for W is AV* but it is advantageous to introduce a free para-

meter 6 > 0 and apply the “decoupling” inequality above with W = AV* /6. Now the
symmetrized modified logarithmic Sobolev inequality becomes

Ent(¢*?) < A0 (E [e)‘z] log E [ew+/9] + Ent(ekz)) .

Rearranging, and writing p(A) = logEe)‘V+ for the logarithmic moment generating
function of V*, we have

(1-16) Ent(e"?) < A0p(1/0)Ee

which, of course, is only meaningful if A0 < 1. If, as before, we let G(A) =

log E¢* (Z°E2) then the previous inequality becomes
A0
AG(A) -G < r/0).
(M) -GQR) = ;—7p(/0)

This differential inequality is of the form that we have already encountered and indeed,
by Lemma 6.25,

p(u/0) i

A

Since p(0) =0, the convexity of p implies that p(u/60)/(u(1-uf)) is a non-
decreasing function and therefore

Orp(1/0)

G(A) <
W)= 1-216

)

and the first inequality of the theorem follows.
To prove the second statement of the theorem, we start with the last inequality of
Theorem 6.15 which may be written as

Az Zn AZq2 N
/
Ent(e )S E|e™“A (Zi—Z)+W .
i=1 i *
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Since (¢* - 1)/x is an increasing function, the conditions Z; —-Z<land A <1/2
imply that

n
Ent (%) < Y E[¢4(2 - 2)%2 (2 - 1)] < 22°E[7V7].
i=1

The rest of the proof is the same as for the first inequality of the theorem. d

6.10 A Modified Logarithmic Sobolev Inequality
for the Poisson Distribution

In the previous sections we derived modifications of the Gaussian logarithmic Sobolev
inequality that allowed us to prove concentration inequalities for functions of independ-
ent random variables of arbitrary distribution. For certain specific distributions, apart from
the normal distribution, sharper inequalities are available. Here we show such a “modified
logarithmic Sobolev inequality” for Poisson random variables. Recall that X has a Poisson
distribution with parameter © > 0 if X takes nonnegative integer values and for every
k=0,1,...,P{X =k} = uke " /k!.

If f is a real-valued function defined on the set of nonnegative integers N, then define
the discrete derivative of f at x € N by Df(x) = f(x + 1) - f(x). If one wanted to estab-
lish a “discrete” analog of the Gaussian logarithmic Sobolev inequality, one would hope
to prove that all functions f : N — R, Ent(f*(X)) < «E[|Df(X)|*] for some constant
k. Unfortunately, such a result is not true if X is Poisson because the supremum of
Ent((f(X))?)/E[(Df(X))*] is infinite.

However, Theorem 6.15 may be used to prove the following modified logarithmic
Sobolev inequalities for Poisson distributions, which is a refinement of the Poisson Poincaré
inequality of Exercise 3.21.

Theorem 6.17 (POISSON LOGARITHMIC SOBOLEV INEQUALITY) Let X be a Poisson
random variable and letf : N — (0, 00). Then

Ent(f(X)) < (EX)E[Df(X)Dlogf(X)],

and

Entl ()] < (EX)E [M} .

fx)

The theorem may be proved in a way similar to that with which we proved the Gaussian
logarithmic Sobolev inequality: first we establish an inequality for the Bernoulli distribu-
tion (see the lemma below) and then use the convergence of the binomial distribution to
Poisson. We leave the details of the proof to the reader.

Lemma 6.18 (MODIFIED LOGARITHMIC SOBOLEV INEQUALITIES FOR BERNOULLI
DISTRIBUTIONS) For any function f : {0,1} — (0, 00), let Vf(x) = f(1 - x) - f(x).
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Let p € (0,1), and let X be a Bernoulli random variable with parameter p (i.e,
P{X =1} =1-P{X =0} = p). Then

Ent(f(X)) < p(1 - p)E[Vf(X)V logf(X)]
and

I

En(500) = 1 - p)E | LS

Proof We only prove the first inequality. The proof of the second is left as an exercise. Let
X' be an independent copy of X. Let g = 1 - p. By the first inequality of Theorem 6.15,
taking A = 1and Z = logf(X),

Ent(f(X)) < E[f(X)¢(log(f(X")/f(X)))]
= E[f(X') - f(X) - f(X) (log(f(X")) - log(f(X)))]
= pq [-f(1)(log(f(0) —logf(1)))] + pq [-f (0)(log(f(1) - 1ogf(0)))]
= pgE [VF(X)V logf(X)]. 0

Itis easy to deduce from Theorem 6.17 that the square root of a Poisson random variable
X satisfies

logEe)‘(ﬁ'Eﬁ) <t -1)

where v = (EX)E[1/(4X + 1)]. This represents an improvement over what can be
obtained from Theorem 6.29 below (see Exercise 6.12).

6.11 Weakly Self-Bounding Functions

Self-bounding functions, discussed in Section 6.7, appear naturally in numerous applic-
ations including configuration functions and combinatorial entropies. Theorem 6.12 is
quite satisfactory as it cannot be improved in this generality and its proof is rather simple.
However, one often faces functions that only satisfy slightly weaker conditions. A prime
example, presented in Chapter 7, is the squared “convex distance.” In order to handle this
example, as well as various other naturally emerging cases, we generalize the definition of
self-bounding functions in two different ways. This section is dedicated to inequalities for
such generalized self-bounding functions. The proofs are variants of the entropy method,
all based on the modified logarithmic Sobolev inequality of Theorem 6.6. However, the res-
ulting differential inequality for the moment-generating function is not always as easy to
solve as in Theorems 6.7 and 6.12, and most of our effort is devoted to the solution of these
differential inequalities.
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We distinguish two notions of generalized self-bounding functions. In both of the
following definitions, a and b are nonnegative constants.

A nonnegative function f : X" — [0, 00) is called weakly (a, b)-self-bounding if there
exist functions f; : X" — [0, 00) such that forallx € X",

n

Z <f(x) -f; (x(i)))z <af(x)+b.

i=1

On the other hand, we say that a function f : X" — [0,00) is strongly (a, b)-self-bounding
if there exist functions f; : X"! — [0,00) such thatforalli=1,...,nandallx € X",

0=£()-£ () =1,
and

n

Z (f(x) ~fi (x(i)» < af(x) +b.

i=1

Clearly, a self-bounding function is strongly (1, 0)-self-bounding and every strongly (a, b)-
self-bounding function is weakly (a,b)-self-bounding. In both cases, the Efron-Stein
inequality implies Var (Z) < aEZ + b. Indeed, this quantity appears as a variance factor in
the exponential bounds established below.

We present three inequalities. The simplest is an inequality for the upper tails of weakly
(a, b)-self-bounding functions.

Theorem 6.19 LetX = (Xy,...,X,) be avector of independent random variables, each taking
values in a measurable set X, leta, b > 0 andletf : X" — [0, 00) be a weakly (a, b)-self-
bounding function. Let Z = f(X). If, in addition, f;(x®) < f(x) foralli < nandx € X",
then forall0 < A < 2/a,

+(Z-EZ) < (aEZ + h))\z

log E —_—
085 = 2(1-ar/2)
and for allt > 0,
2
P{Z>EZ+t}; < - .
{Z=EZ+ }_eXP( 2(aEZ+b+at/2)>

Proof Once again, our starting point is the modified logarithmic Sobolev inequality. Write
Z; =ﬁ(X(i)). The main observation is that for x > 0, ¢(-x) < x?/2.Since Z - Z; > 0,
for A > 0, by further bounding the right-hand side of the inequality of Theorem 6.6,

we obtain
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AE [Ze)‘z] ~E[]logE[] < %E |:e)‘Z Z (z- Z,v)z:|

i=1

IA

%ZE [(aZ + b)e’\z]

where we use the assumption that f is weakly (a,b)-self-bounding. Introducing
G(A) =log Ee*(?"F2) the inequality obtained above may be re-arranged to read

(1 )G(M_G(”

A2 A2

Nlt

where we write v = aEZ + b.

To finish the proof, simply observe that the left-hand side is just the derivative of the
function (1/A — a/2) G()). Using the fact that G(0) = G'(0) = 0,and that G'(1) > 0
for A > 0, integrating this differential inequality leads to

2
G(A) < L forall X €[0,2/a).
2(1-ar/2)

This shows that Z-EZ is a sub-gamma random variable with variance factor
v = aEZ + b and scale parameter a/2. The tail bound follows from the calculations
shown is Section 2.4. O

The next theorem provides lower tail inequalities for weakly (a, b)-self-bounding
functions. This will become essential for proving the convex distance inequality in
Section 7.4.

Theorem 6.20 Let X = (Xy,...,X,) be a vector of independent random variables, each tak-
ing values in a measurable set X, let a,b > 0 and let f : X" — [0,00) be a weakly
(a, b)-self-bounding function. Let Z = f(X) and define ¢ = (3a-1)/6. If, in addition,
f(%) - fi(x?) < 1foreachi < nandx € X", thenfor0 < t < EZ,

f2
P{ZSEZ‘f}feXP(‘m)-

Note thatifa > 1/3, then the left tail is sub-Gaussian with variance proxy aEZ + b, while
for a < 1/3 we will only obtain a sub-gamma tail bound.

The proof of this theorem is shown below, together with the proof of the following upper
tail inequality for strongly (a, b)-self-bounding functions.
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Theorem 6.21 LetX = (X;,...,X,) be avector of independent random variables, each taking
values in a measurable set X, let a,b > 0 and let f : X™ — [0,00) be a strongly (a, b)-
self-bounding function. Let Z = f(X) and define c = (3a - 1)/6. Then for all A > 0,

A(Z-EZ) < (aEZ + b))\,z

log Ee = 20n
and forallt > 0,
2
P{Z>EZ+t} <exp <—m> .

In this upper tail bound we observe a similar phenomenon as in Theorem 6.20 but with
a different sign. If a < 1/3, then the upper tail of a strongly (4, b)-self-bounding function is
purely sub-Gaussian.

Our starting point is once again the modified logarithmic Sobolev inequality of
Theorem 6.6.

If A > 0 and f is strongly (a, b)-self-bounding, then, using Z — Z; < 1 and the fact that
forallx € [0,1], p(-Ax) < xp(-1),

i=1

AE[Zeé*”] - E[¢]logE [¢**] < ¢(-A)E [eu > (z- Zi):|
< ¢(-A)E [(aZ +b) e}‘z] .

For any A € R, define G(1) = log Ee*#*%), Then the previous inequality may be written
as the differential inequality

[*-ap(-1)] G'(X) - G(1) < vp(-1), (64)

where v = aEZ + b.
On the other hand, if A < 0 and f is weakly (a, b)-self-bounding, then since ¢ (x)/x* is
nondecreasing over R*, ¢(-A(Z - Z;)) < ¢(-A)(Z - Z;)* so

AE[Ze] - E[¢?]1og E[¢?] < (-1)E |:e)“Z > (z- Z,-)Z:|

i=1

< ¢(-\)E [(aZ + b)e)"z] .
This again leads to the differential inequality (6.4) but this time for A < 0.

When a = 1, this differential inequality can be solved exactly as we saw it in the proof of
Theorem 6.12, and one obtains the sub-Poissonian inequality

G(A) < vp(2).
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However, when a # 1, it is not obvious what kind of bounds for G should be expected. If
a > 1, then A — ag(-1) becomes negative when A is large enough. Since both G'(A) and
G(A) are nonnegative when A is nonnegative, (6.4) becomes trivial for large values of A.
Hence, at least when a > 1, there is no hope to derive Poissonian bounds from (6.4) for
positive values of A (i.e. for the upper tail).

The following lemma, proved in Section 6.12 below, is the key to the proof of both
Theorems 6.20 and 6.21. It shows that if f satisfies a self-bounding property, then on the
relevant interval, the logarithmic moment-generating function of Z — EZ is upper bounded
by v times a function G, defined by

)\’2

RARRE Y

for every A such that yA < 1

where ¥ € R is a real-valued parameter. In the lemma below we mean ;' = 00

(resp. ¢-! = 00) when ¢, = 0 (resp.c_ = 0).
Lemma 6.22 Leta,v > 0 and let G be a solution of the differential inequality
(A -ap (-M)JH (1) -H(}) < v ().
Definec = (a—1/3)/2. Then, for every . € (0,¢;*)
G(A) = 4G, (3)
and for every A € (-6, 0)
G(A) = vG_.(A)
where® = ¢ (1 - \/1-6c_) ifc. > 0and 6 = a' whenever c_ = 0.

The proofis given in the next section. Equipped with this lemma, it is now easy to obtain
Theorems 6.20 and 6.21.

Proof of Theorem 6.20. We have to check that the condition A > —6 is harmless. Since
6 < ¢!, by continuity, for every t > 0,

(t v ) (t Wy )
sup {tu- ——— )= sup [tu———<|.
ue(06) 2(1-cu) ue(0,0] 2(1-cu)

Note that we are only interested in values of  that are smaller than EZ < v/a. Now the
supremum of

uzv

- ———
2(1-cu)

as a function of u € (0,c!) is achieved either at u; =t/v (if c. =0) or at

u = ¢! (1 -(1+ (2tc_/v))_1/2> (ifc. > 0).
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Itis time to take into account the restriction t < v/a. In the first case, when u; = t/v,
it implies that u; < a™! = 0, while in the second case, since a = (1 - 6¢_) /3 it implies
that 1+ (2tc_/v) < (1-6¢c.)"" and therefore u; < ¢! (1-/1-6c) =6. In both

cases u; < 6 which means that for every t < v/a

<t uy ) (t uty )
sup (tu- ——— )= sup |(tu- ———
ue(0,0] 2(1-cu))  ue@en 2(1-cu)

and the result follows. O

Proof of Theorem 6.21. The upper-tail inequality for strongly (g, b)-self-bounding func-
tions follows from Lemma 6.22 and Markov’s inequality by routine calculations,
exactly as in the proof of Bernstein’s inequality when ¢, > 0, and it is straightforward
when ¢, = 0. O

Example 6.23 (THE SQUARE OF A REGULAR FUNCTION) To illustrate the use of the
results of this section, consider a function g : X" — R and assume that there exists a
constant v > 0 and that there are measurable functions g; : X! — R such that for
allx € X", g(x) > gi(x?),

n

> (e -g (x("))2 <v.

i=1

We term such a function v-regular. If X = (Xy,...,X,) € X" isavector of independ-
ent X'-valued random variables, then by Theorem 6.7, forall t > 0,

Plg(X) > Bg(X) + ¢} < /),

Even though Theorem 6.7 provides an exponential inequality for the lower tail, it
fails to give an analogous sub-Gaussian bound for P {g(X) < Eg(X) - t}. Here we
show how Theorem 6.20 may be used to derive lower-tail bounds under an additional
bounded-differences condition for the square of g.

Corollary 6.24 Let g: X" — R be a v-regular function such that for all x € X" and
i=1,...,ng(x)? —g,v(x("))2 < 1. Then forallt > 0,

P{g(X)* < E[g(X)"] -t} < exp (&,E [g(x)z]_j H(4v - 1/3)) '

In particular, if g is nonnegative and v > 1/12, then for all0 < t < Eg(X),
P{g(X) < Eg(X) -t} < /),
Proof Introduce f(x) = g(x)? and f;(x?) = g(x))2. Then

0 < f(x)-fi(x¥) < 1.
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Moreover,

n

3 (594 () = 2 (698 (<))’ (s 4 (<))

i=1 i=1

" RS
= 4g(x)? Z (g(x) -8 (x(’)>)
i=1
< 4vf(x)
and therefore f is weakly (4v,0)-self-bounding. This means that Theorem 6.20 is

applicable and this is how the first inequality is obtained.
The second inequality follows from the first by noting that

P{g(X) <Eg(X)-t} <P {g(X)\/E [¢(X)?] < E[g(X)*] -t\/E [g(X)Z]}
<p {g<x>2 < E[g(0)] -1,/ [g<x>2]} ,

and now the first inequality may be applied. O
For a more concrete class of applications, consider a nonnegative separately convex
Lipschitz function g defined on [0,1]". If X = (X;,...,X,) are independent random
variables taking values in [0, 1], then by Theorem 6.10,
P{g(X) - Eg(X) > t} < /%
Now we may derive a lower-tail inequality for g, under the additional assumption that g*
takes its values in an interval of length 1. Indeed, without loss of generality we may assume

that g is differentiable on [0, 1]” because otherwise one may approximate g by a smooth
function in a standard way. Then, denoting

@MY = !
8i\¥x = inf g(xly ce ey Xinly Xy Xigly e - - )xn);
xeXx

by separate convexity,

g(x) g (x(i)) < ‘s—i(x) .

Thus, for every x € [0, 1]",

n

(g(x) -8 (x(i)>)2 <1

i=1
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We return to the this problem in Section 7.5 where we will be able to drop the extra
assumptions on the range of g*.

For a concrete example, consider the £, norm |[|x||, for some p > 2. Then g(x) = [|x||,
is convex and Lipschitz, so we obtain that if X = (Xj,...,X,) is a vector of independent
random variables taking values in an interval of length 1, then for all t > 0,

P {IIXIIZ < E|X]I; - t} < ¢/ GEIXID)

and 2
P{IXIl, < EIXI|l, -t} <"/

6.12 Proof of Lemma 6.22

The key to the success of the entropy method is that the differential inequalities for the
logarithmic moment-generating function of Z can be solved in many interesting cases. The
cases considered so far were all easily solvable by lucky coincidences. Here we try to extract
the essence of these circumstances and generalize them so that a large family of solvable
differential inequalities can be dealt with. The next lemma establishes some simple sufficient
conditions. Then Lemma 6.26 will allow us to use Lemma 6.25 to cope with more difficult
cases, and this will lead to the proof of Lemma 6.22.

Lemma 6.25 Let f be a nondecreasing continuously differentiable function on some interval I
containing O such that f(0) = 0, f'(0) > 0 and f(x) # 0 for every x # 0. Let g be a con-
tinuous function on I and consider an infinitely many times differentiable function G on I
such that G(0) = G'(0) = 0 and for every A € I,

fG M) - (MGM) = f(M)g().

Then, for every .. € I, G(A) < f(X) foA g(x)dx.

Note the special case when f(A) = 2, and g(A) = L?/2 is the differential inequality
obtained, for example, in Theorems 5.3 and 6.7 and is used to obtain sub-Gaussian concen-
tration inequalities. If we choose f(1) = ¢* — 1 and g(A) = —d(A/¢" - 1)/dA, we recover
the differential inequality seen in the proof of Theorem 6.12.

Proof Define p(1) = G(A)/f()) for every A # 0and p(0) = 0. Using the assumptions on
G and f, we see that p is continuously differentiable on I with

G// (0)

27(0)

)= fRGH) -f(MGQ)
()

Hencef (A) G' (A) —f' () G (A) < f* (1) g (1) implies that

o' (A for A#0 and p'(0)=

p(x) =g
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and therefore that the function A(1) = fok g(x)dx - p(X) is nondecreasing on I. Since
A(0) = 0, A and f have the same sign on I, which means that A(1)f (1) > OforA € I
and the result follows. |

Except when a = 1, the differential inequality (6.4) cannot be solved exactly. A round-
about is provided by the following lemma that compares the solutions of a possibly difficult
differential inequality with solutions of a differential equation.

Lemma 6.26 Let I be an interval containing 0 and let p be continuous on I. Let a > 0 and
v > 0.Let H : I — R, be an infinitely many times differentiable function satisfying

AH(3) ~ H() < p(3) (aH (1) +v)
with
aH'(A) +v >0 forevery X €1 and H'(0)=H(0) = 0.

Let po : I = R be a function. Assume that Gy : I — Ris infinitely many times differenti-
able such that for every A € I,

aGy(A) +1 >0 and Gy(0) = Go(0) = 0 and G,(0) = 1.
Assume also that Gy solves the differential equation
AGH(1) ~ Go(1) = pol) (aGy(3) +1).
If p(X) < po(A) forevery A € I, then H < vGy.

Proof LetI, p,a,v,H, Gy, po be defined as in the statement of the lemma. Combining the
assumptions on H, p, o and Gy,
(AGy(A) = Go(A)) (aH'(X) +v)
aGy(A) +1

AH' (L) -H(A) <

for every A € I, or equivalently,
(A +aGo(A))H'(X) - (1 +aGy(A)) H(A) < v(AGy(A) - Go(1)) .
Setting f(1) = A + aGo(A) for every A € I and definingg : I — Rby

v (AGy(1) - Go(2))
(A +aGo(1))*

g(A) = if A #0andg(0) = g,

our assumptions on Gy imply that g is continuous on the whole interval I so that we
may apply Lemma 6.25. Hence, for every A € I

HO) <10 [ " g = ) | ' (Cjif)))d

and the conclusion follows since lim, .o Go(x)/f(x) = 0. O
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Observe that the differential inequality in the statement of Lemma 6.22 has the same
form as the inequalities considered in Lemma 6.26 where ¢ replaces p. Note also that for
anyy = 0,

2G, (%) = i

1-yA
solves the differential inequality
AH' (L) -H() =22 (yH' (M) +1). (65)

So by choosing y = a and recalling that for A > 0, ¢(-1) < A?/2, it follows immediately
from Lemma 6.26, that
A2y
G(A) < — for A€ (0,1/a).
() = 3y o 2 01/0)
As G is the logarithmic moment-generating function of Z — EZ, this can be used to derive

a Bernstein-type inequality for the left tail of Z. However, the obtained constants are not
optimal, so proving that Lemma 6.22 requires some more care.

Proof of Lemma 6.22. The function 2G, may be the unique solution of equation (6.5)
but this is not the only equation for which G,, is the solution. Define

AG, (1) - G, (%)

pr(%) = 1+aG, (1)

Then, on some interval I, G, is the solution of the differential equation
AH'(1) -H(}) = p, (A)(1 +aH'(R)),

provided 1 + aG, remains positive on I.
Thus, we have to look for the smallest y > 0 such that, on the relevant interval I
(with 0 € I), we have both ¢(-A) < p, (A1) and 1 + aG, (L) > 0for A € L
Introduce

D, (1) = (1~ A1 +aG, (1) = (1~ yA)* + a (1 : ’%)
=1+2(a/2-y)r-y(a/2-y)r%

Observe that p, (1) = A%/(2D, (1)).

For any interval I, 1 + aG;, (A) > 0 for A € I holds if and only if D, (1) > 0 for
A € 1. Hence, if D, (1) > 0 and ¢(-1) < p, (1), then it follows from Lemma 6.26
that for every A € I, we have G(1) < vG, (A).
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We first deal with intervals of the form I=[0,¢;') (with ¢;'=o00
when ¢, =0). If a <1/3, that is, ¢, =0, D, (A) =1+ax >0 and p.(A) >
22/(2(1+A/3)) > ¢p(=A) for A € I = [0, +00).

If a>1/3, then D, () =1+A/3 - c,A2/6 satisfies 0 < 1+ A/6 < D, (2) <
1 + A/3 on an interval I containing [0, c;'), and therefore p,, (1) > ¢(-1A) on L.

Next we deal with intervals of the form I = (-6,0] where § = a™! if ¢_ =0,
and 6 = ¢'(1-4/1-6c_) otherwise. Recall that for any A € (-3,0], ¢(-A) <
A2/2(1 +1/3)).

Ifa > 1/3, thatis,c. = 0,D_. (A) = 1+ ak > 0for A € (a”',0],

22 A2

P (A) = 2 +an) — 21+ 0/3)

Fora € (0,1/3), note first that 0 < c_ < 1/6, and that

P A\’
0<D. (M) <l+-+—=<|1+-—
3 36 6

for every A € (-6, 0]. This also entails that p_. (1) > ¢(-A) for A € (-6, 0]. O

6.13 Some Variations

Next we present a few inequalities that are based on slight variations of the entropy method.
These versions differ in the assumptions on how V* or V- are controlled by different func-
tions of Z. These inequalities demonstrate the flexibility of the method, but our aim is not to
give an exhaustive list of concentration inequalities that can be obtained this way. The mes-
sage of this section is that by simple modifications of the main argument one may exploit
many special properties of the function f.

We start with inequalities that use negative association between increasing and decreas-
ing functions of Z.

Theorem 6.27 Assume that for some nondecreasing functiong : R — R,
V- <g(2).
Then for allt > 0,
P{Z < EZ -t} < ¢/(4E(2)
Proof In order to prove lower-tail inequalities, it suffices to derive suitable upper bounds

for the moment-generating function F(1) = Ee*? for negative values of A. By the third
inequality of Theorem 6.18,
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AE [Ze’\Z] -E [e’\Z] log E [e)‘z]

<Y E[*t(M(Z - 2).)]

i=1
< ) E[¢72(z- 2]

i=1

(using A < 0 and that 7(-x) < «* forx > 0)
= MVE[V7]
< AE [ekzg(Z)] .

Since g(Z) is a nondecreasing and ¢ is a decreasing function of Z, Chebyshev’s
association inequality (Theorem 2.14) implies that

E[¢7g(2)] < E[¢7] ELg(2)].

The inequality obtained has the same form as the differential inequality we saw in the
proof of Theorem 6.2 (with Eg(Z) in place of v/2) and it can be solved in an analogous
way to obtain the announced lower-tail inequality. O

Often it is more natural to bound V* by an increasing function of Z than to bound V~. In
such situations one can still say something about lower tail probabilities of Z but we need
the additional guarantee that | Z — Z;| remains bounded and that the inequality only applies
in a restricted range of the values of .

Theorem 6.28 Assume that there exists a nondecreasing function g such that V* < g(Z)
and for any value of X = (Xy,...,X,) and X, |Z - Z{| < 1. Then for all K > 0, if
A € [0,1/K), then

7(K)
log Ee M%E2) < )2 "L Eo(7).
og B < 22T kg 2)
Moreover, forall 0 < t < (e — 1)Eg(Z), we have

2
P{Z<EZ—t}§exp(-m>

Proof The key observation is that the function 7(x)/x* = (¢* - 1)/x is increasing if
x > 0. Choose K > 0. Thus, for » € (-1/K,0), the second inequality of Theorem
6.15 implies that
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n

ME [Ze)‘z] -E [e)‘Z] log E [EAZ] < ZE [e}LZT(—)»(Z - Z:)+)]

i=1
2TEK) g
<A _KZ E[e Vv ]

, T(K) s
<A — E [8(2)e],
where at the last step we used the assumption of the theorem.
As in the proof of Theorem 6.27, we bound E [g(Z)e)‘Z] by E[g(Z)]E [e)‘Z]. The
rest of the proofis identical to that of Theorem 6.27. Here, we took K = 1. O

Our last general result deals with a frequently faced situation. In these cases V" may be
bounded by the product of Z and another random variable W with well-behaved moment-
generating function. The following theorem provides a way to deal with such functionals
efficiently and painlessly.

Theorem 6.29 Assume that f is nonnegative and that there exists a random variable W,
such that

Vvt < wz
Then forall > 0and ). € (0,1/0),

W(VZ-EVZ) < —)Le logEe)‘W/e.
1-)16

log Ee

Note that this theorem only bounds the moment-generating function of +/Z. However,
one may easily obtain bounds for the upper-tail probability of Z by observing that, since
VEZ > E«/z and by writing x = ~/EZ + t - v/EZ, we have, for A > 0,

P{Z>EZ+t} <P [ﬁ > EVZ+ x] < E(VZEVZ) i

by Markov’s inequality.
Proof Introduce Y = v/Z and YD = V/Z0. Then

E [le(y - Y("))i:| - E [Z (VZ- \@)2}

i=1

[ (2-29).\
SEPEERN

i=1
w.

IA

Thus, applying Theorem 6.16 for Y proves the statement. O
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Example 6.30 (TRIANGLES IN A RANDOM GRAPH) Consider the Erdés-Rényi G(n, p)
model of a random graph. Recall that such a graph has n vertices and for each pair
(u,v) of vertices an edge is inserted between u and v with probability p, independently.
We write m = (;) , and denote the indicator variables of the m edges by X, ..., X,
(ie. X; = 1 if edge i = (4, v) is present in the random graph and X; = 0 otherwise).
Three edges form a triangle if there are vertices u, v, w such that the edges are of the
form (u,v), (v,w), and (w, u). Concentration properties of the number of triangles in
a random graph have received a great deal of attention and sharp bounds have been
derived by various sophisticated methods for different ranges of the parameter p of the
random graph (see the bibliographical remarks at the end of the chapter). Interestingly,
the left tail is substantially easier to handle, as Janson’s inequality, presented in the next
section, offers sharp estimates. However, proving sharp inequalities for the upper tail
was much more challenging. Here we only show some sub-optimal versions that are
easy to obtain from the general results of this chapter.

LetZ = f(X, ..., X,,) denote the number of triangles in a random graph. Note that

n(n-1)(n-2) , N n’p’
6 6

Var (2) = <;> (¥’ -p°) + <Z) (:) ¥ - ).

To obtain exponential upper-tail inequalities, we estimate the random variable

Vi =Y "EZz-Z).
i=1

If v and u denote the extremities of edge i (1 < i < m), then we denote by B; the
number of vertices w such that both edges (4, w) and (v, w) exist in the random graph.
Then

EZ =

and

= iX,-(l -p)B..
i=1

Since ZZI X;B; = 3Z, we have
<(1- p)ZX (max B)
(1-p) ( max B) ZXB

3(1—p)<max B)Z

j=L.ym

By bounding max;., ., B; trivially by n, we have V* < 3(1 - p)nZ. Define Fi(XD) as
the number of triangles when we force the i-th edge to be absent in the graph. Then
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clearly Y (f(X) —f,-(X“)))2 = V*/(1 - p) and therefore, using the terminology of
Section 6.11, f is weakly (3n, 0)-self-bounding. Thus, by Theorem 6.19,

t2
PZ>EZ+t} < -— .
z=z }_eXP< n4p3+3nt)

It is clear that in the argument above a lot is lost by bounding W L3 maxj_;,_ B;j by
n.Indeed, one may achieve a significant improvement by using Theorem 6.29. In order
to do so, we need to bound the moment-generating function of W. This may be done
by another application of Theorem 6.19. Let W denote the value of W when edge i
is deleted from the random graph (if the graph contained that edge). Then wh <w
and

n

N2
Z(W—W(’)> < 18W,

i=1
so W is weakly (18, 0)-self-bounding. Hence, by Theorem 6.19,

sw-pw) _ IMEW

log E .
o8¢ = 1o

Denoting Y = «/Z Theorem 6.29 leads to

2 2
srEn) - A (WEW N WEW
T1-A\1-92 = 1-10x

log Ee

This is a sub-gamma bound for the moment-generating function of Y, and the compu-
tations of Sections 2.4 and 2.8 imply

t?
P{Y>EY+t}§exp —m .

Now it remains to bound the expected value of W. Note that W/3 is the maximum of
m= (;) binomial random variables with parameters (n, p*). In order to obtain a quick
upper bound for EW/3, it is convenient to use the technique presented in Section
2.5 as follows: let S; with i < m denote a sequence of binomially distributed random
variables with parameters n and p?. By Jensen’s inequality,

EW/3 < log <E max es’>

i=1,0.m
<log (E [mesl])
= logm + log (Eesl)
<logm+ (e- 1)np*
<2logn+ 2np2.
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Arguably, the most interesting values for p are those when p is at most of the order of

12 and in this case, the dominating term in the above expression is 2 log n. Hence,

we obtain the following bound for the tail of Y = JZ

2
PY>EY+ty<exp|- .
= J = e ( 24(np? + logn) + ZOt)
It is now easy to get tail bounds for the number Z of triangles. We spare the reader from
the straightforward details (see the exercises).

6.14 Janson’s Inequality

Aswe saw in the examples of Section 6.13, in many cases the special structure of the function
of independent random variables can be used to deduce concentration inequalities. In this
section we present another general result, a celebrated exponential lower-tail inequality for
Boolean polynomials.

More precisely, consider independent binary random variables X, ..., X, such that
P{X; =1} = 1 - P{X; = 0} = p; for some py,...,p, € [0,1]. To simplify notation, we
identify every binary vector « € {0, 1}" with the subset of {1, ..., n} defined by the non-
zero components of . For example, for i € {1,...,n}, we write i € o to denote that the
i-th component of « equals 1. Then for each & € {0, 1}", we introduce the binary random

variable
Yo =] [
i€

Given a collection Z of subsets of the binary hypercube {0, 1}", we may define

Z:ZYO,,

ael

which is a polynomial of the binary vector X = (Xj, ..., X,).

Boolean polynomials of this type are common in many applications of the probabilistic
method in discrete mathematics and also in the theory of random graphs, and their concen-
tration properties have been the subject of intensive study. Note that for any o, 8 € 7 with
aNB=0@Geifo;p; =0foralli=1,...,n),EY,Ys = EY,EYy and therefore the variance
of Z equals

Var(2) = EZ - (EZ)’ = ) EY,Yg- »  EY,EYp

a,feT a,feT
= ) (EY.Ys - EY,EYp)
a,BeL:aNBH#)
< D ENY
a,BeT:anB#)

def
= A.
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Thus, by Chebyshev’s inequality,
A
P{|Z-EZ| >t} < .

The next theorem shows the surprising fact that, at least for the lower tail, there is always an
exponential version of this inequality.

Theorem 6.31 (JANSON’S INEQUALITY) Let Z denote a collection of subsets of {0, 1}" and
define Z and A as above. Then for all . < 0,

2
logEe)‘(Z’EZ) <¢ E (EZ)
- EZ A

where ¢(x) = € — x — 1. In particular, for all0 < t < EZ,
P{Z<EZ-t} <"/,

The proof of Janson’s inequality shown here shows certain similarities with the entropy
method. In particular, the proof is based on bounding the derivative of the logarithmic
moment-generating function of Z. However, sub-additivity inequalities can be avoided
because of a positive association property that can be exploited by an appropriate use of
Harris’ inequality (Theorem 2.15).

Proof Denote the logarithmic moment generating function of Z-EZ by
G(1) = log E**"F9)_ Then the derivative of G equals

E[Yqe?]

FoZ - EZ.

G() = EEEZ;ZZ] ~Ez=)

ael

In the following, we derive an upper bound for each term E [Ya e ] of the sum on the
right-hand side.

Fix an a € Z and introduce U, = Zﬂ:ma#w Ys and Z, = Zﬂ:ﬂﬂa:@ Y. Clearly,
regardless of what « is, Z = U, + Z,. Since

E[Y,e’] =E[¢” | Y, = 1] EY,,

it suffices to bound the conditional expectation. The key observation is that since
A < 0, both exp(AU, ) and exp(AZ, ) are decreasing functions of X, . . . X,,.
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E[ | Y, =1]

_ B[V | ¥, = 1]

> E [e’\U‘* | Yy = 1] E [eu‘* | Yy = 1] (by Harris’ inequality)
=E [e)”U“ | Yy = 1] Ee% (since Z, and Y,, are independent)
>E [e}‘U“ | Yy = 1] Eé?  (asZ, < Z)

> HELUalYaml]pet2 (by Jensen’s inequality).

Note that we apply Harris” inequality above conditionally, given Y, = 1. This condi-
tion simply forces X; = 1 for all i € o, so both U, and Z, are increasing functions of
the independent random variables X;, i ¢ o and Harris’ inequality is used legally. Thus,
we obtain

E [ZeAZ ]
EZ

> Ei? Z 121; GELAU Y1)

EY,
> Ee* exp (Z Z E[AUy | Yy = 1]) (by Jensen’s inequality)

where we use the fact that

A:ZE[YaUa].

ael

Summarizing, we have, forall A < 0,
G'(A) = EZ (P - 1).

Thus, integrating this inequality between A and 0 and using G(0) = 0, we find that for
A <0,

G < —EZ/AO (e 1) du=s (g) w2y

as desired. The second inequality follows from the simple fact that for x > 0,
p(-x) <«*/2. O

Remark 6.6 (PROBABILITY OF NON-EXISTENCE) In many applications of Janson’s
inequality, one wishes to show that in a random draw of the vector X = (X, ..., X,),
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with high probability, there exists atleast one element o € Z for which Y, = 1.In other
words, the goal is to show that Z > 0 with high probability. To this end, one may write

P{Z=0}=P{Z <EZ-EZ} < exp (—

which is guaranteed to be exponentially small whenever V/A is small compared to EZ.

Example 6.32 (TRIANGLES IN A RANDOM GRAPH) A prototypical application of
Janson’s inequality is the case of the number of triangles in an Erdés—-Rényi random
graph G(n, p), discussed in Example 6.30 in the previous section. If Z denotes the
number of triangles in G(n, p), then recall that

EZ - (Z);ﬁ and  Var(Z) = <;l>p3(1—p3)+2<:><;>p5(1—p).

The value of A may also be computed in a straightforward way. One obtains

s ()

which is only slightly larger than Var (Z). For the probability that the random graph
does not contain any triangle, we may use Janson’s inequality with t = EZ:

(3"

G cep(OF
re=0 <on (o) < (o)

6.15 Bibliographical Remarks

The key principles of the entropy method rely on the ideas of proving Gaussian concen-
tration inequalities based on logarithmic Sobolev inequalities. These are summarized in
Chapter 5, where we also give some of the main references. It was Michel Ledoux (1997)
who realized that these ideas may be used as an alternative route to some of Talagrand’s
exponential concentration inequalities for empirical processes and Rademacher chaos.
Ledoux’s ideas were taken further by Massart (2000a), Bousquet (2002a), Klein (2002),
Rio (2001), and Klein and Rio (2005), while the core of the material of this chapter is based
on Boucheron, Lugosi, and Massart (2000, 2003, 2009).

Different versions of the modified logarithmic Sobolev inequalities used in this chapter
are due to Ledoux (1997, 1999, 2001) and Massart (20004).

The bounded differences inequality is perhaps the simplest and most widely used expo-
nential concentration inequality. The basic idea of writing a function of independent
random variables as a sum of martingale differences, and using exponential inequalit-
ies for martingales, was first used in various applications by mathematicians including
Yurinskii (1976), Maurey (1979), Milman and Schechtman (1986), and Shamir and
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Spencer (1987). The inequality was first laid down explicitly and illustrated by a wide
variety of applications in an excellent survey paper by McDiarmid (1989), and the res-
ult itself has often been referred to as McDiarmid’s inequality. Martingale methods have
served as a flexible and versatile tool for proving concentration inequalities (see the more
recent surveys of McDiarmid (1998), Chung and Lu (2006b), and Dubhashi and Panconesi
(2009)).

The exponential tail inequality for sums of independent Hilbert-space valued random
variables derived in Example 6.3 is just a simple example. There is a vast literature dealing
with tails of sums of vector-valued random variables. It is outside the scope of this book
to derive the sharpest and most general results. Here we merely try to make the point that
general concentration inequalities prove to be a versatile tool in such applications. In fact,
applications of this type motivated some of the most significant advances in the theory of
concentration inequalities. In Chapters 11, 12, and 13 we discuss many of the principal
modern tools for analyzing the tails of sums of independent vector-valued random vari-
ables and empirical processes. For some of the classical references, the interested reader is
referred to Yurinskii (1976, 1995), Ledoux and Talagrand (1991), and Pinelis (1995).

The inequality described in Exercise 6.4 was proved independently by Guntuboyina and
Leeb (2009) and Bordenave, Caputo, and Chafai (2011).

Theorem 6.5 is due to McDiarmid (1998) who proved it using martingale methods. The
proof presented here is due to Andreas Maurer who kindly permitted us to reproduce his
elegant work.

The exponential inequality for the largest eigenvalue of a random symmetric matrix
described in Example 6.8 was proved by Alon, Krivelevich, and Vu (2002) who used
Talagrand’s convex distance inequality. Maurer (2006) obtained a better exponent with a
more careful analysis. Alon, Krivelevich, and Vu (2002) show, with a simple extension of the
argument, that for the k-th largest (or k-th smallest) eigenvalue the upper bounds become
/(6 though it is not clear whether the factor k™ in the exponent is necessary.

Theorem 6.9 appears in Maurer (2006). Theorem 6.10 was first established by Talagrand
(1996¢) who also proves a corresponding lower tail inequality which is presented in Section
7.5. The proof given here is due to Ledoux (1997).

Self-bounding functions were introduced by Boucheron, Lugosi, and Massart (2000)
who prove Theorem 6.12 building on techniques developed by Massart (2000a). Various
generalizations of the self-bounding property were considered by Boucheron, Lugosi, and
Massart (2003, 2009), Boucheron et al. (2005b), Devroye (2002), Maurer (2006), and
McDiarmid and Reed (2006). In particular, McDiarmid and Reed (2006) considered what
we call strongly (a, b)-self-bounding functions and proved results that are only slightly
weaker than those presented in Section 6.11. The weak self-bounding property was first
considered by Maurer (2006), and Theorem 6.19 is due to him. Theorems 6.21 and 6.20
appear in Boucheron, Lugosi, Massart (2009).

We note here that the inequality linking the expected and annealed VC entropies answers,
in a positive way, a question raised by Vapnik (1995, pp. 53-54): the empirical risk minimiz-
ation procedure is non-trivially consistent and rapidly convergent if and only if the annealed
entropy rate (1/n)log, ET(X) converges to zero. For the definitions and discussion we
refer to Vapnik (1995).
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The material of Sections 6.8, 6.9, and 6.13 is based on Boucheron, Lugosi, and Massart
(2003).

Klaassen (1985) showed that Poisson distributions satisfy the “modified Poincaré”
inequality

Var (f(2)) < EZ x E[|Df(2)[*]

(see Exercise 3.21).

The search for modified logarithmic Sobolev inequalities, that is, functional inequalities
which capture the tail behavior of distributions that are less concentrated than the Gaussian
distribution, was initiated by Bobkov and Ledoux (1997). Their aim was to recover some
results of Talagrand concerning concentration properties of the exponential distribution.
Bobkov and Ledoux (1997, 1998) pointed out that the Poisson distribution cannot sat-
isfy an analog of the Gaussian logarithmic Sobolev inequality. They establish the second
inequality of Theorem 6.17. The first inequality of Theorem 6.17 is due to Wu (2000).
Other modified logarithmic Sobolev inequalities have been investigated by Ané and Ledoux
(2000), Chafai (2006), Bobkov and Tetali (2006), and others.

Janson’s inequality (Theorem 6.31) was first established by Janson (1990). This inequal-
ity has since become one of the basic standard tools of the probabilistic method of discrete
mathematics and random graph theory, and many variations, refinements, and alternative
proofs are now known. We refer the reader to the monographs of Alon and Spencer (1992),
and Janson, Luczak, and Rucinski (2000) for surveys and further references.

The number of triangles, and more generally, the number of copies of a fixed subgraph,
in a random graph G(#, p) has been a subject of intensive study. For the lower-tail probabil-
ities, Janson’s inequality, shown in Section 6.14, gives an essentially tight bound. However,
obtaining sharp bounds for the upper tail has been an important non-trivial challenge.
For such upper-tail inequalities we refer the interested reader to the papers Kim and Vu
(2000, 2004), Vu (2000, 2001), Janson and Rucinski (2004, 2002), Janson, Oleszkiewicz,
and Rucinski (2004), Bolthausen, Comets, and Dembo (2009), Déring and Eichelsbacher
(2009), Chatterjee and Dey (2010), Chatterjee (2010), DeMarco and Kahn (2010), and
Schudy and Sviridenko (2012).

The inequalities derived in Example 6.30 are not the best possible.

6.16 EXERCISES

6.1. Relax the condition of Theorem 6.7 in the following way. Show that if
X=(Xy,...,X,)and
X:| <v

E [i(Z—Zﬁ)i
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6.2.

6.3.

then forallt > 0,

P{Z>EZ+t} <t/

X] <,

P{Z <EZ-t} </,

and if

B [i(z-z:)z

then

(THE CAUCHY INTERLACING THEOREM) Let Abe ann X n Hermitian matrix with
eigenvalues o; < &, < -+ < a,,. Denote by R, the Rayleigh quotient defined, for
everyx € C"\ {0}, by

x*Ax

x*x

Ra(x) =
Prove the min-max formulas
a = max {min {Ry(x) : x € Uandx # 0} : dim(U) = n -k + 1}
and
a = min {max {R4(x) : x € Uandx # 0} : dim(U) = k} .

Let P be an orthogonal projection matrix with rank m and define the Hermitian
matrix B = PAP. Denoting by 8; < B, < --- < B,, the eigenvalues of B, using the
minmax formulas, show that the eigenvalues of A and B interlace, that is, for all
j < maj < Bj < tty_psj. (See Bai and Silverstein (2010).)

(RANK INEQUALITY FOR SPECTRAL MEASURES) Let A and B be n X n Hermitian
matrices and denote by F4 and Fjp the distribution functions related to the spectral
measures L4 and Ly of A and B, respectively. Setting k = rank(A — B), prove the rank
inequality

k
|IFs - Fplloo < —.
n

Hint: show that one can always assume that

All A12 Bll A12
A= and B =
|:A21 A22:| |:A21 Azz:|



6.4.

6.5.

6.6.

6.7.

6.8.
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where the order of A, is n—k X n—k. Use the Cauchy interlacing theorem
(see Exercise 6.2 above) for the pairs of Hermitian matrices A and A, on the one
hand and B and A;, on the other hand. (See Bai and Silverstein (2010).)

Show that the convexity assumption is essential in Theorem 6.10, by considering
the following example: let n be an even positive integer and define A = {x € [0,1]" :
> x < n/2}. Letf(x) = infyea [|x - yl|. Then clearly f is Lipschitz but not convex.
Let the components of X = (Xj, ..., X,,) beiid. with P{X; = 0} = P{X; = 1} = 1/2.
Show that there exists a constant ¢ > 0 such that P{f(X) > Mf(X) + cn'/*} > 1/4
for all sufficiently large n. (This example is taken from Ledoux and Talagrand (1991,
p-17).)

Prove the following generalization of Theorem 6.10. Let X C R be a convex com-
pact set with diameter B. Let X, ..., X, be independent random variables taking
values in X" and assume that f : X" — R is separately convex and Lipschitz, that
is, | f(x) —f()| < llx—yll forallx,y € X" C R*. ThenZ = f(X;, ..., X,) satisfies,
forallt > 0,

P{Z>EZ+t} <¢t/0B),

Let Xj, ..., X, be independent vector-valued random variables taking values in a
compact convex set X C R? with diameter B. Let A denote the d x n matrix whose
columns are Xj, . . ., X,, and let Z denote the largest singular value of A. Show that

P{Z > EZ+t} < et/0B),

Compare the result with Example 6.11.

Assume that Z = f(X) = f(Xy,...,X,) where Xj,...,X, are independent real-
valued random variables and f is a nondecreasing function of each variable. Suppose
that there exists another nondecreasing function g : R" — R such that

> (z-z) < g(x).

i=1
Show that forallt > 0,
P{Z <EZ-t} < ot/ (4Eg(X))

Hint: use Harris’ inequality (Theorem 2.15).

(ALMOST BOUNDED DIFFERENCES) Assume that Z = f(X) = f(X, . .., X,) where
Xj,...,X, are independent real-valued random variables. Assume there exists a
monotone set A C R" and constants v,C > 0 such that for x = (x;,...,x,) €
A, D (f(x) —infy f(xq, ..., x), ... ,%,))* <v and for all x ¢ A, Y . (f(x)-
infx[f(xl, R A .,%,))* < C. (A monotone set is such that if x € A and y > «
(component-wise) then y € A.) Show that forall t > 0,



212 | THE ENTROPY METHOD

6.9.

6.10.

£
P{Z >EZ+l’} < exp (m)

Hint: use Harris’ inequality (Theorem 2.15).

(RADEMACHER CHAOS OF ORDER TWO) Let 7 be a finite set of n X n symmetric
matrices with zero diagonal entries. Let € = (&1, . . ., &,) be a vector of independent
Rademacher variables. Let

n n
Z = max E E Mi,jgigj
MeT
=1 j=1
and

2 1/2
n n

Ve | 1| LM

=1 \ j=1

Let B = maxye7 ||M||> where || M|| denotes the (operator) norm of matrix M. Prove
that

Var (2) < 8E[Y?]

Var (Y?) < 8BE[Y?]
2

log BV EY) <« = gBE[y?
08¢ = (1-8Bx) ']
2
logEek(Z—EZ) < 16A [ 2],
= 2(1-64B))

where A > 0. Hint: use Theorem 6.16 twice. Show that 82 upper bounds an Efron-
Stein estimate of the variance of Z. Then use the fact that Y may be represented as
the supremum of a Rademacher process, and prove that Y2 is (16B, 0)-weakly self-
bounding. Note that

2 2
E[Y’]=E ;{1;}; ; &igiM;
See Talagrand (1996b), Ledoux (1997), and Boucheron, Lugosi, and Massart
(2003).

Prove Theorem 6.17. Hint: use Lemma 6.18 and the so-called “law of rare events,”
that is, the convergence of the binomial distribution to a Poisson.

. (A LOGARITHMIC SOBOLEV INEQUALITY FOR THE EXPONENTIAL DISTRIBU-

TION). Assume X is exponentially distributed, that is, it has density exp(—«x)for
x > 0.Prove thatiff : [0,00) — Ris differentiable, then
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6.13.

6.14.
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Ent ((f(X))*) = 4E [X(f'(X))*].

Hint: use the fact that if X; and X, are independent standard Gaussian random vari-
ables, (X? + X2)/2 is exponentially distributed, and use the Gaussian logarithmic
Sobolev inequality.

(SQUARE ROOT OF A POISSON RANDOM VARIABLE) Let X be a Poisson random
variable. Prove thatfor0 < A < 1/2,

)\‘2
A(VX-EVX)

logE .
o8 T 1-2A

Show that

logEe)‘(ﬁ'Eﬁ) <wr(e - 1)

where v = (EX)E[1/(4X + 1)]. Use Markov’s inequality to show that

P{«/)—(zEﬁn} Eexp(—%log<1+i)).

2v

Hint: the first inequality may be derived from Theorem 6.29. The second inequality
may be derived from Theorem 6.17.

(ENTROPIC VERSION OF THE LAW OF RARE EVENTS) Let X be a random variable
taking nonnegative integer values and define p(k) = P{X =k} for k=0,1,2,....
The scaled Fisher information of X is defined by

mm:@qugiﬂﬁﬁﬁ_oj.

(EX)p(X)

Let = EX. Use Theorem 6.17 to prove that the Kullback-Leibler divergence of X
and a Poisson( ) random variable is at most K(X).

Let S be the sum of the independent integer-valued random variables Xj, . . ., X,
with EX; = p;. Let . = Z?zl pi. Prove that

k() < 3 Erx).
i=1

From this sub-additivity property, prove that the Kullback-Leibler divergence of
S and a Poisson(t) random variable is at most (1/u) Y %, p2/(1-pi). (See
Kontoyiannis, Harremoés, and Johnson (2005).)

Consider the maximal degree D of any vertex in a random G(#, p) graph defined as in
Example 6.13. Show that for any sequence a, — 00, with probability tending to 1 as
n— 00,
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6.15.

6.16.

[p(1 -
‘D—np—,/Zp(l—p)nlogn <a, p(-phn
logn

(see Bollobas (2001, Corollary 3.14)). What do you obtain if you combine Lemma
2.4 with Theorem 6.12?

(LOWER BOUND FOR TRIANGLES) Let Z denote the number of triangles in a ran-
dom graph G(n, p) where p > 1/n. Show that for every a > 0 there exists a constant
¢ = c(a) such that

P{Z > E7Z + an3p3} > e_cpznllog(l/p).

Hint: the lower bound is the probability that a fixed clique of size proportional to np
exists in G(n, p). (Vu (2001).)

Let Z be as in the previous exercise. Use the inequality for ~/Z shown in the text to
prove that forany K > 1,ift < (K* - 1)EZ, then

P{Z>EZ+t}
t2

< —
- (K +1)2EZ (24 2 4241 20t )
+ np* +24logn + ————
P 8" K+ )EZ




Concentration and Isoperimetry

The concentration inequalities discussed in this book are intimately related to isoperimetric
problems. In this chapter we discuss some aspects of the rich relationship between isoperi-
metric problems and concentration inequalities. In Section 7.1 we start by establishing a
connection between isoperimetric inequalities in general metric spaces and concentration
of Lipschitz functions. We also give an equivalent formulation of the bounded differences
inequality (Theorem 6.2) which shows that every not-too-small set in a product probability
space has the property that the probability of those points whose Hamming distance from
the set is much larger than /7 is exponentially small.

In Section 7.2 we show how the classical isoperimetric theorem follows from the
Brunn-Minkowski theorem and discuss isoperimetric inequalities on the surface of the
n-dimensional Euclidean ball and for the standard multivariate Gaussian measure.

In Section 7.3 we discuss the vertex isoperimetric theorem on the binary hypercube and
its relationship to concentration inequalities such as the bounded differences inequality.

Then, in Section 7.4, we present a powerful concentration inequality, known as Tala-
grand’s convex distance inequality, as a consequence of the concentration results for self-
bounding functions from Section 6.11. In Sections 7.5 and 7.6 we describe its applications
for convex Lipschitz functions and to a bin packing problem.

7.1 Lévy’s Inequalities

The classical isoperimetric theorem (proved in Section 7.2 below) states that among all
subsets of R" of a given volume, Euclidean balls minimize their surface area. An equivalent
formulation is that, for any ¢ > 0, among all (measurable) sets A C R" of a given volume,
the ones for which the volume of the blowup of A, defined by

Ar={x e R": d(x, A) < t},

have minimal volume are Euclidean balls. Here d(x, A) = inf,c4 d(x, y) denotes the dis-
tance of x to the set A. The advantage of this formulation is that it avoids the notion of
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surface area and the problem can be generalized to arbitrary metric spaces. In fact, countless
versions of the classical isoperimetric problem have been studied.

In particular, given a metric space X’ with corresponding distance d, consider the meas-
ure space formed by X, the o-algebra of all Borel sets of X, and a probability measure P.
Let X be a random variable taking values in X, distributed according to P. The isoperimet-
ric problem in this case is the following: given p € (0,1) and ¢ > 0, determine the sets A
with P{X € A} > p for which the measure P{d(X, A) > t} is maximal. Even though the
exact solution is only known in a few special cases, useful bounds for P{d(X, A) > t} can
be derived under remarkably general circumstances. Such bounds are usually referred to as
isoperimetric inequalities.

By introducing the so-called concentration function, defined, for allt > 0, by

at) = sup P{d(X,A) >t} = sup P{A{},
ACX:P{A}>1/2 ACX:P{A}>1/2

we see that isoperimetric inequalities may be formulated in terms of bounds for «(t). (Note
that, generalizing the notion of a blowup of a set, we write A; = {x € X' : d(x,A) < t}
for any A C X.) The next two simple theorems show that «(t) is intimately related to
concentration of Lipschitz functions defined on X'. The first result points out that isoperi-
metric inequalities (more precisely, upper bounds for the concentration function) imply
concentration of Lipschitz functions. Recall that a function f : X — R is Lipschitz if for
allx,y € X, | f(x) —f(y)| < d(x,y). Recall also that M (X) denotes a median of the ran-
dom variable f(X), that is, any number for which both P{f(X) < Mf(X)} > 1/2 and
P{f(X) > Mf(X)} > 1/2hold.

Theorem 7.1 (LEVY'S INEQUALITIES) For any Lipschitz function f,
P{f(X) = Mf(X) + 1} < a(t) and P{f(X) < Mf(X) -t} < ().

Proof Consider the set A ={x:f(x) < Mf(X)}. By the definition of a median,
P{A} > 1/2. On the other hand, by the Lipschitz property of f,

A ={x:d(x,A) <t} C{x:f(x) < Mf(X) +t}.

The first inequality now follows from the definition of the concentration function. The
second inequality follows from the first by considering —f. O

By an obvious modification of the proof one sees that if f is Lipschitz with constant C (i.e.

|[f(x) - f(y)| < Cd(x,y) forallx,y € X), then
P{f(X) > Mf(X) +t} <a(t/C) and P{f(X) <Mf(X)-t} <a(t/C).

The next converse shows that concentration of Lipschitz functions implies an isoperimetric
inequality.
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Theorem 7.2 (CONVERSE) If B : R, — [0, 1] is a function such that for every Lipschitz
function f : X — R

P{f(X) = Mf(X) +t} < B(1),
then B(t) > a(t).

Proof Simply observe that for any A C &, the function f4 defined by fa(y)=d(xa) is
Lipschitz. Also, if P{A} > 1/2, then 0 is a median of {4 (X) and therefore

a(t)=  sup  P{f,(X)=Mf(X)+t} < B(1). -
ACX:P{A}>1/2

It is instructive to cast the bounded differences inequality (Theorem 6.2) in the frame-
work described above.

Example 7.3 (BOUNDED DIFFERENCES INEQUALITY REVISITED) Consider independ-
entrandom variables X, . . ., X, taking their values in a (measurable) set X’ and denote
the vector of these variablesby X = (X, . . ., X,,) taking its value in X'. For an arbitrary
(measurable) set A C X" wewrite P{A} = P{X € A}. The Hamming distance dy(x, )
between the vectors x,y € X" is defined as the number of coordinates in which x
and y differ. With this distance the product space X" becomes a metric space and
Theorem 6.2 implies that if f : A" — R is Lipschitz with respect to the Hamming
distance, then

P{f(X) = Ef(X) +1} < 2",
The argument of Theorem 7.2 leads to the following.

Corollary 7.4 Foranyt > 0,

n 1 2
Pldy(X,A) >t+ |1 < 2/m,
{H( )_ + ZogP{A}}_e

Proof Since the function f(x) = dgr(x, A) is Lipschitz with respect to the Hamming dis-
tance, by the bounded differences inequality (Theorem 6.2),
PlEdu(X,A) - du(X,A) > t} < /.

However, by taking t = Edy (X, A), the left-hand side becomes P{dy(X,A) < 0} =
P{A}, so the above inequality implies

1
P{A}

Edy(X,A) < g log

Then, by using the bounded differences inequality again, we obtain

n 1 2
Pldy(X,A) >t+ [—1 < 2/m

as desired. |
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To interpret this corollary, observe that on the right-hand side we have the measure of
the complement of the ¢ + /(n/2) log(1/P{A})-blowup of the set A, that is, the measure
of the set of points whose Hamming distance from A is at least ¢ + v/(n/2) log(1/P{A}).
To appreciate the meaning of this fact, consider a set, say, with P{A} = 1/10°. Then the
measure of the set of points whose Hamming distance to A is more than 10,/n is smaller

than ¢1%. In other words, product measures are concentrated on extremely small sets —
hence the name “concentration of measure.”

As in Theorem 7.1, the bounded differences inequality may also be derived from
Corollary 7.4.

7.2 The Classical Isoperimetric Theorem

In this section we show how the classical isoperimetric theorem follows from a simple
application of the Brunn—-Minkowski inequality. The same inequality also yields interest-
ing isoperimetric inequalities for the important case of the uniform distribution over the
surface of the Euclidean unit ball in R" and the canonical Gaussian distribution in R".

The classical isoperimetric theorem in R" states that, among all sets with a given
volume, the Euclidean unit ball minimizes the surface area. More precisely, let A C R”
be a measurable set and denote by Vol(A) its Lebesgue measure. The surface area of A is

defined by
Vol(4;) - Vol(A)
t )

provided that the limit exists. Here A; denotes the t-blowup of A. Observe that if
B={x € R": |lx|| <1} denotes the unit open ball, then, recalling the notion of
Minkowski sum from Section 4.14,

Vol(9A) = liII(l)
t—

A=A +1B.

Theorem 7.5 (ISOPERIMETRIC THEOREM) Let A C R" be such that Vol(A) = Vol(B).
Then for any t> 0, Vol(A;) > Vol(B;). Moreover, if Vol(dA) exists, then
Vol(dA) > Vol(dB).

Proof By the Brunn-Minkowski inequality (Theorem 4.23),
Vol(A,)Y" = Vol(A + tB) /"
> Vol(A)Y" + tVol(B) /"
= Vol(B)Y"(1 + t) = Vol(B,) /",
establishing the first statement. The second follows simply because
Vol(A;) - Vol(A) > Vol(B) (1 +t)" - 1) > ntVol(B)

where we used, for a,b >0, (a+b)" > a" + na"'b. Thus, Vol(dA) > nVol(B).
The isoperimetric theorem now follows from the fact (see Exercise 7.7) that
Vol(dB) = nVol(B). |



THE CLASSICAL ISOPERIMETRIC THEOREM | 219

There are few more examples of metric spaces and corresponding measures for which
the exact solution of the isoperimetric problem is known. Two important and closely related
cases are the surface of the unit Euclidean ball in R" equipped with the uniform measure and
R" with the canonical Gaussian measure. Both of these isoperimetric theorems are signific-
antly more intricate than Theorem 7.5 above but approximate isoperimetric inequalities are
easy to derive, as is pointed out below.

Gaussian isoperimetric inequalities In the Gaussian isoperimetric problem one con-
siders R" equipped with the Euclidean metric and the canonical Gaussian measure P
defined, for any measurable set A C R", by P(A) = [, ¢(x)dx where

P (x) = (2) "2 W2,

The Gaussian isoperimetric theorem, proved in Chapter 10, states that among all measur-
able sets, half-spaces minimize the Gaussian surface area. More precisely, for any measur-
able set A C R", the t-blowup of A satisfies

P(A) = @ (D7'(P(A) +1))

where ® denotes the standard Gaussian distribution function

x e—yz/Z
O (x) = dy.
(%) / i

Equality holds if and only if A is a half-space (see Theorem 10.15). Equivalently, the
concentration function, introduced in Section 7.1, equals

a(t) =1-o(t).

In other words, for any set A CR" with P(A) > 1/2, P(Af) <1-®(t). By
well-known approximations of the standard Gaussian distribution function,
1-0(t) ~ 1/(t\/ﬁ)e't2/2 (see Exercise 7.8). Observe that the Gaussian concen-
tration inequality (Theorem 5.6) implies an isoperimetric inequality that already captures

the essence of this. Indeed, if X is a standard Gaussian vector then for any Lipschitz function
f:R" > Randt > 0,

P{f(X) = Mf(X) +t}

P{f(X) = Ef(X) + (Mf(X) - Ef(X) + 1)}

< ¢ Mf)-Ef(X)+1)*/2
by Theorem 5.6. Now the Gaussian Poincaré inequality (Theorem 3.20) and Exercise 2.1

Mf(X) - Ef(X) < /Var (f(X)) < 1

and therefore, by Theorem 7.2, a(t) < ¢ *")*/2 which is only slightly weaker than that
derived from the Gaussian isoperimetric theorem.

imply that
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Isoperimetric inequalities on the unit sphere A problem closely related to the
Gaussian isoperimetric inequalities discussed above is the isoperimetric problem on the
unit sphere. More precisely, let S = {x € R" : ||x|| = 1} denote the surface of the unit
ball in R". The isoperimetric problem in $" (equipped with the Euclidean distance in
R") is of fundamental importance in many applications. To understand the relationship
with the Gaussian isoperimetric problem, note that if X is a standard Gaussian vector in R",
then X/||X|| is uniformly distributed over S"~!. Moreover, for large 1, || X|| is concentrated
around its expected value and therefore the canonical Gaussian measure in R" resembles
the uniform measure over $""'. Indeed, Lévy’s isoperimetric theorem on S"! states that,
as in the case of the Gaussian measure, the extremal sets in the isoperimetric problem
on §"! are half-spaces of R" as well. The intersection of a half-space and $"!, called a
spherical cap, are just the balls in the metric space $"'. For u € $"! and s € [0, 1], let
C(u,s) = {x € "' : x- u > s} denote a spherical cap of height 1 - s around u. According
to Lévy’s isoperimetric theorem, for any t > 0, for any measurable set A C "', if
C = C(u,s) is a spherical cap with £(A) = u(C) (where i denotes the uniform probab-
ility measure over S"™!), then for any t > 0, £(A;) > 1 (C;) where A; and C; denote the
t-blowups of A and C. Note that C; is a spherical cap as well. For simplicity of the discus-
sion, consider the special case when ((A) = 1/2. In that case we may take C = C(1, 0) to
be any hemisphere for any u € $"! and the complement of C; is a spherical cap of height
s=1/+/1+t2 (seeFig. 7.1).

By the isoperimetric theorem,
1-un(A) < (C (u, 1/4/1+ t‘2)> .

To better understand the implications of this bound, one may approximate the area of a
spherical cap C(, ). An easy bound is obtained by observing that if s < 1/+/2, the whole
spherical cone defined as the convex hull of C(y, s) and the origin is included in a ball of
radius v/ 1 — s* (see Fig. 7.2) and therefore the area of the cap is at most the proportion of

sft = V1 — §?

V1 — §?

Figure 7.1 The height of the spherical cap defined as the complement of t-blowup of a hemisphere is

1-s=1-1/~/1+1t?2
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NN

Figure 7.2 Bounding the area of a spherical cap

the unit ball {x : ||lx|| < 1} that falls in the spherical cone, which is at most (1 - $2)"2, and
therefore, for any set with 1 (A) < 1/2,

1-pu(A) < (L+£)" <™,

By a more careful bounding of the integral that defines the area of the spherical cap, sharper
bounds can be obtained. For example, for »/2/n < s < 1, one has

G- S uC) = 220-9%
(see Exercise 7.9) which gives slightly better bounds for 14 (A;).

As in the case of the Gaussian measure, it is not necessary to prove the full isoperimetric
theorem to obtain inequalities of the type described above. A possible way to proceed is
to use the fact that if X is a standard Gaussian vector in R”, then X/|| X|| has the uniform
distribution over $"! and use the Gaussian concentration inequality. Here we show how
the Brunn-Minkowski inequality may be used.

To this end, consider an arbitrary subset C C B = {x € R" : ||x|| < 1} of the unit ball in
R". By the parallelogram rule, if x € Candy € C; N B, then

e+ yl1% = 201x)? + 2[y* [ - -yl < 4-¢
and therefore || (x +y)/2|| < +/1 - t2/4 < 1 - */8. This implies that

! (c+Cc)c1 £ B
p— + —_ —
2 t 8

and therefore, by the “weaker form” of the Brunn—-Minkowski inequality (Corollary 4.25),
we have

2

Vol(C)Vol(C)) < u (% (C+ c;)) < <1 - %)2 Vol(B)2.
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Now let A C §*! be a measurable subset of the surface of B and let t > 0. Defining
C = Uae[1/2,114 - A, we find that Uye[1/517a - Af C C; 5. Moreover, i(A) < (1/2) Vol(C)/
Vol(B) and p(AS) < Vol(Uaefi/2,17a - AS)/Vol(B), and therefore

LA <2 (1 - %)2 .

For example, for all sets A C S"! with (A) < 1/2, we obtain
1-u(A,) < 4em/16,

Even though the constants are worse than those obtained directly from the isoperimet-
ric theorem, the inequality has a qualitatively similar form. Also, the proof is considerably
simpler and can be generalized to other normed spaces (see Exercise 7.10).

7.3 Vertex Isoperimetric Inequality in the Hypercube

A thoroughly studied special case of isoperimetric problems is when the underlying met-
ric space corresponds to the vertex set of a finite graph. Depending on how the size of
the boundary of a subset of vertices is defined, we distinguish two variants, the vertex iso-
perimetric problem and the edge isoperimetric problem. In this section we discuss a basic but
important special case of such discrete isoperimetric problems, when the graph is the binary
hypercube.

Consider a graph G and let A be a set of its vertices. The vertex boundary of A is defined as
the set of those vertices, not in A, which are connected to some vertex in A by an edge. We
denote the vertex boundary of A by 3y (A). The vertex isoperimetric problem in a graph G
is to determine the sets A of a given cardinality whose vertex boundary contains a minimal
number of vertices. In the edge isoperimetric problem one minimizes the number of edges
between A and its complement.

The most classical and best understood special case is when the graph G is the binary
hypercube {-1,1}" in which two vertices are connected by an edge if and only if their
Hamming distance equals 1. We have already discussed briefly, in Chapter 4, the edge iso-
perimetric problem and we showed that when |A| = 2k for some integer 0 < k < #, then
k-dimensional sub-cubes minimize the size of the edge-boundary (see Theorem 4.3).

In order to describe the subsets of {-1,1}" with minimal vertex boundary, we define
the so-called simplicial order of the elements of the binary hypercube. We say that
x=(x1,...,%,) € {-1,1}" precedes y = (y1,...,ys) € {-1,1}" in the simplicial order if
either [|x|| < |ly|l (where x| = ZLI Lg=13) or |lx|| = |lyll and &; = 1 and y; = -1 for
the smallest i for which «; # y;. For example, if n = 4, (1,-1,-1,1) precedes (-1,1,1,1)
and (1,-1,1,-1) precedes (1,-1,-1,1). Harper’s classical vertex isoperimetric theorem
states that initial segments of the simplicial ordering minimize the vertex boundary. More
precisely, for N = 1,...,2" let Sy denote the set of first N elements of {-1,1}" in the
simplicial order. Then the following is true.
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Theorem 7.6 (HARPER'S VERTEX ISOPERIMETRIC THEOREM) For any subset
AC{_II l}nl

dv(A) = dv (Sja)) -

We leave the proof of this theorem to the reader (see Exercises 7.11-7.13 for detailed
guidance).

Observe that if N has the form N = Zf;o ('l') for some k = 0, .. ., n then the initial seg-
ment Sy contains exactly those vectors x whose Hamming distance to (-1,...,-1)is at
most k. In other words, Sy is a Hamming ball centered at the vector (-1, ..., -1). The fact
that among all sets with a given volume balls minimize the surface area is in close analogy
with the classical isoperimetric theorem. Observe that if Sy is a Hamming ball with radius
k (i.e. N = Zf:o (7)) then Sy U 8y (Sy) is the Hamming ball of radius k + 1. This implies

that for any set A C {-1, 1}" with |A| > Zf:o (:’), we have [A U 9y (A)| > ch:ol (':) By
iterating this argument, we obtain the following simple consequence of Harper’s theorem.
For any A C {-1,1}" and x € {-1,1}", let dy(x,A) = minyes dg(%,y) be the Hamming

distance of x to the set A. Also, denote by
A ={xe{-1,1}" : du(xA) < t}

the t — blowup of the set A, that is, the set of points whose Hamming distance from A is at
most t.

k
i

Corollary 7.7 Let A C {-1,1}" such that |A| =)
n-k+1,

o (:‘) Then for any t=1,2,...,

k+t-1 n
Al > .
=)

i=0

In particular, if |A|/2" > 1/2 then we may take k = [n/2] in the corollary above and

]
2n

> P{B(n,1/2) < EB(n,1/2) +t} > 1 - /"

where B(n, 1/2) is a binomial random variable with parameters n and 1/2. The last inequal-
ity follows from standard tail estimates of a symmetric binomial distribution, for example,
from Hoeffding’s inequality.

This simple fact reveals the concentration-of-measure phenomenon we have already
encountered: consider any set A containing at least half of the points of {1, 1}". According
to the corollary above, the fraction of those points which cannot be obtained by changing
at most c,/n bits of some point in A is at most ¢ In other words, an immense majority of
the points in {~1, 1}" is within Hamming distance of the order of /n of A.

We may also apply Lévy’s inequality (Theorem 7.1) in this situation and observe that
this simple consequence of Harper’s vertex isoperimetric theorem implies a version of
the bounded differences inequality for functions defined on {-1, 1}" under the uniform
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measure. More precisely, let f be a function defined on {-1,1}" satisfying the bounded
differences property such that

fl) -fGD) <1

max
xe{-1,1}1i

where ¥ = (xy,...,%:.1,-%; X1, - - -, X,) is obtained by flipping the i-th bit of x. If X =
(X1, . ..,X,) is uniformly distributed over {-1, 1}", we may consider the random variable
Z = f(X). Then f is Lipschitz with respect to the Hamming distance and Theorem 7.1
implies that P{Z > MZ + t} < e*/", This is just like in the bounded differences inequal-
ity, except that the expected value of Z is replaced by its median. However, by Exercise 2.1
and the Efron-Stein inequality,

Mf(X) - Ef(X) < \/Var (f(X)) < v/n/4.

Exact isoperimetric results like Harper’s theorem are extremely valuable as they allow
one to deduce the sharpest possible concentration inequalities for Lipschitz functions.
Unfortunately, there are only special examples of exact isoperimetric results. Here we men-
tion just one of them, without proof, and refer to the bibliographical remarks for further
pointers in the literature.

Consider again the binary hypercube {-1,1}" but now equipped with the
product measure of n ii.d. Bernoulli random variables, that is, for any x € {-1,1}",
P{x} = p!*I(1 - p)"I*Il where p € (0,1) is the parameter of the Bernoulli distribution.
The isoperimetric problem now is to determine the sets A, with a given probability content,
that minimize the probability P{dy(A)} of the vertex boundary. This problem can be
solved for the special case of monotone sets. Recall that a set A C {-1, 1}" is monotone if
Tixeny = Lyyea forall x = (xy,...,x,) and y = (y1,...,y,) in {-1,1}" such that x; > y;
for all i. Surprisingly, Hamming balls are still isoperimetric sets in the sense of the following
theorem whose proof we omit.

Theorem 7.8 Let k € {0,...,n} and let S={x € {-1,1}": ||x|| < k} be a Hamming
ball of radius k. If A C {-1,1}" is a monotone set such that P{A} > P{S} then
P{dy(A)} = P{dy(S)}.

7.4 Convex Distance Inequality

In aremarkable series of papers Talagrand developed an induction method to prove power-
ful concentration results in many cases when the bounded differences inequality fails.
Perhaps the most widely used of these is the so-called “convex-distance inequality” which
we present here as a consequence of the entropy method, namely Theorems 6.19 and 6.20.

To understand Talagrand’s inequality, first observe that Corollary 7.4 may be easily gen-
eralized by allowing the distance of the point X from the set A to be measured by a weighted
Hamming distance

do (%, A) = y‘?,f de(%,y) = ;2,{ X#: o
LXiFYi
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where o = («y, . . ., ) is a vector of nonnegative numbers. Repeating the argument of the
proof of Corollary 7.4, we obtain, for all «t,

]I 1 2o
P{d,(X,A)>t+ |—]log <e ,
2 S P{A}

where P{A} = P{X € A}and ||| =,/ Z:;l a? denotes the euclidean norm of or. Thus, for

example, for all vectors & with unit norm ||| = 1,

1 1
Pld,(x,A) >t+ [=log—— ! <
{ X4) 2 t+ 20P{A}}<e

Thus, denotingu =  / % log ﬁ, forany t > u,

P{da(X,A) > t} < 2w

212

On the one hand, if t < ./-2logP{A}, then P{A} < ¢*/2. On the other hand,
since (t —u)* > t*/4 for t > 2u, for any t > /2log ﬁ the inequality above implies
P{da(X,A) > t} < /2 Thus, forall t > 0, we have

sup P{A}-P{dy(X,A) >t} < sup min (P{A},P{de(X,A) > t})

o:flefl=1 a:flefl=1
< et
The main message of Talagrand’s inequality is that the above inequality remains true even
if the supremum is taken within the probability. To make this statement precise, introduce,
foranyx = (xy,...,x,) € X", the convex distance of x from the set A by

dr(x,A) = sup dy(x,A).

a€[0,00)":||lal=1
Theorem 7.9 (CONVEX DISTANCE INEQUALITY) For any subset A C X" andt > 0,
P{A}P [dr(X,A) > t} < /4.

The theorem is announced in the form by which Talagrand proved it, but the proof
shown here gives a worse exponent in the upper bound ("/!° instead of e’/4). We give
a different proof of the form announced here in Section 8.4. The convex distance inequal-
ity is implied by Theorems 6.19 and 6.20 for weakly self-bounding functions. The key to
the proof is establishing the following self-bounding property for the square of the convex
distance. Recall from Section 6.11 the notion of weak self-bounding functions.
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Lemma 7.10 Let A € X" be a measurable set and define the function f(x) = dr(x, A)%
Introduce also

f,-(x(i)) = inf f(xr, ..., X1, X, Xipty - - - ) %)
leX
Xi

Then for allx € X", 0 < f(x) - fi(x')) < 1. Moreover, f is weakly (4, 0)-self-bounding,
that is,

i (f (x) —ﬁ-(x"‘)))z < 4f(x).

i=1

Before proving the lemma, we show how it implies the convex distance inequality.

Proof of Theorem 7.9. By the definition of the convex distance, we have
A= {x:dr(x,A) =0}. Observe now that thanks to Lemma 7.10, we may use
Theorem 6.20 with f(x) = d%(x, A) and t = Ed%(X, A) to obtain

A0A)

P{A} = P{d7(X,A) < Ed3(X,A) -t} < exp (- 2

or, equivalently,

<1

P4} exp <Ed2T(X,A)>

8
On the other hand, Theorem 6.19 implies that for0 < A < 1/2,

- 2A*Ed%(X,A)

logE [exwzr(x,A)fEd%(x,A»]
- 1-2A

Choosing A = 1/10, we have

Eexp (M) < exp (M)

10 8
which gives
P{X € A}ESXA/10 < 1
By Markov’s inequality,
Pldr(X,A) > t} < BeliXA/10,-6/10
which completes the proof. O

It remains to prove the self-bounding property of the squared convex distance.
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Proof of Lemma 7.10. The proofis based on different formulations of the convex distance.
First we observe that d(x, A) can be represented as a saddle point. Let M (A) denote
the set of probability measures on A. Then

dr(x,A) = sup inf oE,1
T’ a||a||<1veM(A>Z SR

(where Y = (Y3,...,Y,) is distributed according to v)

= inf su oiE, Loy oy (7.1)
UEM(A)a||af<1Z 7 {]7‘ /}

where the saddle point is achieved. This follows from Sion’s minmax theorem (1958)
which states that if f(x,y) : X x ) — R is convex and lower-semi-continuous with
respect to x, concave and upper-semi-continuous with respect to y, where X’ is convex
and compact, then

infsup f(x,y) = supinff(x,y).
X y y X

We leave the details of checking the conditions of Sion’s theorem to the reader (see
Exercise 7.14).
By the Cauchy-Schwarz inequality,

dr(x, A)* = vei\r/llf(A) . (Ev]l{xi#yl})z .
Rather than minimizing in the large space M(A), we may perform minimization
on the convex compact set of probability measures on {0, 1}" by mapping y € A on
(]]-{y]%X,})lfjfn- Denote this mapping by x. Note that the mapping depends on x but
we omit this dependence to lighten notation. The set M (A) o x ! of probability meas-
ures on {0, 1}" coincides with M (x (A)). It is convex and compact and therefore the
infimum in the last display is achieved at some ¥. Then dr(X, A) is just the Euclidean
norm of the vector (Ef, L, })i<n’ and therefore the supremum in (7.1) is achieved by

the vector & of components
Ey Liszvy

Y (Bslggry)’

For simplicity, assume that the infimum in the definition of f;(x(") is achieved

(3[,'=

(otherwise a standard approximation argument may be used).

Clearly, f(x) - f;(x?) > 0 for all i. On the other hand let xi(i) and ¥; denote the
coordinate value and the probability distribution on A that witness the value of f;(x("),
that is,

. 2
f) = Z (Eﬁfﬂ{x,#n})z + (Eﬁfl{xf%fm) :

#
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2 2
As f(x) < Zj#i (Eﬁ,]l{x]#y)}) + (Eﬁl]l{xf,)#yx}) , we have

f(x) —fi(x(i)) = (Eﬁx]l{xi#lﬂ})z - (Eﬁx]l{xf')#}’,})z =1

It remains to prove that f is weakly (4, 0)-self-bounding. To this end, we may use
once again Sion’s minmax theorem as in (7.1), to write the convex distance

inf su o;E, 1,
veM(A) o Ha|\IZ<1Z 7o )

dT(x) A)

inf o,E, 1 x4Y;
auanz<1veM<A)Z el

Denote the pair (v, &) at which the saddle point is achieved by (¥, &). Then

(D) = inf oE, 1 inf &E, 1
i) = R Z} ) = VEM@)Z’ Ay

<1 j=1

Let ¥ denote the distribution on A that achieves the infimum in the latter expression.
Then we have

\/f(T 1an &, Ly zvy < Z“}E Ly

j=1

Hence,
VIG) ~VAGO) = 3 s [Ty -1 |
j=1
= 6By [ Loy~ L | =
SO

()

Finally, since fi(x(i) Sf(x);

> (1) -5 Z(%W)(WT+W)

i=1

< Z &} 4f (x)
< 4f(x). O
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Remark 7.2 Note that it follows from the proof above that

which implies, by the Efron-Stein inequality, that Var (dr(4, X)) < 1. By Theorem
6.7, this property also implies that

P {dT(A;X) —EdT(A,X) > t} S E_tz/z‘

This inequality is useful when P{A} > 1/2 because in that case M d7(A, X) = 0, and

by the bound for the variance, we have Edr(A, X) < /Var (dr(4,X)) < 1. Thus, for
allA C X" with P{A} > 1/2,

P{A}P [dr (A, X) > t} < V72

which is just like the convex distance inequality. However, by this argument one cannot
handle sets with small probability, which is important in many applications.

7.5 Convex Lipschitz Functions Revisited

Recall that in Section 6.6 we derived upper tail inequalities for convex Lipschitz functions
(with respect to the Euclidean norm) of independent bounded random variables. The con-
vex distance inequality may also be used to prove such a result. Moreover, we also obtain an
analogous lower tail inequality.

The key is the following lemma which relates the Euclidean distance of a point to a
convex subset of [0, 1]" and the convex distance dr.

Forany A C [0,1]"and x € [0, 1]", define by

D(x, A) = inf [|x -yl
yEA

the Euclidean distance of x and A (where || - || denotes the Euclidean norm).

Lemma7.11 LetA C [0,1]" be a convex set and let x = (xy,...,x,) € [0,1]". Then
D(x,A) < dr(x, A).

Proof The key to the proof is the saddle point representation (7.1) of the convex distance.

Recall that M(A) is the set of all probability measures on A and Y = (Y7,...,Y,)
denotes a random vector distributed according toa v € M(A). Then
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D(x,A) = inf |lx-E,Y| (sinceA isconvex)
M(A)
n
< inf Z (Eu]l{xﬁéy,})z (since x;,Y; € [0,1])

veM(A) o

inf  su a:E, 11, .v1  (by Cauchy-Schwarz)
veM(A)a:HafSI; el Y Y

dr (x) A)- O

The following concentration inequality for convex Lipschitz functions now follows eas-
ily. In fact, it suffices to assume that f is quasi-convex, that is, {x : f(x) < s} is a convex set

foralls € R.

Theorem 7.12 LetX = (Xy,. .., X,) be avector of independent random variables taking val-
ues in the interval [0,1] and let f : [0,1]" — R be a quasi-convex function such that
|[f(x) =f()| < llx=yll forallx,y € [0,1]". Then f(X) satisfies, for all t > 0,

P{f(X) > Mf(X) +t} <2¢"/*
and
P{f(X) < MF(X) -t} < 2e7/%,

Proof For some s € R, define the set A, = {x: f(x) < s} C [0, 1]". Because of quasi-
convexity, A, is convex. By the Lipschitz property and Lemma 7.11, for allx € [0, 1]%,

f(x) <s+D(x,A;) <s+dr(x4),
so the convex distance inequality implies
P{f(X) > s+ }P{f(X) <s} < '/

Take s = Mf(X) to get the upper tail inequality and s = Mf(X) — ¢ to get the lower
tail inequality. O

7.6 Bin Packing

We now describe an application of the convex distance inequality for the bin packing
discussed in Section 3.2.

Let f(x) denote the minimum number of bins of size 1 into which the numbers
X1, ..,%, €[0,1] can be packed. We consider the random variable Z = f(X) where
Xi,...,X, are independent, taking values in [0, 1]. The bounded differences inequality
implies that
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P{|Z-EZ| > t} <2¢"/".

However, when the X; are typically much smaller than 1, one expects that Z behaves simil-
arly to Z?:l X;. The following result shows that, in fact, the typical deviations of Z are of a
much smaller order when E) | X? < n.

Corollary 7.13 Denote = = \/E> " X?. Then for eacht > 0,
Pl|Z-MZ| > t+1} < 8e/(16C%+0),

Proof First observe (and this is the only specific property of f we use in the proof) that for
anyx,y € [0,1]",

flx) <f(y)+2 Z X+ 1.

X2y

To see this it suffices to show that the x; for which x; # y; can be packed into at most
LZ D, 5 x,—J + 1 bins. For this, it is enough to find a packing such that at most one bin
is less than half full. Such a packing must exist because we can always pack the contents
of two half-empty bins into one.

Denoting by o = «t(x) € [0,00)" the unit vector x/||x||, we clearly have

Do w=llxll Y e = llxllda(x, ).

X7y B0 7,

Let a be a positive number and define the set A, = {y : f(y) < a}. Then, by the argu-
ment above and by the definition of the convex distance, for each x € [0, 1]" there
exists y € A, such that

f@) <f()+2 ) wm+1<a+2|xldr(xA,) +1,

ixx; Ay

from which we conclude that for each a > 0, Z < a + 2| X||dr(X, A,) + 1. Thus,

writing ¥ = \/EY | X7 foranyt > 0,

P{Z>a+1+t}

2| X
§P{Zza+1+t¢}+P{lle| ZV222+t}
24/2%2 +t

<P {dT(X,Aa) > ~(3/8)(=2+t)

t
——t +e
2\/222+t}

where the bound on the second term follows by a simple application of Bernstein’s
inequality (see Exercise 7.17).

To obtain the desired inequality, we use the obtained bound with two different
choices of a. To derive a bound for the upper tail of Z, we take a = MZ. Then
P{A,} > 1/2 and the convex distance inequality yields
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P{Z>MZ+1+t} <2 (e‘fz/ (162E%0) | e_(3/8)(22”)) < 4¢7t/(16CE ),

We obtain a similar inequality in the same way for P{Z < MZ -1 - t} by taking
a=MZ-t-1. a

7.7 Bibliographical Remarks

The connection between concentration inequalities and isoperimetric properties goes back
to Lévy (1951) and has been an important research area in functional analysis and high-
dimensional geometry. The importance of measure concentration in the asymptotic theory
of Banach spaces is summarized in the now classical book of Milman and Schechtman
(1986) where many of the early results are summarized. The more recent book of Ledoux
(2001) is an excellent summary of measure concentration and its connections with iso-
perimetry and related geometric concepts. We recommend the surveys of Ball (1997),
Schechtman (2003), and Gardner (2002) for the background, history, and many pointers
to the related literature.

The inequalities of Theorem 7.1 were first pointed out by Lévy (1951) who also
proved the isoperimetric theorem on the surface of the Euclidean ball in R”, along with
Schmidt (1948). For extensions of Lévy’s proof to Riemannian manifolds with positive
curvature see Gromov (1980). The Gaussian isoperimetric theorem is due to Borell (1975)
and Tsirelson and Sudakov (1974).

The vertex isoperimetric theorem for the discrete cube (Theorem 7.6) goes back to
Harper (1966). Several simpler proofs have been published (see Katona (1975), Kleitman
(1979), and Frankl and Fiiredi (1981)). A natural generalization of the discrete cube
includes n-fold products of graphs. Given a graph with vertex set G and edge set E, the n-fold
product of the graph has vertexset G" = G X - -+ X G, and two vertices g = (g1,1,- - -, g1,1)
and g = (g2,1, - - -, §2,) are connected if and only if g and g, agree in all but one compon-
ent; if they differ in the i-th component then g; ; and g, ; are connected in the original graph.
If Gis K; (i.e. the complete graph on two vertices) then the product graph is just the bin-
ary hypercube. If G is a chain of length k then the product is a so-called grid graph. For grid
graphs, Bollobés and Leader (1991b) established a vertex isoperimetric theorem, thus gen-
eralizing Harper’s theorem. In general, there are very few examples of product graphs for
which exact isoperimetric theorems have been established.

Bezrukov and Serra (2002) established a very general result which provides a powerful
tool for finding further examples. On the other hand, isoperimetric inequalities have been
established in great generality. For example, Alon and Milman (198S) show that if G is
connected then powers of G form a Lévy family, that is, there exist constants C; and C,
(depending on G) such that for any set A C G" whose cardinality is at least half of the car-
dinality of G", the complement of the t-blowup of A (defined in terms of the graph distance)
is at most C;|G" |e’c2t. Using martingale techniques, Bollobas and Leader (1991a) show a
bound of the type C, |G"|e’c2t2.

Theorem 7.8 is due to Bollob4s and Leader (1991b). For surveys on discrete isoperimet-
ric inequalities we refer to Leader (1991) and Bezrukov (1994).
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The “isoperimetric” approach to concentration inequalities was promoted and
developed, in large part, in a remarkable series of papers by Talagrand (1995, 1996b, 1996¢).
The convex-distance inequality presented in Section 7.4 is perhaps the most useful repres-
entative of a family of inequalities established by Talagrand. The original proof (and its
variants) is based on an induction argument, different from the one based on the entropy
method presented here. We note that Talagrand’s original proof gives a better constant
in the exponent (e‘tl/ * instead of ¢/ 10}, For several extensions and variations we refer
to Talagrand (1995, 1996b, 1996c¢). Steele (1996), McDiarmid (1998), and Molloy and
Reed (2002) survey a large variety of applications of the convex distance inequality. Pollard
(2007) revisits Talagrand’s original proof in order to make it more transparent. The proof
presented here appears in Boucheron, Lugosi, and Massart (2009).

Theorem 7.12 is due to Talagrand (1996¢).

The application of the convex distance inequality for the bin packing problem appears in
Talagrand (1995).

7.8 EXERCISES
7.1. Let X be a metric space, let X be an &X’-valued random variable distributed accord-
ing to the probability measure P, and let «'(¢) be the corresponding concentration
function. Let & > 0. Show that if B C X is such that P{B} > ¢ and ¢, is such that
a(ty) < g, then

a(t) > P{d(X,B) > to +t}.

7.2. (A VARIANT OF THEOREM 7.2) Show that if 8 : R, — [0, 1] is a function such
that for every Lipschitz function f : X — R with Lipschitz constant 1

P{f(X) = Ef(X) + t} < B(t),

then B(t) > a(t/2). (See Ledoux (2001).)
7.3. (LAPLACE FUNCTIONAL) Define the Laplace functional by

L(A) = sup Ee/™
f

where the supremum is taken over all Lipschitz functions f : X — R with Lipschitz
constant 1 such that Ef (X) = 0. Show that forall t > 0,

at) < Ainf e_)‘t/zL()\).
>0

(See Ledoux (2001).)
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74.

7.5.

7.6.

7.7.

7.8.

7.9.

(LAPLACE FUNCTIONAL OF A BOUNDED METRIC SPACE) Denote the diameter of
X byD =sup, .y d(x,y) and assume D < 00. Show that

L(A) < P8,

(See Ledoux (2001).)

(LAPLACE FUNCTIONAL OF A PRODUCT SPACE) Let (X}, d,),...,(X,,d,)
be metric spaces with corresponding Borel o-algebras and probability measures
Py, ..., P, respectively. Let P = ®7,P; be the product measure on the cartesian
product space X =X} x -+ x X,. X is a metric space with distance function
d(x,y) = Y i, d(x;,y;). Show that if L;(A) denotes the Laplace functional of X;
(i=1,...,n)and L()) is the Laplace functional of the product space X, then

L(n) < [ [
i=1

(See Ledoux (2001).)

(YET ANOTHER PROOF OF THE BOUNDED DIFFERENCES INEQUALITY)
Combine the previous three exercises to get the following general version of the
bounded differences inequality. Let Xj, . . ., X,, be independent random variables tak-
ing values in the metric spaces (X, d1), . .., (X, d,), respectively. Let f : X — R
be such that forall x = (xy,...,x,) € Xandy = (y1,...,y.) € &,

|f() -f)] = Z di(xi, y:)-
i=1
Show that if D; denotes the diameter of X, then

P{|f(X1)--~)Xn)_Ef(X1""’X”)| > t} = 2exp <_ﬁ) ’

(See Ledoux (2001).)
Show that if B denotes the Euclidean ball in R" with radius 1, then
Vol(dB) = nVol(B).
(GORDON’S INEQUALITY) Prove that if @(t) = (27)"/2 [*_ ¢*/2dx denotes the
standard normal distribution function and ¢(t) = (277)/2¢"/2 is the standard
normal density, then for all t > 0,

b 1-®(t)

2+1 7 ¢(t)

(See Gordon (1941), see also Birnbaum (1942).)

Show that for o/2/n < s < 1, the normalized surface area of a spherical cap of height
1 - sin ™! satisfies

(1) = u(Cws) = (1)

6s4/1 2s4/n

(See e.g. Brieden et al. (2001).)

1
< -
t
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Extend the argument given in Section 7.2 for the proof of an isoperimetric inequality
on the surface of the Euclidean ball to more general norms as follows. Consider a
norm || - || on R" and define its modulus of convexity by

X+
8(e) = inf (1 - H—yH>
wyeR:xl <L Iyl <1 llx-yll=e 2

Let S = {x € R" : ||x|| = 1} be the “surface” of the unit ball in this norm and define
the measure 1t on S by

VOI(Uag[Oyl]a . A)
Vol({x : [l«fl < 1})’
Show that for any measurable set A C §, the t-blowup A; of A satisfies

u(A) = ACS.

2
IJ«(AC) < e—ZmS(t/z)
YT 4a)

(see Schechtman (2003) who also gives the history of this result).

The following few exercises ask the reader to prove Harper's vertex isoperimetric theorem
(Theorem 7.6). Each exercise is a main step of the proof given by Kleitman (1979); see also
Leader (1991).

7.11.

7.12.

7.13.

(HARPER’S THEOREM: COMPRESSION) The proof of Harper’s vertex isoperimet-
ric theorem sketched here is based on the idea of compression. Let A C {-1, 1}" and
define the i-sections of A by

A = {x("’fl) =(xy, .oy, =1, X, e, %) PACRONE A]

and

Al = {x(i’l) = (%1, Xty L X1, - ey Xy) £ A} .

Let SS,’_) (and Sz(\?+) ) denote the set of first N elements in the simplicial ordering of all
vectors whose i-th component is 0 (and 1, respectively). Let C;(A) be the set whose
i-sections are S|(Z(_2)| and Sl(;{:z)l. Clearly, |Ci(A)| = |A|. Prove that 8y(Ci(A)) <
v (A).

(HARPER'S THEOREM: ITERATION) Given A C {-1, 1}", define a sequence of sets
recursively as follows: let Ay = A. Having defined Ag, Ay, ..., A, leti € {1,...,n}
be any index such that C;(A;) # Ay and define Ay,; = Ci(Ar). If no such i exists, the
process terminates. Show that the process terminates after a finite number of steps,
that is, there exists a k such that Ay = C;(A;) for every i = 1,...,n. Note that if B
denotes the set obtained at the end of the process, then by the previous exercise,
(HARPER’S THEOREM: CONCLUSION) Let B be a set such that C;(B) = B for every
i=1,...,n Show that either B = Spp| or, if nis even,

B-= [xe (<1, 11 |2l < g} U {xe (1,1 : x| = g,xl - 1} _Hrulz
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7.14.

7.1S.

7.16.

7.17.

where y = (y1,...,y,) is such that y; = 1 if and only if i € {1, (n/2) +2, (n/2) +
3,...,n}, and z=(z,...,2,) is such that z; =1 if and only if i € {2,3,...,
(n/2) + 1} or, if nis odd,

B={xe (-L1): ol < 3} - 0}UL)

where y=(y1,...,y,) is such that y;=1 if and only if i€ {(n+3)/2,
(n+5)/2,...,n}andz = (zy,...,2,) issuch that z; = L ifand only ifi € {1,2,...,
(n+1)/2}. Complete the proof of Harper’s vertex isoperimetric theorem by
noting that the two exceptional sets defined above have a larger boundary than the
corresponding set Sy

Check that the conditions of Sion’s minmax theorem are satisfied in the represent-
ation of the convex distance as a saddle point in the proof of Lemma 7.10 (see
Boucheron, Lugosi, and Massart (2003)).

(CONVEX DISTANCE AND CONFIGURATION FUNCTIONS) Recall the definition
of a configuation function from Chapter 3. Assume f : X" — N is a configuration
function. Let A, = {x s x € X" f(x) < a}. Check that forallx € X",

f(x) < a+/f(x)dr(xAL).

Let P denote a product probability distribution over X™". Let MZ denote a median of
Z = f(X) under P. Using Talagrand’s convex distance inequality, show that

P{Z > MZ+t} < 2¢ 070,
and
tZ
P{Z <MZ-t} <2z,

Hint: the function t > (t — a)/+/t is increasing for t > a (see Talagrand (1995)).
Prove the following extension of Theorem 7.12. Let X = (X;,...,X,) be a vec-
tor of independent random variables taking values in the interval [0,1] and let
f:[0,1]" = R be a quasi-convex function. Suppose that there exists a convex set
S C [0,1]" suchthat | f(x) - f(y)| < llx -yl forallx,y € Swhere P{X ¢ S} < 1/2.
Then f(X) satisfies, forall t > 0,
1 2
P{f(X) > Mf(X)+t} <P{X ¢S+ — e/
(00 = MJX) 1} = PIX € 8} {opee
and
P{f(X) < Mf(X) -t} <2P{X ¢ S} +2¢"/*

(Talagrand (1996¢)).
LetXj,. .., X, be independent random variables taking values is [0, 1]. Show that

n n
Pl IS X s B3 004t} < OmETLRD
i=1

i=1



The Transportation Method

In this chapter we present the main ideas behind a different way of proving concentra-
tion inequalities that we call the transportation method. It is based on a beautiful idea of
coupling and provides a simple and elegant approach that leads to concentration inequal-
ities, some of which are difficult to prove with other general methods such as the ones
described in Chapter 6. One of the strengths of the transportation method is that it is pos-
sible to extend it to weakly dependent random variables. However, we do not pursue this
here.

The method is best described using the same basic framework defined in the previ-
ous chapters, that is, we let Xj, ..., X, be independent random variables taking values
in a (measurable) set X’ and consider a measurable function f : X" — R of n vari-
ables. As before, we define the real random variable Z = f(Xj,...,X,). Once again,
we need some general assumptions of regularity that can be formalized as follows. Let
d: X x X — [0,00) be a nonnegative function (typically a pseudo-metric) and let
C1y--.,cn > 0be constants. We assume that f satisfies the Lipschitz-type property

n

fO) -f(x) < Z cid (%, y:) (8.1)

i=1

forallx,y € A",

To demonstrate how transportation and concentration inequalities are connected, we
recall the transportation lemma (Lemma 4.18) whose most basic special case states the fol-
lowing. Let Z be a real-valued random variable defined on a probability space (2, A4, P).
The logarithm of the moment-generating function ¥ _g,z(A) = log Ep exp(A(Z - EpZ))
of the real-valued random variable satisfies

vA?
V7 Bz (r) < BN
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for every A > 0 for some v > 0 if and only if for any probability measure Q absolutely
continuous with respect to P and such that D(Q ||P) < oo,

Eqof - Epf < v/2vD(Q||P).

(Recall that Ep denotes integration with respect to the probability measure P.)

The lemma above suggests that one may prove sub-Gaussian concentration inequalit-
ies for Z = f(Xy,...,X,) by proving a “transportation” inequality as above. The key to
achieving this relies on coupling.

Fori=1,...,n, denote by P; the distribution of X;, andlet P=P; ® - - - ® P, be the
joint (product) distribution of Xj, . . ., X,, on X™. Consider a probability measure Q on X",
absolutely continuous with respect to Pand let Y be a random variable (defined on the same
probability space as X) such that Y has distribution Q. We say that the joint distribution
P of the pair (X,Y) is a ‘coupling” of P and Q and we write P(P, Q) for the collection
of all such probability distributions. Then, using the Lipschitz condition and the Cauchy-
Schwarz inequality,

Eqof - Epf = Ep [f(Y) - f(X)]
< Z cEpd(X, Y;)

i=1

n 1/2 n 1/2
s(Zcﬁ) (Z(Epd(xi,n))z) :

i=1 i=1

Thus, it suffices to upper bound

n

> (Bpd(X,, 7))

i=1
by a constant multiple of D(Q || P). In particular, if one is able to prove that for some positive
constant C

n

. 2
pcmin ; (Epd(X;, Y;))" < 2CD(QP), (82)

then it follows from the argument described above that ¥z _g,z(1) < vA*/2 where

v=CY_ ", c. This, of course, implies the sub-Gaussian concentration inequalities

P{Z>EZ+t}<e¢'/® and P{Z<EZ-t} <et/®,
The bulk of the work therefore lies in proving the coupling inequality (8.2). By a general

induction principle given in Lemma 8.13 at the end of this chapter, it suffices to prove the
inequality for n = 1. Thus, the quantity of interest is

min Epd(X,Y),
PeP(PQ)
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which quantifies the “effort” required to transport a mass distributed according to P into a
mass distributed according to Q measured by the cost function d. This quantity is usually
called the transportation cost from Q to P relatively to d. The transportation problem asks
for constructing an optimal coupling P € P(P, Q), that is, a minimizer of the transportation
cost Epd(X, Y). This explains the name transportation method for the technique of proving
concentration inequalities discussed in this chapter.

The rest of the chapter is organized as follows. We first consider the case d(x, ) = L(x.
With this cost function, the Lipschitz condition (8.1) becomes just the bounded differences
condition and, in fact, we recover an alternative proof of the bounded differences inequal-
ity (Theorem 6.2). Still dealing with the case d(x,y) = L (%, in Section 8.2 we generalize
the bounded differences condition by allowing the coefficients ¢; in (8.1) to depend on the
vector x. The resulting concentration inequalities do not have a proof based on the entropy
method (especially the lower-tail bounds). In Section 8.5 we present a refinement of these
ideas and use it to re-derive the Gaussian concentration inequality. The basic observation is
that one may weaken condition (8.1) and assume instead only that

; 1/2
fOo)-f(x) <L (Z dz(xi;yi))

i=1
if one is able to prove the stronger transportation inequality

n
min Epd* (X, Y;) < CD(Q||P).
Pep(m); pd’(X, ;) < CD(QIP)

Indeed, in this case the Cauchy—Schwarz inequality implies that for every coupling of P and
Q, one has

n 1/2
Eqof -Epf <L (ZEPdZ(Xi) Yx)) ’

i=1

and therefore ¥, _g,7(A) < vA*/2 with v = CL. We show that the strengthened transport-
ation inequality holds with C = 1 for the quadratic cost d*(x, y) = (x — ) in the case when
P is the standard Gaussian distribution on R". This provides an alternative proof of the
Gaussian concentration inequality.

8.1 The Bounded Differences Inequality Revisited

Perhaps the simplest way to illustrate how the transportation method works is by re-proving
the bounded differences inequality of Theorem 6.2. Recall that f satisfies the bounded
differences condition if

If (eayeepiyee ) =f (R1ye ey ¥y 2)| <
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forallx,y € X", andi=1,...,n. Thisimplies that forallx,y € X",

n

If &) =F D] =Y il

i=1

and therefore f satisfies condition (8.1) for the cost function d(t,t') = L{;4}. According
to the argument described in the introduction of this chapter, we need to solve the
transportation problem for this cost function. Clearly,

min Epd(X,Y)= min P{X #Y}.
PeP(P,Q) PeP(PQ)

The solution is given by the next lemma.

Lemma 8.1 IfPand Q are probability distributions on the same space (2, A), then

Perg(ng)P{X #Y}=V(P,Q)

where V (P, Q) denotes the total variation distance

V(P,Q) = sup |P(4) - Q(A)].

Proof Note thatif P € P(P,Q), then

|P(A) - Q(A)| = |EP [jl{XeA} - Il{YeA}”
<Ep [|1{XeA} - Liyeny| ]l{x;éy}] <P{X#Y},
which means that V(P, Q) < infpep(pq) P{X # Y}. Conversely, consider a probab-
ility measure p which dominates P and Q and denote by p and q the corresponding
densities of P and Q with respect to j. Then

def

a=V(PQ) =f9(p—q)+du =/Q(q—p)+du = I—Lmin(p,q)du

and since we can assume thata > 0 (otherwise the result is trivial), we define the prob-
ability measure P as a mixture P = aP; + (1 — a)P, where P; and P, are such that, for
any measurable and bounded function W,

2 / W, y)dP (x,y) = / (0 - (), (40) - p()), ¥ () dia (e)dye ()
QAxQ QxQ
and

(1-a) /Q WP (n) - /Q min(p(x), ()W (3 x)di ().
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It is easy to check that P € P (P,Q). Moreover, since P, is concentrated on the
“diagonal” {(x,y) : x =y}, wehave P{X # Y} = aP1{X # Y} < a. O

It remains for us to prove a transportation inequality of the form (8.2). Given the inter-
pretation of the variation distance as a transportation cost given by the previous lemma, it
is now natural to use Pinsker’s inequality (recall Theorem 4.19). This immediately gives us
(82) forn=1.

Theorem 8.2 (MARTON’S TRANSPORTATION INEQUALITY) Let P=P; ® --- ® P, be
a product probability measure on X" and let Q be a probability measure absolutely
continuous with respect to P. Then

n

1
min PP {X; #Y;} < =D(Q||P),
PeP(PQ) 4 2

where (X,Y) = (X, Yi),_, ..., has distribution P.
Proof We simply apply the general induction principle given in Lemma 8.13 at the end

of this chapter, noticing that the basic induction assumption is satisfied by combining
Pinsker’s inequality (Theorem 4.19) and Lemma 8.1. d

Putting everything together, we see that (8.2) is satisfied with C = 1/4, which implies
that if f : X" — R satisfies the bounded differences condition and Xj, . .., X, are inde-
pendent, then Z = f(X;, ..., X,) is sub-Gaussian with variance factor ) . c¢?/4, which
implies the bounded differences inequality of Theorem 6.2.

8.2 Bounded Differences in Quadratic Mean

Next we take a step further and relax the bounded differences condition. We assume that

[+ X" — Rosatisfies

OB BT,

for some functions ¢; : X" — [0,00),i = 1,...,n. Instead of forcing the c; to be bounded
we assume only that they are bounded in “quadratic mean” in the sense that

vEEY 2(X)
i=1

is finite. Under this assumption, the transportation method may be used as follows. Let Q
be a probability distribution, absolutely continuous with respect to P, the distribution of X.
Let P be a coupling of Pand Q. Then
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Eof -Exf <3 Ep[a(X)P{X #Yi | X}]

i=1

which implies, by applying the Cauchy-Schwarz inequality twice,

Eof ~Eof < 3 (En2(X) " (Bo [P 1x 71 X1] )

i=1

" 172 7 4 1/2
< (Zwﬁ(}ﬂ) (ZEP[PZ{X#MX}]) :

i=1

Using our assumption on f, this implies

. 12
EQf_EPff\/;< inf ZEP[PZ{X,-#Y,-|X}]> .

PeP(P,Q) an

Thus, by the “road map” laid down in the introduction to this chapter, if we can prove the

inequality

inf » Ep[P*{X #Y,| X}] < 2D(Q|P),

PeP(PQ) ‘7

then Lemma 4.18 implies ¥z _gz(1) < vA%/2 and the resulting sub-Gaussian tail inequality
with variance factor v. Since Lemma 8.13 is applicable, it suffices to prove the transportation
inequality above for n = 1. To this end, we first solve the corresponding transportation cost
problem.

A conditional transportation cost problem First we need to introduce the analog of
the total variation distance for our “conditional” transportation cost problem. Let P and Q
be probability distributions and let 1t be a measure dominating P and Q simultaneously.
For concreteness, we may take 1 = (P + Q)/2. Then we may consider p = dP/dj and
q = dQ/du and define

4 (QP) = / (p;fq)idu.

Observe that this definition does not depend on the dominating measure. Indeed, if v is
another measure dominating P and Q simultaneously, then u is absolutely continuous with
respect to v and setting ¢ = djt/dv and we may write

(dP/dv - dQ/dv)% / (op-g0)  _ / -7 5
B/ dv = @ dv = P gdv = d;(Q, P).

We are now ready to prove an analog of Lemma 8.1.
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Lemma 8.3 Let P and Q be probability distributions on a common measurable space ($2, A).
Then

min (EP [P{XAY | X} +Ep[P{X#Y| Y}])
PeP(PQ)
=& (QP) + (P, Q).
Proof Let it = (P + Q)/2and denote by p and g the densities of Pand Q with respect to ji.

Introducing p(x) = p(x) Liyx)=0} + Lip(x)-0}, notice that p(X) = p(X) with probabil-
ity one. Moreover, if P € P(P, Q), then

X
P{X =Y | X} < min (1,?(—))
p(X)
with probability one. To see this, observe that for any nonnegative measurable
function h,

Ep [h(X)P{X =Y | X}] = Ep [h(X)Lix-v3]
< Ep [h(Y) Lyy)-01]

_ B [h(x)}%}

and therefore,

e 10 (455 P =110 )| =0

from which the claim follows. This implies that
2
q(X) 2
Ep[PP{X#Y |X}|>E <1—~— =d,(Q,P),
ol =8 (1-500) | =4
and therefore

BQP) = inf Ep[P{X7Y|X)].

Of course, symmetrically,

4(PQ) = inf Ep[PP{X#Y|Y}],
PeP(PQ)

which implies that

4(QP) +d(P,Q)

gpegg’q) {Bp [P {X#Y | X} +Ep[P{X #Y | Y}]}.
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Conversely, ifa = V(P, Q) = 0, there is nothing to prove. Otherwise we consider the
same coupling P € P(P, Q) as in the proof of Lemma 8.1, that is, P is defined as a
mixture P = aP; + (1 — a)P, where P; and P, are such that, for any measurable and
bounded function W,

2 / (2, y)dPy () = / (p() - 4))+(90) - ()W (o) dia () dia ()
QxQ QxQ
and
(1- a)‘/s2 . W (x,y)dPy(x,y) = /;zmin(p(x),q(x))\IJ (%, ) di(x).

By construction of this coupling, we have, with probability one,

(Fa(a0) ~pO))edi() { () - (X)),
P{X”'X}‘< p )( (%) )
00 400,
p(X) '

and therefore

(p(x) - q(x))2

Ep[PP{X#Y|X}]= )

p()dp(x) = d(Q P).
Similarly we have

Ep [P {X #Y | Y}] = 4(P,Q),
concluding the proof of Lemma 8.3. d
The next step is an analog of Pinsker’s inequality in which d, plays the role of the total
variation distance.

Lemma 8.4 Let P and Q be probability distributions on a common measurable space (2, A).
If Q is absolutely continuous with respect to P, then

(QP) + &5(P,Q) = 2D(QIIP).
Proof Since Q < P, setting q = dQ /dP we may write

(q(X) - 1)3}
x) 1

Moreover, defining h(t) = (1 - t)log(1 - t) + tfort < 1and h(1) = 1, we may write

D(Q|IP) = Ep [h(1 - q(X))] = Ep [h (1 - 9(X)).)] + Ep [ (~(q(X) - 1).)]

2(Q,P) + 2(P,Q) = E» [(1 - q(0))] + E» [

and the result follows by the inequalities
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2 ’
h(t)zg fort € [0,1] and h(-t) >

fort >0
2(1+¢t) -

(recall Exercise 2.8). O

We are now ready to prove the main result of this section.

Theorem 8.5 (MARTON’S CONDITIONAL TRANSPORTATION INEQUALITY) Let
P=P, ® - ®P, be a product probability measure on X" and let Q be a probability
measure absolutely continuous with respect to P. Then

n

min Ep Y (P{X; # Y | Xi} + PP {X; # Y; | Yi}) <2D(Q|IP),
PeP(P,Q) P

where (X,Y) = (X, Yi),., ., has distribution P.

Proof By Lemmas 8.3 and 8.4, for all i = 1,...,n and for every distribution v which is
absolutely continuous with respect to P;,

min Ep [P {X; #Y; | X;} + PP {X; # Y; | Y;}] < 2D (v||P)).
PeP(P;,v)

The result follows by applying Lemma 8.13 with ¢(x) = */2 and w(x, y) = Tapy. O

Marton’s conditional transportation inequality implies the following powerful concen-
tration inequality. It is, in essence, similar to some of the results of Chapter 6 but does not
follow from any of them.

Theorem 8.6 Letf : X" — R be a measurable function and let X, . . ., X, be independent
random variables taking their values in X. Define Z = (X, . .., X,,). Assume that there
exist measurable functions ¢; : X™ — [0,00) such that for all x,y € X",

f()’) _f(x) =< Z Ci(x)ﬂ{x,#y,}-
i=1
Setting
v= EZC?(X) and veo = sup chz(x),
i=1 x€X™ iy
forall A > 0, we have

Ay Ao

Vz-pz(X) < > and  Y_z.pz(X) <

In particular, for allt > 0,

P{Z>EZ+t} <e'/® and P{Z <EZ-t} <t/
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Proof LetP = P; ® - - - ® P, denote the distribution of the vector X = (X, ...,X,) and
let Q be a probability distribution on X" which is absolutely continuous with respect
to P.If Pis a coupling of P and Q, then, as we have seen at the beginning of this section,

n 1/2
Eqof —Epf < /v (ZEP [P* {X; #Yi | X}]) )

and therefore

n 1/2
EQf—Epfsﬁ< inf ZEP[PZ{X#MX}]) )

PeP(PQ)

so by Theorem 8.5

Eqof - Epf < \/W

Since this inequality holds for all Q < P, by Lemma 4.18, we have ¥7_gz(1) <
A*v/2, proving the bound for the upper tail of Z.

To prove the inequalities for the lower tail of Z, introduce g(x) = —f(x). Then the
condition on f implies that forall x,y € X",

g(y) -g(x) < Z (1) L)

Then, by repeating the argument at the beginning of the section, we get

. 12
Eqg - Epg < \/%( inf ZEP [Pz Xi#Y: | Y}]> )

PeP(P,Q) 1

where vg = > Ec?(Y). Unfortunately, vo depends on Q and it is therefore not a
useful quantity. However, by bounding vq < v, and using Theorem 8.5, we get that,
forallQ < P,

Eqg - Epg < v/2v5D(Q||P)

and again we may conclude using Lemma 4.18. O
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8.3 Applications of Marton’s Conditional
Transportation Inequality

Next we illustrate the use of Theorem 8.6 by revisiting some examples from earlier chapters
such as the largest eigenvalue of a symmetric matrix with independent entries, configuration
functions, and the bin packing problem.

Example 8.7 (THE LARGEST EIGENVALUE OF A RANDOM SYMMETRIC MATRIX)
Consider again the example already investigated in Examples 3.14 and 6.8. Let A be a
random symmetric real matrix with entries X;;, 1 < i < j < nwhere X the X are inde-
pendent random variables with |X;;| < 1. Let Z = A, denote the largest eigenvalue of
A. We already proved that Var (Z) < 16 and that forall t > 0,

P{Z>EZ+t} <3

Here we show how Theorem 8.6 implies the same exponential bound and a sim-
ilar lower tail inequality. If x € [-1,1]"("+1)/2
1<i<j<nletA(x) = ((A(x));)
and A1 (x) its largest eigenvalue. Then forall x,y € [-1,1]

is a vector with components x;;,
denote the corresponding symmetric matrix
n(n+1)/2

)

nxn

Mx) =2 (y) =  sup uTA(x)u— sup uTA(y)u

u€R™: [lul|=1 ueR":||uf|=1
< v"(Ax) -AQ))v
(wherev = (vy,...,v,) is a unit vector maximizing uTA(x)u)

Z Z viv; (A(x)i,;' - A()’)i;i)

i=1 j=1

<4 Z ]l{xx,;#yi,j}|viuj|'

1<i<j<n

Since v only depends on x, the function f(x) = —A;(x) satisfies the condition of
Theorem 8.6 with ¢;j(x) = 4|v;|. But 3, _,_._, ¢ij(x)* < 16 for all x and therefore
Theorem 8.6 implies the bounds

P{Z>EZ+t}<e'/? and P{Z<EzZ-t}<e"/?

forallt > 0.

Example 8.8 (CONFIGURATION FUNCTIONS) Recall from Section 3.3 the definition of
a configuration function f : X" — {1,2,...,n}: a property I is a sequence of sets
I, c X, 11, C X%,..., 11, C X". For m < n, a vector (xi,...x,) € X™ satisfies
the property ITif (xi, . .. x,) € I1,,. Assume that I is hereditary so that if (x, . . . x,,)
satisfies IT then so does any sub-sequence (x;, . .. x; ) of (x1, . . . x,,). The function f
that maps any vector x = (x1, . . . x,) to the size of a largest sub-sequence satisfying IT
is the configuration function associated with property IT.
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If f is a configuration function and Xj, . .., X, are independent random variables
taking values in X, then define Z = f(X, ..., X, ). Since configuration functions are
self-bounding, Z satisfies the exponential inequalities of Theorem 6.12.

Let f be such a configuration function. For any x € A", fix a maximal sub-sequence
(%3, - - ., x;,) satisfying property IT (so that f(x) = m). Let ¢;(x) denote the indicator
that x; belongs to the sub-sequence (x;,,...,x;,). Thus, Y r ci(x)? =Y 1, c(x) =
f(x). It follows from the definition of a configuration function that forall x,y € X,

f) = f(x) - Z L)

This means that the function g = —f satisfies the condition of Theorem 8.6 with
v = EZ. Thus, the first inequality of Theorem 8.6 implies that

P{Z <EZ -t} < t/0FD),
Of course, we have already proved the same inequality as a consequence of Theorem
6.12.

To derive an exponential inequality for the upper tail of Z, we need to modify the
proof of Theorem 8.6. Since for all x,y € X

fO) () =D a() L

i=1

it follows from Theorem 8.5 that forall Q < P,

Eof - Epf < /2D(QIIP)Eqf,
where P denotes the distribution of the vector X = (X, ..., X,). But then
Eqf - Epf < ,/2D(QIIP)Expf +2D(Q||P)

(see Exercise 8.3). By Lemma 4.18 this implies

P{Z>EZ+t} < P
+ —_ —_
= ==F "\Ez

where by (1) = 1 + u — 4/1 + 2u, or, equivalently,
P {Z—EZ > V2UEZ + Zt} <e'

(recall the calculations of Section 2.4). This inequality is similar, though not quite as
sharp as the one that follows from Theorem 6.12.
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Example 8.9 (BIN PACKING) Consider once again the random bin packing problem
described in Example 3.3 and Section 7.6. Recall that f(x) denotes the minimum num-
ber of bins of size 1 so that the numbers x, . . ., x, € [0, 1] fit in f(x) bins. We write
Z = f(X) when Xj, . . ., X, are independent, taking values in [0, 1]. In Section 7.6 we
used the convex distance inequality to derive exponential tail inequalities for Z. The
key property we used was that for all x, y € [0,1]",

flx) <f(y)+2 Z Ly + 1,
i=1

so introducing g(x) = —f(x), we have

g() <g(x) +2) Lppyni + L.

i=1

This looks very much like the condition of Theorem 8.6 except for the additional “+1”
on the right-hand side. Thus, Theorem 8.6 is not directly applicable but Theorem 8.5
is still useful with a slight modification of the proof of Theorem 8.6. Indeed, it follows
by Marton’s conditional transportation inequality that, if P denotes the distribution of
X = (Xy,...,X,) and Q is absolutely continuous with respect to P, then

Eqg - Epg < v/2vD(Q||P) +1

where v = 4 )" | EX?. Then, by an easy application of Lemma 4.18, we have, for all
t>0,

-(t-1)?
P{Z < EZ-t} < exp (— .
8> L, EX}

We leave the details to the reader as an easy exercise. This bound for the lower tail of
Z is slightly better than that which we obtained from the convex distance inequality.
However, by a direct application of Theorem 8.6 we do not get an interesting bound
for the upper tail because vo = sup, 4 Y ., x> = 4n leads to a bound that we could
prove in a simpler way by the bounded differences inequality.

8.4 The Convex Distance Inequality Revisited

The power of Theorem 8.6 is best demonstrated by showing how easily it implies
Talagrand’s convex distance inequality which we proved by the entropy method (and with
a suboptimal constant) in Section 7.4.
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Recall that if A C X" is a measurable set, then the convex distance of x € X to the set
Ais defined as

n

dr(x,A) = sup ian i1ty

€A
ae000) |l <1?< 7

Denote by c(x) = (c1(x), . .., c,(x)) the vector of nonnegative components in the unit ball
for which the supremum is achieved. Then

d ,A—d ,Aff i ]];xx’—lf i ]1 /
1(%,A) - dr(y, 4) ;EA;c(x) ) ;QA;C(@ i)

n
< D al®) Lgp-
i=1
This shows that f(x) = -dr(x,A) satisfies the condition of Theorem 8.6. Since
> r ci(x)? < 1forallx, Theorem 8.6 ensures that if X is a vector of independent random
variables, then dr(X, A) is sub-Gaussian with variance factor 1. This property implies the
convex distance inequality as follows. Let Z = d7(X, A). By Theorem 8.6, forall t > 0,
P{Z-EZ>t} <t/
Since t* > —(EZ)? + (t + EZ)* /2, this upper tail inequality implies
P{Z _EZ > t} < e(EZ)"/Ze—(t+EZ)2/4.
Replacing t by t — EZ, this inequality also implies that for t > 0,

P{Z>t} < (B2 /2,/4

(note that this bound is trivial whenever ¢t < EZ and therefore we may always assume that
t > EZ). On the other hand, using the left-tail bound

P{EZ-Z>t}<¢t/?
with t = EZ, we get
P{X € A} =P{Z =0} < ¢ B2,
Combining these bounds leads to
PX c AP(Z >t} <4,

which is the convex distance inequality of Theorem 7.9.
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8.5 Talagrand’s Gaussian Transportation Inequality

The purpose of this section is to prove the following transportation inequality for the
standard Gaussian measure.

Theorem 8.10 Let P be the standard Gaussian probability measure on R" and let Q be any
probability measure which is absolutely continuous with respect to P. Then

min " Ep(X; - Y;)* < 2D(Q|P).

PeP(PQ)

Before proving the theorem, we show how it implies the Tsirelson-Ibragimov-Sudakov
inequality (Theorem $.6), which we proved based on the Gaussian logarithmic Sobolev
inequality and Herbst’s argument.

Assume that f : R" — Ris a Lipschitz function, that is, for all x,y € R",

n 1/2
f(}’) _f(x) <L (Z(% _yi)2> .

Then, by Jensen’s inequality, for every coupling P of Pand Q < P, one has

" 1/2
Eof -Epf = Ep [f(Y) -f(X)] < L (Z Ep(X; - 1@)2) -

i=1

Hence, Theorem 8.10 implies that

Eof - Eef <v212D(QIIP),

and it follows from Lemma 4.18 that v, _gz (1) < L*A%/2 for all A > 0 where Z = f(X).
This implies the Gaussian concentration inequality.

Turning to the proof of Theorem 8.10, first note that the induction argument of Lemma
8.13 applies and therefore our main task is to deal with the one-dimensional case. Before
proving the result, we describe a classical result which shows that the solution of the trans-
portation cost problem for the quadratic loss is given by the so-called quantile transform,
sometimes also called monotone rearrangement.

Lemma 8.11 Let F and G be distribution functions on the real line. If X and Y are real-valued
random variables with distribution functions F and G, respectively, E[ (X - Y)*] is minimal
when X and Y are defined by the quantile transform of the same uniform random variable,
that is, when X = F1(U) and Y = G™1(U) where U is uniformly distributed on [0, 1].
The minimal value of E[ (X - Y)*] is therefore

fo CENO -6 (0) e
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Proof Since the marginal distributions of X and Y are given, minimizing E[(X - Y)?]
is equivalent to maximizing E[XY]. We begin with the case when X and Y are
nonnegative. Then, by Fubini’s theorem,

o0 o0
E[XY] = E/ / ]l{x<X}]l{y<y}dxdy
o oo
:/ f P{X > xY > y} dxdy.
0 0

Applying this formula to the variables F! (U) and G (U) yields

E[F'(U)G'(U)] = /Ooo /OOOP{Fl(U) > x,G ' (U) > y} ddy
= /000 /OOOP{U > max(F(x), G(y))} dxdy,

and therefore,

E[F (0)6 (V)] = / N / " min (1 - F@)), (1 - G))) dxdy
= Aoo /Ooomin(P{X > x}, P{Y > y}) dxdy.

Since P{X > x,Y > y} < min (P{X > x},P{Y > y}), we have shown that
E[XY] <E[F'(U)G'(U)].

Dealing with the general case is more complicated but relies basically on the same argu-
ments. DecomposingXandYasX = X* - X andY = Y* - Y, we write E[XY] as the
sum of four terms:

E[XY]=EX'Y']+EXY |-EXY']-E[X'Y]. (83)
We now find that we can optimize each of these four terms individually. More pre-
cisely, the maximum of each term is achieved whenever X = F-}(U) and Y = G}(U)

which, of course, implies the desired result. For the first two terms, this is clear since
the arguments above imply

E[X'Y'] <E[(F' (D))" (G ()],
and similarly,

EXY ] <E[(F'(U)) (G'(U))].
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Next we study the third term. Using Fubini’s theorem once more, we may write

E[XY'] = foo /OOP{X < %Y > y} dudy.
o Jo
Note that
P{X<-xY>y}>P{X<-x}-P{Y <y},
which means that
P{X <-xY >y} > (F(-x) - G(y))".
But the right-hand side of this inequality may be interpreted as

(F(-x) - G(y))" =P{G(y) < U < F(-x)}
=P{F'(U) < «G'(U) >y},

and therefore,
P{X < -xY >y} >P{F'(U) <-xG'(U) >y}.
It remains to integrate this inequality on [0, 00)” to conclude that
E[XY'] = E[(F'(U)) (¢'(U))].

Exchanging the roles of X and Y yields the same result for the fourth term in (8.3),
which finally leads to

E[XY] <E[F'(U)G'(U)].
To finish the proof, it remains to compute the minimal value of E[(X - Y)?] under

the marginal constraints X ~ Fand Y ~ G. But we already know that the minimum is
achieved whenever X = F!(U) and Y = G™'(U) and in this case,

E[(X-Y)?]=E(F'(U)-G'(U))’ = /0 (F'() - G'(1)’ dt. O

Although it assists our understanding of the transportation approach to Gaussian con-
centration, we do not use Lemma 8.11 in the proof of Theorem 8.10 but, rather, prove
directly the following inequality for the quantile transform.
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Lemma 8.12 Let y be the standard normal distribution on the real line and v be some probab-
ility distribution which is absolutely continuous with respect to y. Denote by ® and G the
distribution functions of y and v and define the quantile transform

T=G"'od.
If X is a standard normal variable, then Y = T(X) has distribution v and

E[(X-Y)*] =2D(v]ly).

Proof Denote by g the density of v with respect to . Assume first that g is bounded by a
constant 8. We claim that this assumption implies that

|T(x)| < 2|x| when || islarge enough. (84)

Indeed, g < 0 implies that for all x, G(2x) < 6P (2x). Moreover, by Gordon’s
inequality for the tail behavior of ® (see Exercise 7.8),
2
~log @ (x) ~ > asx — —00,

and, in particular,

lim d(2x) _
e

Hence there exists g < 0, such that G(2x) < ®(x) or, equivalently, 2x < T(x) for all
x < xo. A similar argument for the right tail leads to (8.4).
The key observation for proving the lemma is that

¢ (x)
g(T(x))$(T(x))’

where ¢(t) = (2m)™V 2¢"/2 denotes the standard normal density. Then we may write

T (x) =

D(vlly) = Elogg(Y)

2l (X)) ,
—E_log¢(Y)—logT(X)i|
[ x> Y? )
:E_—7+7—logT(X)i|

[ X* Y?
>E ——+—+1—T’(X)]
2 2

where we use -~ logu > 1 — uforu > 0. From (8.4) we know, on the one hand, that Y
has a finite second order moment and, on the other hand, that limjy . oo T(x)¢(x) = 0.
Hence, integrating by parts leads to
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+00

-ET'(X) = - /:+°° T (x)p (x)dx = / T(x)¢' (x)dx

00 -00

- [Ty = -0

o]

Then the inequality above becomes

D(vlly) = E[—%Z + Y;} +1-E[XY] = E[(XT‘Y)Z]

where we use EX* = 1. This proves the lemma for the case when g is bounded.
The general case requires a truncation argument. We may assume D(v]|y) < 00
because otherwise there is nothing to prove. For any positive integer k, introduce the

(bounded) density

min(g(x) ,k)
Ck !

gr(x) =

where ¢, = [ min(g(x), k)@ (x)dx. By monotone convergence, the distribution func-
tion Gy of vy = gk, converges pointwise to G, so T = G;l o @ converges pointwise
to T. By Fatou’s lemma and using the fact that the statement is true in the bounded
case, we have

E[(X-T(X))*] < lim inf B [(X - Tk(X))z] < 2likrggng (velly).

To complete the argument, it remains to prove that lim infi_, o D(vi||y) = D(v||y).
Setting

H(u) = uloguy,

we may write

D(wly) = i /H (min(g(x), k)) ¢ (x)dx - log .

By monotone convergence, limg_, » ¢ = 1. Moreover, since H increases on [1, +oo),
the sequence of functions H (min(g(x),k)) increases to H(g(x)) as k — oo.
Furthermore, H is bounded from below by —e! and Lebesgue’s dominated conver-
gence theorem allows us to conclude that

tim [ min((9, 1) 9 = [ H (59) 91

and therefore lim;_, o D(v¢|ly) = D(v]|y), completing the proof of Lemma 8.12. O
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Now that the one-dimensional transportation cost inequality is available, it is very easy
to derive Talagrand’s transportation cost inequality for the Gaussian measure via Lemma
8.13.

Proof of Theorem 8.10 Starting from Lemma 8.12 we may apply Lemma 8.13 with
¢ (x) = x/2and w(x,y) = (x - y)* to derive the theorem. O

8.6 Appendix: A General Induction Lemma

We close this chapter by a general induction principle that is an important part of the proofs
of Theorems 8.2, 8.5, and 8.10. It allows us to extend the one-dimensional transportation
inequalities to the multi-dimensional case.

Lemma 8.13 Let P = Q) P; be a product probability measure on a product measurable
space X" and let Q be a probability measure absolutely continuous with respect to P. Let
w: X x X — [0,00) beameasurable function and let ¢ : [0,00) — [0, 00) be a con-
vex function. Suppose that for every i = 1,. . ., n and for every probability measure v which
is absolutely continuous with respect to P;,

min ¢ (Epw(X;,Y;)) < D(v||P;). (85)
PeP(P,v)

Then

min Y~ ¢ (Epw(X,, Y)) < D(QIP).

PeP(PQ) ‘7
Similarly, if for everyi = 1,. .., n and for every probability measure v < P;

,min  Ep [¢ (Bp [w (X, ) | X)]) + ¢ (Ep [w(X, V) | Y;])] <D([IP),  (s6)

then

n

pin ) Er [¢ (Ep [w(X, Y)) | Xi]) + ¢ (Ep [w(X,, V7)) | Yi])] < D(QIIP)

and, a fortiori,

n

pin ) Ep [¢ (Ep [w(X, Y)) | X]) + ¢ (Ep [w(X, Y:) | Y])] < D(QIIP).
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Proof We start with the case when assumption (8.5) holds. We prove, by induction on
k < n, that for every Q absolutely continuous with respect to P* = @ P,

k
min Z ¢ (Epw(X;,Y:)) <D (Q"Pk)

PeP(P5Q) o

For k = 1, this is just assumption (8.5). Assume now that for any distribution Q’,
absolutely continuous with respect to P*!, the coupling inequality

k-1

min > ¢ (Epw(X, Y,)) <D (Q'|[P*) (87)

PeP(PL,Q) ‘3

holds. Nowletg = dQ /dP* denote the density of Q with respect to P¥. Then, using the
notation H(u) = ulogu,

D(QIP) = /X [ /X le(g(x,t))del(x)] dPy(0).

Denoting by g the marginal density g(t) = /.. g(x,t)dP* (x) and by g the corres-
ponding marginal distribution of Q, g = gcPx, we may write g(x, t) = g(x|t)gk(t) and
get, by Fubini’s theorem,

p(@iF)= [ a| [ 1) ar )| arc+ [ 1) anc
X Akl X
Introducing for any t € X, the conditional distribution

dQ(x|t) = g(x|t)de’1(x),

the previous identity can be written as

D(QP") = /X D (Q(-[t) IP*") dgi(t) + D (qlIPe),

which is known as the chain rule for relative entropy. Now (8.7) ensures that, for
any t € X, there exists a probability distribution P; on X k=L ket belonging to
P (Pk‘l, Q (|t)) such that

k-1

Y ¢ (Bpw(X, Y:)) < D(Q(]¢) IP),

i=1
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while (8.5) ensures that there exists a probability distribution Q; on X' x X belonging
to P (Py, qi) such that

¢ (Eqw(Xy, Yi)) < D (v[IPy).

Hence,

k-1

D (QIP) = / D0 (Enn(X, 1)) das () + 6 (B 1),

and by Jensen’s inequality,

D (QlIP*) = Z¢ [/ Ep,w(X;, Yi)qu(t)] +¢ (Eqw (Xi, Yi)). (88)

Now consider the probability distribution P on X* x X* with marginal distribution
Qron X' X X and such that the distribution of (X;, Y;) for 1 < i < k — 1, conditionally
on (X, Y1), is equal to Py,. More precisely, for any measurable and bounded function
W Xk x Xk R, kaxXk W (x,y)dP(x,y) is defined by

~/.X><X |:/X’<‘><Xk' ¥ LG x), ()] dPyk(x’y)] dQu(xx, yi).-

Then, by construction, P € P (Pk, Q) Moreover,
Epw(X,Y;) = / Epw(X;, Y;)dqr(t) foralli <k-1
X

and
Epw(Xi, Yi) = Eqw(Xi, Yi),

and therefore we obtain from (8.8) that

k-1

D(QIIPY) = D ¢ (Epw(X,, Y1) + ¢ (Epw(Xi, Yi))-

i=1

If we now consider assumption (8.6), the proof is very similar and we just sketch it.
The induction argument ensures the existence of a coupling probability distribution
P; on X*¥1 x X*! belonging to P (Pk'l, Q (|t)) such that
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k-1
/ ¢ EPt W(XuY)|X1 =X, Xkl = xk—l]) de_l(xh”-xk—I)

/ Ept W(Xu Y)|Y1 Yiseeos Y1 = ykfl]) dQ()’l; .- .,yk,1|t)
<D

(Q (1) 1P,

and one can define a coupling probability Qx € P (Py, g) such that

Eq [¢ (Bq [w (X Vi) |Xk]) + ¢ (Eq. [w (X6 Yi) |Ye])] < D (VIIPY).

We define the coupling probability P in exactly the same way as above. The proof can
be completed in a similar way as before by using the chain rule, Fubini’s Theorem, and
Jensen’s inequality. The last inequality of the theorem is easily obtained. O

8.7 Bibliographical Remarks

The transportation method for proving concentration inequalities was initiated by Marton
(1986), building on earlier work on information theory by Ahlswede, Gics and Kérner
(1976) and Csiszér and Kérner (1981). Marton first considered the case d(x,y) = Ly,
leading to the bounded differences inequality. Lemma 8.1 is due to Dobrushin (1970).
Lemma 8.1 is a special instance of the transportation cost problem. The interested reader
will find much more general results in Rachev (1991), including Kantorovich’s theorem
that relates the transportation cost to the bounded Lipschitz distance when the cost func-
tion is a distance and several analog coupling results for other types of distances between
probability measures like the Prohorov distance (see also Strassen’s theorem in Strassen
(1965)).

Theorem 8.2 is a slightly stronger form of the original result of Marton (1986). By the
Cauchy-Schwarz inequality, Theorem 8.2 implies that

Pe%l(lgq) ZP{X # Y} = ,/ _D(Q”P):

which is originally stated in Marton (1986).
The symmetric “Pinsker-type” inequality of Lemma 8.4 is due to Samson (2000).
The method is robust in the sense that it can be extended to functions of weakly
dependent variables (see Marton (1996b, 2003, 2004 ), Rio (2000), and Samson (2000)).
The material in Section 8.2 is based on Marton (19964) and Samson (2000). The results
of Section 8.5 are due to Talagrand (1996d). Lemma 8.11 goes back to Fréchet (1957).
For more on the topic we refer to Dembo (1997), Ledoux (2001), and Samson (2003).
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8.8 EXERCISES

8.1.

8.2.

8.3.
8.4.

8.5.

8.6.

Use Marton’s transportation inequality (Theorem 8.2) to show that if P is a product
probability measure on X then for any pair of measurable sets A,B C X*,

i - nl 1 nl 1
H(A,B) < Eogm+ Eog@

where dy(A, B) = mineayep ) .y L{xz,) is the Hamming distance of A and B. What
do you obtain if you take B to be the complement of the ¢-blowup of A?

Complete the details of the proof of the inequality in Example 8.9 for the left tail of
the bin packing problem.

Leta > 0. Show thatifx,y > Osatisfyy — a,/y < x,theny < x + a/x + a*.

Let F and G be distribution functions on the realline. If X and Y are real-valued random
variables with distribution functions F and G, show that E |X - Y| is minimal when
X and Y are defined by the quantile transform of the same uniform random variable,
that is, when X = F!(U) and Y = G™!(U) where U is uniformly distributed on [0, 1].
Conclude that the minimal value of E |X - Y| under the marginal constraints X ~ F
andY ~ Gis

/0 -6 (o) de.

(Hint: use the formula |X - Y| = X + Y - 2 max(X, Y) and begin with the case where
X and Y are nonnegative).
Let F and G be distribution functions on the real line. Prove that

/0 IF () - G (8)| de = / R - 6 ()] d.

(RIO’S COVARIANCE INEQUALITY) Let X and Y be non-negative square-integrable
random variables with distributions functions F and G, respectively. Prove the follow-
ing bound, known as Fréchet’s inequality:

Cov(X,Y) < /1F'1(t)G'1(t)dt— /11~"‘1(t)alt/1 G (t)dt.

0

Let o be the (strong) mixing coefficient between X and Y defined as the supremum,
over all Borels sets A and B, of |Cov (L xea}, L{vep})|- Prove that

|Cov(X,Y)| < /000 /000 min (¢, P{X > u},P{Y > v}) dudv
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and derive that
|Cov(X, )| < / FL(1- )G (1 - dt.
0

Let now X and Y be square integrable random variables, not necessarily non-negative.
Denoting by F and G the distribution functions of | X| and |Y| respectively, prove the
following covariance inequality:

20
|Con(X, )| < 2/ 166 (1 ).
0

(Rio (1993).)



Influences and Threshold Phenomena

This chapter is devoted to the study of functions defined on the n-dimensional binary
hypercube {-1,1}". The n-cube, with the uniform distribution, is the simplest product
space and the tight connection between isoperimetric properties and concentration is
revealed in the most transparent manner. Logarithmic Sobolev inequalities and hypercon-
tractive estimates may be interpreted as generalized isoperimetric inequalities and have
interesting consequences for the geometry of the hypercube. We are mostly interested in
binary-valued (or Boolean) functions (or, equivalently, subsets of {~1, 1}") though in some
cases it is convenient to deal with real-valued functions of the n binary variables.

An important notion that plays a crucial role in this chapter is the influence of a variable,
already introduced in Chapter 4. We start by recalling some simple general isoperimet-
ric inequalities for the hypercube, under the uniform distribution. In Section 9.2, using
a logarithmic Sobolev inequality on the binary n-cube, we derive an improvement of
the Efron-Stein inequality that implies some fundamental properties for influences of
binary-valued functions. This inequality is used in Section 9.3 to derive “local” exponen-
tial concentration inequalities. In Section 9.4 another inequality for the variance, due to
Talagrand, is proved.

Monotone sets play a central role in the study of influences, not only because their spe-
cial properties make them an important object to study but also because one of the most
important applications of the theory of influences, namely threshold phenomena, involves
monotone sets. Section 9.5 is devoted to properties of influences of monotone sets, still
under the uniform distribution.

Most results generalize easily to the case when the underlying measure is the product of n
ii.d. Bernoulli distributions with parameter p € (0, 1). The tools developed in this chapter
allow one to study the evolution of the probability of monotone subsets of {-1,1}" as p
grows from O to 1. In particular, we establish general conditions under which an abrupt
phase transition occurs around a certain critical value of p, that is, the probability of a mono-
tone set jumps from values close to 0 to close to 1 in a narrow interval. Such effects are
known as threshold phenomena and will be seen to occur for any monotone set that does not
depend too much on any of the n variables.



INFLUENCES | 263

9.1 Influences

Consider a subset A of the n-cube {-1,1}" and let P denote the uniform distribution on
{-1,1}" so that P(A) = 27"|A| where |A| denotes the cardinality of the set A. We often find
it convenient to work with Rademacher random variables X, . . ., X, (i.e. the X; are inde-
pendent symmetric sign variables). Then the binary vector X = (X, . .., X,) is uniformly
distributed in {~1, 1}" and P(A) = P{X € A}.

Recall from Chapter 4 the definition of influence of a variable. We denote by
X(l) = (X1y,...,Xi1,~-Xi, Xi+1, - - -, X,) the vector obtained by flipping the i-th component
of the vector X and leaving the others intact. The influence of the i-th variable is

1(A) = P{Lixen # L0 )

that is, the probability that changing the i-th variable changes the event X € A. When this

happens (i.e. when Lxea} # 1,—»_,,), we say that the i-th variable is pivotal for A.

{X" eA}
The total influence is defined by the sum of individual influences

1(4) = > L(A).

i=1

Instead of subsets of {-1,1}", equivalently we may consider binary functions
f:{-1,1}" = {0,1}. Such functions are sometimes called Boolean. If f(x) = L{yea}
then with some abuse of notation we can also write I;( f) for I;(A) and I( f) for I(A).

Example 9.1 (PARITY FUNCTION) Consider the parity function f : {-1,1}" — {0, 1}
defined by f(x) = 1 if and only if the number of components of x = (xy, . . ., x,) equal
to 1 is even. In this case, clearly for every x € {-1, 1}", every variable is pivotal and

therefore [;(f) = 1foralli=1,...,nand I(f) = n.

The parity function clearly maximizes the influence of all variables. The largest achiev-
able total influence dramatically decreases if one considers monotone functions. Recall
that a function f: {-1,1}" — {0,1} is monotone if it is monotone in each of its
variables, that is, f(x) = 1 implies f(x7) = 1 where & = (x1,..., %1, 1, %1, ..,%,) is
obtained by fixing the i-th variable of x to be 1. If f is monotone, the corresponding set
A ={x:f(x) = 1} is called a monotone set. Monotone functions and sets play a central
role in this chapter for many reasons, one of which is that they minimize total influence
(see Theorem 9.10 below). One of the simplest monotone functions is the majority func-
tion that will be seen to maximize total influence among all monotone functions (see
Theorem 9.11).

Example 9.2 (MAJORITY FUNCTION) Let n be odd and define f(x) = 1 if and only
if Y7 x; > 0. f is obviously monotone. Since the function is symmetric, all influ-
ences I;(f) are equal. The first variable is pivotal if and only if ) ., x; = 0. Thus,
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I,(A) = P{B = (n-1)/2} where B is a binomial random variable with parameters
(n—1,1/2). Therefore, for everyi = 1,. . ., n, by Stirling’s formula,

D=, p )

(n-1)/2 niw

and I(f) ~ «/2n/7.

An interesting question we pursue in this chapter is how small the total influence of a
function can be. A small total influence means that individual variables have little deciding
power over the outcome of the function, a desirable property, for example, when the com-
ponents represent votes of members of a society and the function represents a certain voting
scheme.

The Efron-Stein inequality (Theorem 3.1) implies that

PAY(L - P(A)) = Var (f00) = £ 3 () = {1(4)

In particular, if P(A) = 1/2, the total influence of A is at least 1. This bound is sharp
when the value of the function is determined by only one variable, for example when
f(x) = (x;+ 1)/2 for some i € {1, ...,n}. Such a function is often called a dictatorship. Of
course, in such a case, the influence I;(A) of the i-th variable equals one and the rest of
the variables have zero influence. If a function f is such that there exists a small number
of variables that determine the value of f, then f is called a junta. In this chapter we try to
understand the behavior of functions of many variables, so we think about 7 as a large num-
ber and “small” in the previous definition means bounded, independently of n. Clearly, if f is
ajunta depending on k variables then I(f) < k. A fundamental result proved below is that
any function with a small total influence is almost a junta in the sense that it can be tightly
approximated by a junta. For the rigorous statement see Theorem 9.7 below.

A natural question is how small can the total influence be if the function f is symmetric in
the sense that I; (f) = - - - = I,(f) = I(f)/n. Below we reproduce a fundamental result of
Kahn, Kalai, and Linial, implying that the total influence of a symmetric function is at least
of the order of log n, substantially larger than that of a dictatorship or a junta.

9.2 Some Fundamental Inequalities for Influences
If P(A) < 1/2, the bound obtained for the total influence from the Efron—Stein inequality

is no longer sharp. One achieves a better bound by using the edge isoperimetric inequality
of Theorem 4.3. Recall that this inequality states that forany A C {-1,1}",

1(4) = 2P(4) log, ﬁ.
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Observe that the latter inequality is a special case of the logarithmic Sobolev inequality
Theorem 5.1 which states that for any real-valued functionf : {-1,1}" — R,

Ent(f*) <2&(f)

where Ent(f?) = E [f2 1Og(f2)] -E [fz] logE [fz] and

£ =1E [Z (s —f()‘c“’))z}.

Note that to lighten notation, we sometimes write E[ f] for E[ f(X)] for any function
f:{-1,1}" — R. Observe that the logarithmic Sobolev inequality applied for f (x) = L{yea}
recovers the edge isoperimetric inequality. The logarithmic Sobolev inequality of the
n-cube also implies the following simple bound that we will find useful.

Lemma 9.3 For any nonnegative function f : {~1,1}" — [0, 00),

E[f]
T <2&(f).

Proof By Theorem 5.1 it suffices to prove that

E [fz] log

Ent(fz) =E [f2 log(fz)] -E [fz] logE [fz] >E [fz] log

This is trivial if f = 0, otherwise, introducing g(x) = f(x)/\/E[f?*], it may be

re-written as

1
E[¢? log(¢?)] = log ———,
[¢21og(¢")] = 5 Elgl)

or, equivalently,

El:gzlog ! i|<0
gElgl ]~

This follows from the fact thatlogx < x — 1 forx > 0 and that E [gz] =1:

5 [gz o8 gEl[g]] =F [gz <gLL£] ) 1)} -0 -

Next we prove an improvement of the Efron—Stein inequality that has various interesting

consequences for the total influence of Boolean functions defined on the n-cube.



266 | INFLUENCES AND THRESHOLD PHENOMENA

Consider a real-valued function f : {~1,1}" — R. As in Section 3.1, we express f as a
sum of martingale differences for the natural filtration defined by the coordinate variables.
More precisely, introduce

f =2 3 flay ),

(i1t €{-1, 1}

as the average of f over all binary vectors whose first i components agree with x, that is,
fi(X) = E[f(X)|Xy,...,X;]. Thus, fo(x) = E[ f] and f,(x) = f(x). Define the martingale
differences A, : {-1, 1}” — Rby

Ai(x) =f,(x) —fl-_l(x), i=1,...,n
Recall from Section 3.1 that Var (f) = Y i, E[A?] where we use the shorthand notation
Var (f) = Var (f(X)). We have the following general result.
Theorem 9.4 Foranyf : {-1,1}" — R,

ar(f) -
(Bl

Recall that the Efron-Stein inequality implies Var (f) < £(f). The inequality of
Theorem 9.4 presents an important improvement for functions defined on the binary

n-cube whenever Z;‘zl (E|A}-|)2 <& Var (f). We will see that this improvement has far-
reaching consequences.

Var (f) log 28(f).

Proof The theorem follows easily from Lemma 9.3 and the decomposition
E(f) => "1, E(A)). To prove this decomposition, write, foranyj = 1,...,n,
E(A )
i | (s
(s A,< ) (100-)- (00557
(s ) (500-1(x"))]
- (20012 (x))) - (500 -1(x"))]

ety 3 [((5,00 () (500 -(5))]

=E(f) - €(f-1)
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where in the proof we used twice the fact that

S [(00- (X)) - (100 -4 (5))] -0

Summing the obtained equation we have
D EWA) =) (Ef) -Ef) = E(f).
j=1 j=1

This follows from f, = f and fy = E[ f]. The theorem now follows easily by applying
Lemma 9.3 to the absolute value of the martingale differences A;:

£(f) = Y &)

=1

ig(MjD

v

v

1 g E[A.Z]log E[ j]
2 j=1 ! (ElAil)z
B[S )
_EVar (N ; Var (/) log 5 [A,Z]
Y (Ea)’

Var ()

(by]ensen’s inequality and Zi E I:A]Z:I = Var (f))

1
> —EVar (f)log

Rearranging, we obtain the stated inequality. O

To understand what Theorem 9.4 has to do with influences, consider a binary-valued
functionf : {-1,1}" — {0, 1} and recall from the proof of Theorem 3.1 that

A= B [f00 - E9f(0)]

where E; and E® denote conditional expectation, conditioned on Xj,...,X; and
Xy, .-, X1, Xiv1, - - -, X, respectively. Thus, by Jensen’s inequality,

pla) <[]0 - 00| - 12,
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Since for binary-valued functions £( f) = I(f)/4, it follows from Theorem 9.4 that

~ 1(f) L

;L(f) > 4 Var (f) exp <_2Var(f)>' (9.1)
Recall from the previous section that the total influence of any function is at least a constant,
namely -2P(A) log, P(A). This, of course, implies that the largest influence of any variable
is atleast of the order of 1/n. Equation (9.1) implies a fundamental improvement of this: for
every binary-valued function there exists a variable whose influence is at least of the order
of (logn)/n. In particular, the total influence of every symmetric function is at least of the
order oflog n.

Theorem 9.5 Let f : {-1,1}" — {0, 1} be a binary-valued function of n binary variables.
Then

Zl(f)z Var(f) log’ n

In particular,

Proof Let & = (2log(Var(f)/4) + 4loglogn)/logn. We consider two cases. If
I(f) = (2 - €) Var (f) log n, then by the Cauchy-Schwarz inequality,

n

Sy = (Zz(ﬁ)z 107, @efVar(f)Flog'

and the stated bound holds since & < 1. On the other hand, if I(f) < (2 -
€)Var (f) logn, then by (9.1),

n

Zli(f)z Z4Var(f)exp< Zé(fzf)> Var (f)* log* n

as desired. O

Theorem 9.5 implies that if f is a symmetric function of its n variables, then the total
influence is at least Var (f) logn, which is in sharp contrast with dictatorships and jun-
tas that have a constant total influence. This is an essential improvement over the bound
2P(A)log,(1/P(A)) that we derived from the edge isoperimetric inequality for an arbit-
rary function. The following example shows that the obtained bound cannot be improved
essentially.
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Example 9.6 (TRIBES) This example shows that there exist functions of n binary variables
whose largest influence is as small as O(n"'logn). To construct such an example,
let £ = [log, n —log, log, n] and assume, for simplicity, that » is an integer mul-
tiple of £. Divide the n variables xi,...,x, into n/€ blocks of length £ (the so-
called “tribes”) and define f(x) = 1 if there exists a block such that all variables are
equal to 1 in that block and let f(x) = 0 otherwise. First note that

P{f(X) =1}=1- (1 _z—t)ﬂ/f N l

€

asn — 00. The variable x; is pivotalifand onlyifx, = - - - = x; = 1 and no other block
has all variables equal to 1. The probability of this event is

L(f) = 2D (12270

<4. 27logz n+log, log, n exp (_ ( n 1 )) (using 1-x< eix)

7

41
< 08, ”6-1/2.
n

Since all variables of f have the same influence, the total influence is at most
I(f) < 4e'?log, n and Yo L) < (16elog? n)/n, showing the tightness of
Theorem 9.5 up to constant factors.

Interestingly, one may use Theorem 9.4 to derive another fundamental property of influ-
ences of a binary-valued function, namely that any function with a small (i.e. constant)
total influence must almost be determined by a small number of variables, in the sense that
there exists a junta that closely approximates the function. This is made precise in the next
theorem.

Theorem 9.7 Letf : {-1,1}" — {0, 1} be a binary-valued function with total influence I( f)
and let ¢ € (0,1) be arbitrary. Let m = |I(f)/¢]. Then there exists a subset of m vari-
ables and a real-valued function g : {-1,1}" — R depending on these m variables only
such that

2 1(f)
E [(f -8 ] = max(1,log(2/¢))"

Note that if I( ) is bounded (i.e. does not grow with ) and ¢ is a constant, the function
g is clearly a junta as it depends on a bounded number of variables. The error of approxima-
tion may be made arbitrarily small by choosing ¢ sufficiently small. The construction of g is
simple and intuitive: one identifies m variables with largest influence (these are the variables
g depends on) and takes averages with respect to all other variables. The key for the proof
below is Theorem 9.4.
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Proof Without loss of generality we may assume that the variables are ordered by
decreasing influences, thatis, I; (f) > - - - > L,(f). Clearly, ,(f) < e foralli > mby
the definition of m, and therefore

n

DL 1) _max () < (e,

i=m+1

Recall the martingale decomposition f(x) =Y 1, Ai(x) =Y 1 (fi(x) - fi1(x))
introduced earlier in the proof of Theorem 9.4 and define g = f,,. Clearly, g depends
on m variables only. In the rest of the proof we show that g approximates f as stated.

Recall from the proof of Theorem 9.4 that £(f) = Y ., E(A;). Applying this
identity to f(x) — g(x) = Y1 ., Ai(x), we have

EN =2 E@) =z 3 E(B) 2 E(f ).

i=m+1

Next we apply Theorem 9.4 for f — g to get

I(f) = 4£(f)
> 4E(f-¢)
Var (f -g)
= 2Var(f-g)log ————
Z?:mH (E|A’|)
>2Var(f-g) log% (since E|A;| < Ii(f)/2)
> 2Var(f—g)10gzwir(;$g).

Rearranging, we have

4Var(f-g)  4Var(f-g) _2
(e 2 1(He e

To solve this inequality for Var (f - g), note that xlogx < y implies x < 2y/logy if
y > eand x > 0. Therefore, when2/¢ > ¢, we have

1(f)

4Var (f -g) - 4/e
log(2/¢)’

I(f)e  ~ log(2/¢)’

thatis, Var(f-g) <

To finish the proof note that E[ f—g] =0 and therefore E [(f—g)z] =Var(f-g). O



LOCAL CONCENTRATION | 271

The previous theorem guarantees the existence of a real-valued function g that closely
approximates, in the L, sense, the binary-valued function f. It is now easy to construct a
binary-valued junta that also approximates tightly f, see Exercise 9.1.

9.3 Local Concentration

In this section we apply Theorem 9.4 to derive local exponential concentration inequal-
ities for functions defined on the binary hypercube. We use the argument already shown
in Section 3.6, the only difference being that the Efron-Stein inequality is replaced by
the improved variance inequality of Theorem 9.4. The improved bounds imply local
sub-Gaussian tail bounds (as opposed to the sub-exponential estimates obtained in
Section 3.6).

Consider a function f : {-1,1}" — R such that there exists a constant v > 0 such that
forallx € {-1,1}",

n

(10 4(e), =

i=1
Recall that the quantiles of f are defined, for any & € (0, 1), by
Qg = inf{z : P{f(X) <z} > a}.

As in Section 3.6, for any b > a > Mf = Q,, we introduce the function g;; : X" — R
by

b iff(x) > b
gap(x) = § f(x) ifa<f(x) <b
a  iff(x) <a
and observe that
Var (g,5) > P_{g“’h(f) = b} (b-a)? = P{f();) > b} (b - a).

Now, instead of the Efron-Stein inequality, we use Theorem 9.4 for the variance of g, .
Recall that this inequality implies

Vv 4,
% < 28(gup)
Z;‘:l (E|A}|)

where A(x) =g (x) - g0y (x) and g, (X) = E[g,5(X)|Xy, ..., Xi]. Since the function
xlog x is monotone whenever it is positive, the previous two inequalities for Var (g, ;) may

Var (g,) log

be combined to get

P{f(X) > b}

P{f(X) > b}(b-a)’
4 °8

(b-a)*1 5
42;:1 (E|AI|)

< 2E(gap)- (92)
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Next, we derive suitable upper bounds for the quantities )| (E|A; |)2 and £(g, ). First
observe that

E(gap) = i Xj:E |:(ga,b(X) — &ab ()_((i)))z:|
Sl ()]
%E [ﬂ{foon} Z (gayb(X) ~&ab ()_((i)))j

< vP{f(X) > a}/2.

Il

On the other hand,

E[A]] < E[gus(X) - g (X))

= 2E [(ga,h(X) ~ gab (Y(i)>>+]

=2E [(ga,b(x) — 8ab (?_f(i)»+ Il{f(x)>a}]
(by the definition of g, )

< z\/E :(ga,hoo 0 (7)) P00 > a)

(by the Cauchy-Schwarz inequality)

- \/2E :(ga,b(x) g ()‘((f)))z:‘/p{ F(X) > al.

Thus,
(E|A)])” < 8P{f(X) > a}€(gap) < 4PLf(X) > a}™.

j=1
Plugging these estimates into (9.2), we obtain
Al A <1
BWP{f(X) > a}
where we introduced A = P{f(X) > b}(b - a)?/(4vP{f(X) > a}). The meaning of this

inequality can be seen in the most transparent manner by taking a = Q_-+ &ef ar and
b =Q,_5 & = ag for some integer k > 1. Then P{f(X) > a} < 275 P{f(X) > b} >
2-®+1 ‘and the inequality above implies

A log(Zk_lA) <1



DISCRETE FOURIER ANALYSIS AND A VARIANCE INEQUALITY | 273

or, equivalently, ylogy < 2F! where y = 251A. It is easy to see that this implies
y < 2k/k, that is, A < 2/k. Since A > (a,; — ar)?/(8v), we have derived the following
theorem.

Theorem 9.8 Letf : {-1,1}" — Rsatisfy > - (f(x) -f(&"))? < vandletap = Q_»+.

Then for all integers k > 1,
v
A1 —ar < 4 e

This is an essential improvement over the bound 4.,/v obtained in Section 3.6 using
the Efron-Stein inequality. Note that if f (X) was a normal random variable with variance v,
then one would have a; ~ ,/2vklog2 and ai,; — ar ~ /vlog2/k. The bound of the the-
orem has the same form, apart from a constant factor. This shows that functions satisfying
the conditions of Theorem 9.8 not only have sub-Gaussian tail probabilities (as implied
by Theorem 6.7) but the differences between quantiles of the distribution of f are domin-
ated by corresponding differences of a normally distributed random variable. In this sense,
Theorem 9.8 may be considered as a “local” concentration inequality.

Recall from earlier chapters that examples of functions satisfying the conditions of
Theorem 9.8 include suprema of Rademacher averages, Talagrand’s convex distance, the
largest eigenvalue of a symmetric random matrix, etc. An important restriction in Theorem
9.8 is that it only holds for functions defined on the binary hypercube (as opposed to more
general concentration inequalities as, for example Theorem 6.7).

With similar arguments one may also derive local concentration inequalities for self-
bounding functions. We leave the details to the reader (see Exercise 9.5).

9.4 Discrete Fourier Analysis and a Variance Inequality

In the previous sections we saw how Theorem 9.4, an improvement of the Efron-Stein
inequality, implies various interesting results about influences of a binary-valued function
defined on the binary n-cube. In this section we present a closely related inequality for the
variance of a real-valued function defined on the binary n-cube.

The proof of this inequality is based on Fourier analysis on the hypercube {-1,1}", a
technique that has proved powerful in a variety of problems. Discrete Fourier analysis is
an elegant and intuitive tool in the study of functions of several binary variables. In this
context the Bonami-Beckner hypercontractive inequality (Theorem $.18) turns out to be
a powerful tool.

We start by recalling some basic notions of Fourier analysis on the discrete n-cube
{-1,1}", introduced in Section S.8.

We treat the set F of real-valued functions f : {-1,1}" — R as a 2"-dimensional
Euclidean space with inner product

(f,g) = E[fg] =E[f(X)g(X)] =2 Y  f(x)g(x), figeF

xe{-1,1}"
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and corresponding norm || f|l, = \/{f,f). To any of the 2" subsets S C {1,...,n}, we
assign the function

us(x) = l_[x,-.

i€S

(If S = ¥, we define ug = 1.) It can be seen immediately that the ug form an orthonormal
basis of F and therefore every f € F may be expressed, in a unique way, as the Fourier—
Walsh expansion

f6 = 3 f(S)us()

Sc{l,..,n}

where, forall S C {1,...,n}, f(S) = {f, us). Thef(S) are called the Fourier coefficients of f.

Using these definitions, we obtain Parseval’s identity:

nfn;=<f, 5 f(S)us>: S K- T AP

Sc{1,..,n} Sc{1,...,n} Sc{1,...,n}
Since f(#) = E[f],
Var (f) = IfI5 - (BLFD)* = D _f(S).

S#0

In order to make the connection to influences, introduce the function

_£(x0
(%) :M, i=1,...n
2
and denote the Fourier coefficients of g; by §:(S), S C {1,...,n}. The key observation is
thatforeveryi=1,...,nandS C {1,...,n},

(93)

#(9) = g = S E| (00 (X)) [T % | =

jes

0 ifi¢s
f(s) ifies.

If f:{-1,1}" — {0,1} is binary-valued, then I(f) = E[g’]/4, and we may apply

Parseval’s identity to obtain

L(f) =4lgli=4 D a®)*=4) f(s)*

Sc{L,..,n} S:eS
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and therefore the total influence may be written as

I(f)=4 Y [SIf(S)"

Sc{L,..,n}

Equation (9.3) also implies that

var () = Yj( = o 3 8 g‘(s) |

S#0 S#p =1

Note that the last two identities immediately imply Var (f) < I(f)/4, a special case of the
Efron-Stein inequality.
The main result of this section is the following inequality for the variance.

Theorem 9.9 Letf : {-1,1}" — R be a real-valued function. Then

(n=cy | (100 (7))']
Var <C
P M)

1 +log —E‘f(X) f( (,))

where C < 3(6 - ¢'/3 + 1) (log2)/8 ~ 3.297589 is a universal constant.

The proof of Theorem 9.9 requires one more tool, namely the Bonami-Beckner inequal-
ity (Corollary 5.16) which we now recall. For every f € F and for any g > 2 and
k=1,...,n,

Y f®us| < (@@= | D" f(Sus|

S:|S|=k q S:|S|=k 2

where || f||, is defined as (E[f*])""* forany p > 0.

Proof of Theorem 9.9. Recalling the formula for the variance

Var (f) _ Z Z g,(S)

S#p =1

we see that in order to prove the theorem, it suffices to show that for any f :
{-1,1}" - R,

(82 _ ILf113
Zf f

S [[FAlE%
IS~ 1+l°g il

S0
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which is what we do in the remaining part of the proof. Fixk < n and observe that

S sy - <Zf(8)us,f>

S:|S|=k S:|S|=k

< Zf(S)us I flls2  (by Holder’s inequality)
S:|S|=k 3
12
<2 37AS ] 1l
S:|S|=k

(by the Bonami-Beckner inequality, used with g = 3).

This implies that, forallk = 1,...,n,
> <2412,
S:|S|:k
and we have, for all positive integers m,
m k

> Ok S _||f||§/222k _3—||f||3/2

$:1<(S|<m

At the last step we used the fact that for k > 3, 281 /(k+ 1) > (3/2)2%/k. Now we
may write

(S) F(S)? F(S)?
Zf = 2 f|S| " Zf|S|

S#( $:1<|S|<m

2m 1
<3ZIfI%, +
=3 15 p——

1
—— (62”115 + I 15).

Now we choose m as the largest integer such that 2" ||f||§/2 < 3 | £113 so that

2
m+1>
log

S log (£ /11 £11512)

and

f(S)2<(6-e2/3)+1) 2 - (B
LS MRS o ATy
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where C = (6 - ¢2/3) + 1)(log2)/8. The proof is concluded by observing that, by the
Cauchy-Schwarz inequality,

E[IA2] < 1A% - 1 £l

Il _ ( 1112 )3
£l = \Uiflsn/ .

Remark 9.4 The constant C in Theorem 9.9 is not optimal and can easily be improved by a

and therefore

more careful analysis. In Exercise 9.3 we sketch a different proof yielding the improved
constant C = 9/10. By considering f(x) = D | &;, we see that the best possible value
of Cis atleast 1/4.

9.5 Monotone Sets

Monotone subsets of the binary n-cube have a central importance in the study of influences
for various reasons. First, their special form makes them crucial in understanding influences
of general sets. Second, monotone sets appear naturally in the study of threshold phenom-
ena and social choice theory, some of the most important applications of the theory of
influences (see Section 9.6 below).

Recall that a function f:{-1,1}" — {0,1} is termed monotone if it is non-
decreasing in all of its components, that is, f(x1,...,% 1,1, %i1,...,%,) <
fxy, .o miin, Lxgg, ..., %,) foralle = (xq,...,x,) € {-1,1}"andi € {1,...,n}.

To present the ideas in the simplest possible setting, we still assume the uniform dis-
tribution over {1, 1}", that is, in this section X = (Xj, ..., X,) is a vector of independent
symmetric sign variables. However, most results extend, in a straightforward way, to the
case when the components of X are ii.d. with P{X; = 1} = 1 - P{X; = -1} = p and with p
possibly different from 1/2 (see the exercises).

We begin by proving that monotone functions minimize the total influence.

Theorem 9.10 For any function f : {-1,1}" — {0, 1} there exists a monotone function
g:{-1,1}" — {0, 1} such that E[ g] = E[ f] and I(g) < I(f).

Proof The proof is based on a simple “shifting” technique. By a sequence of transform-
ations we replace A = {x : f(x) = 1} by a monotone set of the same size as A with
total influence not exceeding that of A. If A is not monotone, then there exists a
variable i € {1,...,n} such that for some x, (x|,...,%_1,—1,%i1,...,%,) € A and
(x1,...,%-1,1,%41,...,%,) ¢ A. Fix such a variable i and define the set AD by
switching all such pairs of points (see Fig. 9.1), that is,

eitherx € A andx; =1
xe A ifand only if orx €A andx® € A
orx & A and x) € Aandx; = 1.
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(1,1,1)

-- ~a
/’O O @a,1,-1)
[ ) O
(-1, -1, -1) 1, -1,-1)

Figure 9.1 Shifting the non-monotone set A along the second variable to obtain A®). In the next step A®

is shifted along the first variable to obtain a monotone set of same size and decreased total influence

Clearly, P(A®)) = P(A) and it is easy to see that I(A®)) < I(A). If A?) is not mono-
tone, this transformation can be repeated (with a variable different from i). If, to each
set A, we assign the “progress measure” ¢(A) = > _, ||lx|| then we see that at each
transformation step, the value of ¢ strictly increases by at least 1 and therefore the
transformation process terminates after a finite number of steps. (Recall the nota-
tion ||lx|| = > %, Ly=1} for all x = (xy,...,%,) € {-1,1}".) The obtained set must
be monotone, has the same cardinality as A, and has a total influence not larger
than I(A). O

The next result shows that among all monotone functions, simple majority maximizes
the total influence. Equivalently, Hamming balls centered at the vector (1,1,...,1) have
a maximal edge boundary among all monotone sets. This is interesting in view of Harper’s
theorem (Theorem 7.6) which states that Hamming balls minimize the vertex boundary.
Recall from Section 4.4 that without the restriction of monotonicity, the sub-cubes of
{~1, 1} minimize the edge-boundary (i.e. total influence).

Theorem 9.11 Let B = {x : ||x|| > n/2} be the Hamming ball of radius n/2 centered at the
all-1 vector. Then for any monotone set A C {-1,1}", I(A) < I(B). If A is a monotone
set with cardinality |A| = Zf:o (") for some k € {0, 1,...,n} then I(A) < I(By) where
Be={x:|x| >n-k-1}

Proof For binary vectors x,y € {-1,1}", we write x < yifx; <y, foralli=1,...,nand
llyll = |lx|| + 1. Using the monotonicity of A, we may write

n
I(A) =E Z ]l{X, is pivotal}

i=1
=27 3 Y (Lpenr - Lseny)-

xe{-1,1}" y:x=y
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Observe that

DT> gen =Y Iyl

xe{-1,1}" yx<y yeA

since every y € Ais counted ||y|| times in the double sum on the left-hand side. On the
other hand,

D geeny = (n = 12l Liseny,

y:x<y

and therefore

I(A) =27 ) (22 - n).

x€EA

This expression is clearly maximized if A = {x : ||x|| > n/2}. The second statement
follows similarly. a

Note that if n is even, the “closed” Hamming ball {x : ||x|| > n/2} has the same total
influence as B = {x : ||x|| > n/2} and therefore both sets have maximal influence among
all monotone sets. For odd #, the set B is the unique maximizer. Now it follows immedi-
ately that for symmetric monotone functions all individual influences must go to zero at a
rate of O(n™'/2). In particular, for monotone symmetric functions, all individual influences
converge to zero. More precisely, we have the following.

Corollary 9.12 If A is a monotone set such that all individual influences I,(A) are equal then

-1 2
I(A) <IL(B) = (l_(nn— 1)/2J>2(“) o

For monotone sets one also has

Y LA < 4P(4)(1 - P(4)).

i=1

To see this, observe that monotonicity of A implies that for f(x) = L{sca}, the influ-
ence of the i-th variable equals twice the Fourier coefficient corresponding to the
singleton {i}, that is, I,(f) =2f({i}) (see Section 9.4 for the definitions). Since
Var (f) = Zs#ﬁf(S)z, we immediately have Y | I,(A)* <4 Var (f) = 4P(A)(1 - P((A)).

Equality is achieved, for example, if A is a dictatorship of the form A = {x : x; = 1}. On
the other hand, for the simple majority function Y . I;(A)* ~ (2/7)?* is also bounded
away from zero.

9.6 Threshold Phenomena

One of the most beautiful applications of the theory of influences is in the study of phase
transitions and threshold phenomena. In this section we give a brief overview of some of
the basic results in this fascinating area.
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Consider a monotone binary-valued function defined on the binary cube:
f:{-1,1}" = {0,1}. In contrast to earlier sections in this chapter, now {-1,1}" is
equipped with the product of Bernoulli(p) measures. In other words, the distribution of the
random binary vector X = (X, ...,X,) is such that the components X; are independent
with distribution P{X; = 1} = 1 - P{X; = -1} = pforalli=1,...,n,wherep € [0,1]. We
denote the measure induced by X on {-1, 1}" by P, so that the notation makes explicit the
dependence on the parameter p. We denote A = {x : f(x) = 1}. Since f is monotone, A is a
monotone set. The main object of our study is the evolution of

P{X eA}=>) pMi(1-pyI

x€A

def
P,(A) =

as p varies in [0,1]. (Recall that [[x|| = Y ", Ly=1}.) f A # @ and A # {-1,1}", then
monotonicity of A implies that Po(A) = 0, P;(A) = 1, and P,(A) is a strictly increasing dif-
ferentiable function of p in [0, 1]. The unique value p;/, for which P,, , (A) = 1/2 is called
the critical value of the parameter p.

1/2

The main message of this section is that if the function f does not depend too much on
any of its variables then there is a sharp transition around p;/,. In a narrow interval the value
of P, (A) increases from near-zero values to near one.

To fix ideas, let ¢ € (0, 1) and define p, such that P, (A) = &. If & < 1/2 is small, the
difference p;_, — p. indicates how quickly the probability of A grows close to the critical
probability. If this difference is small, then a “phase transition” occurs around the critical
value p;, (see Fig. 9.2).

To gain some insight, consider first the simple examples of a dictatorship and simple
majority.

Figure 9.2 p;_, —p, is the “threshold width”, the length of the interval in which the probability of a

monotone set A grows frometol - &
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Example 9.13 (DICTATORSHIP) Suppose that f(x) = (x; + 1)/2 is a monotone dictat-
orship function, that is, f is determined by just one of the # variables. Then clearly
P,(A) = pandp;_ — p. = 1 - 2¢. This means that for the transition from small values
of P,(A) to large ones, one needs to drastically change the value of p. In other words,
no phase transition occurs in this example. We will see soon that this property is shared
by any function with a small total influence.

Example 9.14 (SIMPLE MAJORITY: CONDORCET’S JURY THEOREM) One observes a
qualitatively different behavior by considering the example of a simple majority func-
tion defined by A = {x : )/, x; > 0}. For simplicity, assume that the number n of
variables is odd. Then p;/, = 1/2. To estimate the length of the threshold interval
(pe, 1 - pe ), note that by Hoeffding’s inequality, if p < 1/2,

P,(A) =P, (Z x> o)

i=1

=P, (Z x-Q2p-n>(1- Zp)n) < 2wy

i=1

and therefore P,(A) < & whenever p < 1/2 - \/log(1/¢)/8n. By a symmetric argument
Py(A) > 1-¢ forall p > 1/2 + \/log(1/€)/8n, so the value of P,(A) jumps from & to
1 - ¢ in an interval of length not more than /log(1/¢)/2n. In other words, if the num-
ber of variables is large, one witnesses a sharp threshold around the critical parameter value
p = 1/2. What we have just derived is a quantitative version of a classical result of social
choice theory, known as Condorcet’s jury theorem.

As shown in the sequel, the threshold phenomenon exhibited by the last example extends
to a wide class of monotone functions. Apart from monotonicity, the only required property
for such phase transitions is that the function should not depend too much on each variable.
In other words, if all individual influences are small, there is a quick transition from very
small to very large probabilities. The key tool for making the connection to the world of
influences is a simple result known as Russo’s lemma. Russo’s lemma, stated and proved
below, asserts that the derivative of the measure of A, with respect to the parameter p, is just
the total influence. Recall the definition of the influence of the i-th variable:

B =) =P (fx:/@ 27 (3)}).
The total influence is just I’(A) = >, I' (A). Note that we make the dependence on p

explicit in the notation.

Theorem 9.15 (RUSSO’S LEMMA) Let A be a monotone subset of {-1,1}". Then for any
pe(01),

de_w = [P(A)'
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Proof Letp = (py,...,pn) be a vector of n components p; € (0,1) and define the prob-
ability measure Q, on {-1, 1}" as the product of n independent Bernoulli measures
with parameters p;. Thus, P, = Q, withp = (p,p,...,p).Let Uy, . .., U, be independ-
ent uniformly distributed random variables in [0, 1]. If we define X; = 21 (y, <, — 1 for
i=1,...,n, then the joint distribution of X = (X, ..., X,) is just P,. Let pr €(0,1)
and for some fixed i, define X| = 1y, <,}. Let X=Xy, ., X, X, X1, ..., X,,) be
obtained by replacing the i-th component of X by X! and keeping all other variables
fixed. If we denote by p/ = (p,...,p,p,p, - .,p) the vector whose i-th component
equals p’ while all others are p, then the distribution of X; is just Q-

Assume first that p’ > p. Then by the monotone property of 4,

Qy(4) - Qp(4) = P{X; € A, X ¢ A}
= P{U; € (p,p’] and X; is pivotal for A}
= (p’ - p)P{X; is pivotal for A}
= (' -p)I(A).
A similar argument shows that if p’ < p, one also has Q(A) - Q,(A) = (p' -
p)I (A). By dividing both sides by p’ — p and letting p’ — p, we get

9Q,(4)
a;pi =1/ (4).

Russo’s lemma now follows from a simple application of the chain rule:

dp,(4) _ Z BQP(‘A) _ ). -

dp = 0

As an immediate consequence, we obtain the following generalization of Theorem 9.11.

Corollary 9.16 Let A be a monotone subset of {~1, 1}". Then

1
I’(A) = E|(|IX] - 1 .
In particular,
I*(A) < nEy(4) .
V p(1-p)
Proof By Russo’s lemma,
dP,(A
’(A) = L)
dp

d
= Z P - p) M ey
Pxe{—l,l}"
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ll =l g el
= i — x 1- n-lix ]1 x
> < p )P (1-p)"" Lveny

xe{-1,1}" p
1

" p(1-p)

Y Ul = mp)p™ (1= p)" M ey

xe{-1,1}"

- (ll_p)E (X1 - np) L ey ]

The second statement follows from the Cauchy-Schwarz inequality by noting that the
distribution of || X|| is binomial with parameters n and p. a

Russo’s lemma provides a convenient tool for studying the speed of growth of P,(A). It
shows that P, (A) grows rapidly whenever the total influence is large. Thus, the inequalities
for influences established in Section 9.2 carry important information about the length of the
“threshold” interval in which P,(A) changes from, say, a small value & to 1 - &. In order to
make these inequalities useful, they need to be extended to the case when X is distributed
according to P,. However, this is immediate if one replaces the logarithmic Sobolev
inequality used in the proof of Theorem 9.4 by an appropriate version for the measure P,,.
For example, the generalization of Theorem 9.5 to non-symmetric distributions implies
that if the set A is symmetric in the sense that all individual influences are equal, then
the total influence (and hence the derivative of P,(A)) is at least of the order of logn
whenever P,(A) is neither too small nor too large (see Exercise 9.8 for the details). We
also derive this result as a corollary of a more general principle (see Theorem 9.17 and
Corollary 9.18).

On the other hand, Theorem 9.7 may also be easily generalized to the measure P,.
This theorem implies that if A is such that the total influence is small, then A is close to
being determined by a small number of variables. Translated to the language of threshold
phenomena, this means that if A has a coarse threshold (i.e. if P,(A) takes a long time
to grow from small values to large), A must be almost a junta, provided that the critical
probability is neither too close to 0 nor to 1 (see Exercise 9.9 for details).

In order to derive the main result of this section, we need to generalize Theorem 9.4 to
the case when X = (X, .. ., X,) is distributed according to P,, for values of p different from
1/2. This is immediate if we apply an appropriate logarithmic Sobolev inequality for the
measure P, generalizing Theorem S.1. Such an inequality is, of course, available. Simply
recall that Theorem 5.2 states that for any real-valued functionf : {-1,1}" — R,

Ent(f*) < c(p)E(f)

where, denoting by E, expectation with respect to the measure P,, Ent(f*)=

Ey[f*log(f*)] - E,[f*]log E, [ f],

n

€(f) = p(1-pE, [Z (f(x) - f(;c<i>))2} :

i=1
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and

1-p
c(p) = log
-2p p

With the help of this inequality, the proof of Theorem 9.4 may be repeated to obtain that
foranyf : {-1,1}" - R,

Var (f) log Var(f) 5 < dp)E(S).

2 (Bl A)))

Specializing to binary-valued functions f : {-1,1}" — {0,1}, and using the facts that

E(f) = p(1-p)PP(f) and
Ey|Ai| < 2p(1-p)I (),

we obtain

Var (f)
@p(1-p)2 YL, (E ()
Var (f)

- ) (£)8,

c(p)p(1-p)P(f) = Var (f)log

> Var (f) log (Zp(l

where §, = max;_; ., If’ (f) denotes the maximal influence. Introducing the notation

_ Var (f) od B _p)
(2p(1 - p))*1P ()3, 4p(1-p)s,’

the above inequality may be written as Alog A < B, which implies A < 2B/ log B, that is,

Var (f) log 4p(61(p;3)8
2(p)/(p(1-p))

In combination with Russo’s lemma, we have obtained the following.

r(f) =

Theorem 9.17 For any monotone set A C {~1,1}", we have

dP,(A) - P,(A)(1-P,(A)) . c(p)
i~ dp)/(p( —p)) 8 4p(1-p)s,
where §, = max;.;,... ,,I (A) and c(p) = log i

The theorem shows that if each variable has a small influence (i.e. if , is small) then the
derivative of P, (A) is large whenever P, (A)(1 - P,(A)) is large, that is, when P, (A) is close
to 1/2. This means that P,(A) grows rapidly in the vicinity of the critical parameter p;
resulting in a quick transition from very small to very large values of the probability P,(A)
nP,(A)
p(1-p)

of the monotone set A. We know from Corollary 9.16 that I?(A) < and therefore,
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P,(4)
np(1-p)’
‘We may use this estimate to derive the following quantitative result bounding the length of
the “threshold” interval in which the P,(A) grows frome to 1 - €.

if A is symmetric in the sense that all variables have the same influence, then §, <

Corollary 9.18 Let A C {1, 1}" be a monotone set such that for all p € (0, 1), all variables

have the same influence, that is, It (A) = - - - = I,(A). Then for any & € (0,1/2),
8log
P1-e —Pe = ,,28
log %

The proof below handles some constants relatively generously, and it is not difficult to
improve the constants in the corollary (see, e.g., Exercise 9.8 where a direct simple proof of
Corollary 9.18 is suggested). The main message of this result is that regardless of what the
monotone set is, if all variables have equal influence, then there is a sharp phase transition
within an interval of length O(1/log 1) around the critical value of p. This may be regarded
as a powerful generalization of Condorcet’s jury theorem. Of course, this statement is most
interesting if the critical value p; , is not too close to either 0 or 1. Indeed, it is common to
define the monotone set A as having a sharp threshold if for all ¢ € (0, 1),

P1-¢ — Pe
—_—— =90(1).
min(py /2, 1 - p1/2) W

Corollary 9.18 states that A experiences a sharp threshold whenever min(p;,,
1 - p1/2) logn — 00. Determining the location of the critical value is often a very challen-
ging problem whose solution requires problem-specific tools. The study of such techniques
goes beyond the scope of this book.

Proof As mentioned above, the symmetry assumption and Corollary 9.16 imply

3 <4/ % <./ m. Plugging this estimate into the lower bound of Theorem

9.17, we have

dpy(4) _ B4 -P@A)), <(p)
b = 2/ -p) P a1 p)

np(l—p

_ RA1-PW) g (\/Z log =* )
2c(p)/(p(1-p)) 16 /p(1-p)(1-2p)

(using c(p) = ﬁ log %)

_ P(A)(1-Py(4)) o
4c(p)/(p(1-p))
+PP(A)(1 -P(4)) 1-2p 10g—

2 p(l—p)logl m(l -2p)

PRAA-B@) n
2 RCEY3
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where at the last step we use the fact that ¢(p)/(p(1 - p)) < 1/2 and that, since
p(1-p) <1,
1-p 1-p
1-2 log — 1-2 log =*
p I—Plog p Z 1_Zlog P 20
p(1-p)log =F p(1-p)(1-2p) ~log=t = 1-2p
simply because xlog(1/x) > 0 for all x € [0,1] and (1 -2p)/log((1-p)/p) €

[0,1/2].
Therefore, for any p < p1/,,since 1 - P, (A) > 1/2, we have

dpP,(A) - Pp(A)l n
T S P Jog —
dp 4 16

or, equivalently,

d(logP,(A)) L n

1
dp 1%
Using this estimate in the interval [p;, p1/2], we obtain
log~ —loge < ( ) L log
ng— 0g€ = (p1/2 ~ Pe 4 og 16’
that is, p1/2 — p. > 4log(1/(2¢))/log(n/16). Since the same upper bound holds for
Pi-e — p1/2, the proofis complete. O

9.7 Bibliographical Remarks

The study of influences was initiated by Ben-Or and Linial (1990) and was made popular by
the influential paper of Kahn, Kalai, and Linial (1988). Since then it has become a rich area
of research of which we merely offer some highlights. For an excellent survey of influences,
threshold phenomena, and many related topics, we refer to Kalai and Safra (2006).

Our treatment of the Kahn-Kalai-Linial theorem (Theorem 9.5) is based on the eleg-
ant proofs of Falik and Samorodnitsky (2007) and Rossignol (2006). In particular, Lemma
9.3 and Theorem 9.4 appear in Falik and Samorodnitsky (2007). Rossignol (2006) uses
essentially the same arguments. Theorem 9.5 was first proved by Kahn, Kalai, and Linial
(1988). The “tribes” example (Example 9.6) was constructed by Ben-Or and Linial (1990).
Theorem 9.7 is due to Friedgut (1998).

Theorem 9.9 was first proved by Talagrand (1994a). The original proofs of Theorems
9.5 and 9.7 both use the Fourier analysis techniques shown in Section 9.4.

Several attempts have been made to obtain analogs of Theorems 9.4 and 9.9 beyond
the binary hypercube with a product measure. Indeed, O'Donnell and Wimmer (2009),
Keller, Mossel, and Sen (20124, 2012b), and Cordero-Erausquin and Ledoux (2011)
obtain extensions in various directions.
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Benjamini, Kalai, and Schramm (2003) apply Talagrand’s inequality (Theorem 9.9)
to prove a sub-linear bound for the variance of first passage percolation, improving the
argument of Example 3.13. Benaim and Rossignol (2006) use Theorem 9.4 to derive
exponential concentration inequalities for first passage percolation.

The material of Section 9.3 comes from Devroye and Lugosi (2008). They extend
Theorem 9.8 to real-valued functions defined on the r-ary cube {0,1,...,r - 1}" for
integersr > 2.

The proof of Theorem 9.11 appears in Friedgut and Kalai (1996).

For threshold phenomena, which have been studied extensively in the context of random
graphs, see Erdds and Rényi (1960), Bollob4s (2001), and Janson, Luczak, and Ruciniski
(2000). The first general results concerning threshold phenomena are due to Margulis
(1974), Russo (1982), and Bollob4s and Thomason (1987). Russo’s lemma appears in
Margulis (1974) and Russo (1982), but see also Grimmett (1989). Corollary 9.18 is from
Talagrand (1994a). The best known constants were proved by Rossignol (2006).

The results presented here only give satisfactory conditions for the existence of sharp
thresholds if the critical value is bounded away from zero and one. Also, we only treat
product distributions on the binary hypercube while more general product, and even some
non-product, spaces are of great interest. Indeed, generalizations in these directions have
been the focus of intensive research. A small sample of the literature that the interested
reader may consult includes Bollobas and Riordan (20065, 2006a), Bourgain and Kalai
(1997), Bourgain et al. (1992), Friedgut (1999, 2005), Hatami (2012), Kalai (2004),
Mossel, O’Donnell and Oleszkiewicz (2010), Talagrand (1993, 1997, 1999), and van den
Berg (2008).

9.8 EXERCISES

9.1. Letf : {-1,1}" — {0, 1} be binary-valued andletg : {~1,1}" — R be areal-valued
function. Write A={x : f(x) = 1} and define the set B={x : g(x) > 1/2}. Show that

P(AAB) < 4E[(f-9)]

where AAB = {x : f(x) # l{y(x)>1/2) denotes the symmetric difference of A and B.
9.2. Give a proof of Theorem 9.5 based on Theorem 9.9 (with possibly different con-
stants).
9.3. Show that Theorem 9.9 holds with C = 9/10. Hint: show that for any f,

f(S)2 f(sy 2.2
Z 2081+ /o Zf(s) Yy

S#P Sc{l Sc{L,...

and use the Bonami-Beckner inequality (Corollary 5.17) to show

Var(f><3Z f PIORY le'dy<32 / lgillT,2dy-

Sc{1,...,n}
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Use Holder’s inequality and some calculus to bound

1 1 2(1-y%)/(1+y?) 2
llgill: 6 llgllz

g3, .dy < |l illZ/ ( dy < -—————.

/0 8ty 5% J, gl 51+ log 8L

llgill2

(This simple proof of Talagrand’s inequality was suggested by Benjamini, Kalai, and
Schramm (2003).)

9.4. Prove the following version of Theorem 9.8. Assume f : {-1,1}" — R satisfies
Yo (f(x) ~ f(x?))? < vfor some v > 0 and let B = max,; | f(x) —f(x(i))|. Show
that there is a constant K such that forall § < y < 1/2, by takinga = Q,_,, + Band

b= Qi
vy
Qs -Qiy <B+K | ——.
dlog o

9.5. Letf : {-1,1}" — Rbe such that

|f(x) ~f(x?)| <B forallxandiand i(ﬂx) 5 (x)) =607

where ¢ is a nonnegative nondecreasing function. Show that there exists a constant
K such thatforalld < y < 1/2,

#(Q1s +B)V.

QI—B - Ql—)/ <K 2
dlog o

In particular, recalling the notation a; = Q -+,

+B
a1 —ap < Ky %

(see Devroye and Lugosi (2008)).

9.6. Let A C {-1,1}" be amonotone set with critical parameter p; . Prove that for every
0 < & < 1/2 there exists a constant ¢ such that p;_ — p. < cmin(p12, 1 - p1/2) see
Bollobés and Thomason (1987).

9.7. Letk € {1,...,n} and let B = {x : ||x|| > k} be a Hamming ball in {-1, 1}" and let
A C {-1,1}" be any monotone set whose critical parameter p,, is at least that of B.
Show that forany p > py/5, P,(A) < P,(B).

9.8. Generalize Theorem 9.5 to the case when the distribution over {-1,1} is P,, the
product of n independent Bernoulli(p) measures. More precisely, show that for any
setA C {-1,1}",

n

Sy » BV EAARA) log'n



9.9.

9.10.

9.11.

9.12.
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and

wx P(A) > (2-¢)P,(A)(1-P,(A))logn

i=1,..,n n

where & =log(P,(A)(1 - P,(A))p(1 - p)log* n)/(c(p) logn). Use the second
inequality, together with Russo’s lemma, to prove Corollary 9.18.
Prove the following generalization of Theorem 9.7 to the distribution P,: let
¢ € (0,1). There exists a subset of m = |I(f)/¢] variables and a real-valued function
g : {-1,1}" — R depending on these m variables only such that

_ 21(f)c(p)
E [(-f—g) ] - p(l _p) log(l/48) + IOg(C(P)/(P(l _P)))

where c(p) = (1/(1 -2p))log((1 - p)/p). Conclude, using Russo’s lemma, that
if AC {-1,1}" is a monotone set such that there exist absolute constants
Ky, K; € (0,1) such that p3/4 — p1/4 > K; and min(py /2, 1 - p1/2) > K, then A may
be approximated by a junta (i.e. by a function depending on a bounded number of
variables).

Let A C {-1,1}" be a monotone set such that p;/, = 1/2. Show that there exists a
universal constant ¢ > 0 such that p3/4 — p1/4 > ¢//n.

Prove the following generalization of Russo’s lemma. Letf : {~1,1}" — Rbeareal-
valued function and let X = (Xj,...,X,) be a vector of independent, identically
distributed components with P{X; = 1} = 1 - P{X; = -1} = p. Then

dEf (X)
dp

= ZE (f(Xl; e ;Xi—ly lyXi+1; .. ~1Xn) _f(Xh .. ~1Xi—17_11Xi+1; .. ~;Xn))'
i=1

(Rossignol, 2006.)
(CONCENTRATION AND INFLUENCE) Let A C {-1,1}" and let X be uniformly
distributed on {-1,1}". Let d(X,A) = minyes ) ., L{x,} denote the Himming
distance of X to the set A. Prove that

I1(A)

Ed(X,A) < P

(Talagrand, 1999.)
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Isoperimetry on the Hypercube
and Gaussian Spaces

The purpose of this chapter is to explore further the rich connection between concentration
and isoperimetry on the n-dimensional binary cube and also on R", equipped with the
canonical Gaussian measure.

The close relationship between concentration inequalities and isoperimetry is a recur-
ring theme of this book. Since our focus is on functions of independent random variables,
the associated measure spaces are product spaces. The simplest product space is the binary
hypercube, which deserves special attention not only because it is a canonical example but
also because the complex isoperimetric behavior of subsets of the hypercube have much to
teach us about more general product spaces. Also, isoperimetric results for the binary hyper-
cube often lead naturally to their analogs for the canonical Gaussian measure via the central
limit theorem.

As a first example, in Section 4.4, we have seen that among all sets A C {-1,1}" of a
given number of points (say, of size |A| = 2""), sub-cubes have the smallest edge boundary.
We proved this as an easy consequence of Han’s inequality, which is also at the basis of
logarithmic Sobolev inequalities, used in Chapter S to prove concentration via the entropy
method. This is in a sharp contrast with the fact that the vertex boundary is minimized by
Hamming balls (see Section 7.3). The contrast is sharp because, among all monotone sets,
Hamming balls maximize the size of the edge boundary (see Theorem 9.11) and at the
same time it is obvious that a sub-cube of size 2"~! maximizes the size of the vertex boundary
among all monotone sets. Recall also from Chapter 7 that the vertex isoperimetric theorem
leads immediately to a sub-Gaussian concentration inequality for Lipschitz functions of n
independent symmetric Bernoulli variables.

In this chapter we introduce a third alternative for measuring the size of the boundary
of a subset of the binary hypercube and prove a corresponding isoperimetric inequality
(see Corollary 10.7 below). This inequality shows that edge and vertex boundaries cannot
be small at the same time, which explains, intuitively, the conflict between edge and ver-
tex isoperimetric problems mentioned above. This isoperimetric result is the consequence
of Bobkov’s inequality (Theorem 10.2), a powerful functional inequality which may be
regarded as a sharpening of the logarithmic Sobolev inequality of Theorem 5.1.



BOBKOV'SINEQUALITY FOR FUNCTIONS ON THE HYPERCUBE | 291

One of the most important corollaries of Bobkov’s inequality is the Gaussian iso-
perimetric theorem. To describe this beautiful result, recall from Section 7.2 that the
classical isoperimetric problem asks which subsets of R"” have minimal volume among those
with a given surface area (where volume and surface area are measured with respect to
the n-dimensional Lebesgue measure). According to the classical isoperimetric theorem
(Theorem 7.5), Euclidean balls are these extremal sets. As is emphasized in Chapter 7, an
equivalent formulation of the classical isoperimetric problem asks one to determine the sets
of a given volume such that the set of points within a certain distance to the set has minimal
volume. This second formulation avoids handling the notion of a surface area and allows
one to ask the same question in any metric measurable space.

A case of fundamental importance is that of R" equipped with the canonical Gaussian
measure (i.e. with the standard normal distribution with mean vector (0, . .., 0) and iden-
tity covariance matrix). For this case, the (Gaussian) isoperimetric problem is formulated
as follows: among all measurable sets in R”" with a given probability under the canonical
Gaussian distribution, for which ones does the set of points within a certain Euclidean
distance have minimal Gaussian probability?

In Section 7.2 we already pointed out that the Tsirelson-Ibragimov—Sudakov inequal-
ity may be used to obtain Gaussian isoperimetric inequalities. However, in this chapter we
show that the Gaussian isoperimetric problem may be solved exactly.

The Gaussian isoperimetric theorem (see Theorems 10.15 and 10.14 below) states
the beautiful fact that half-spaces are the solution of the Gaussian isoperimetric theorem.
Following Bobkov, we prove this theorem starting from Bobkov’s inequality on the hyper-
cube and then applying the central limit theorem. This strategy is similar to that which
we used in Section 3.7 to derive the Gaussian Poincaré inequality from the Efron—Stein
inequality, and in Section 5.3 to prove the Gaussian logarithmic Sobolev inequality from its
analog on the hypercube.

We also extend Bobkov’s inequality on the hypercube to asymmetric Bernoulli distribu-
tions. This simple extension allows us to derive some further results on threshold widths for
certain monotone sets. (Recall Chapter 9 for the basic results.) In particular, in Section 10.3
we provide a simple proof for some deep results pioneered by Margulis.

The main work of this chapter appears in Section 10.1. Once we prove Bobkov’s
inequality, the rest of the results follow easily.

10.1 Bobkov’s Inequality for Functions on the Hypercube

The purpose of this section is to prove an inequality for functions f : {-1,1}" - R
defined on the binary hypercube. We restrict our attention to the case when the hypercube
is equipped with the uniform distribution, that is, we let X = (Xj,...,X,) € {-1,1}"
be a vector of independent Rademacher random variables. We may think about
Bobkov’s inequality as another member of the family of inequalities to which the
Efron-Stein inequality and the logarithmic Sobolev inequality belong. Denote the
i-th component of the discrete gradient vector Vf(x) = (Vif(x),...,V,f(x)) of f
by Vif(x) = (f(x) —f(a_c(i)))/Z, where x) = (%1, ..., %i_1,—%j, Xis1, . . .,%,). Then the
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Efron-Stein inequality, specialized in this case, states that Var (f(X)) < E||VF(X)|?
while by the logarithmic Sobolev inequality of Theorem 5.1, Ent( f*) < 2E||Vf(X)|*.
To state Bobkov’s inequality, we need to introduce the function

y(x) = (@7 (x)) forx € (0,1),

where ¢ (x) = (1/4/27)e™/? is the standard Gaussian density, and ®(x) = [ ek)dy
is the Gaussian distribution function. We also define y(0) = (1) = 0. We call y the
Gaussian isoperimetric function. (In statistics 1/y = (®~!)" is known as the quantile-density
function of the normal distribution.) The Gaussian isoperimetric function y is concave and
symmetric around 1/2. This is a consequence of the following lemma that summarizes some
of the basic properties of . We leave the proof as an easy exercise.

Lemma 10.1 The Gaussian isoperimetric function y satisfies

L y'(x) = -®'(x) forallx € (0,1),

2. y(x)y"(x) = -1 forallx € (0,1),
3. (y')?* is convex over (0,1).

We are now ready to state the key result of this chapter.

Theorem 10.2 (BOBKOV’S INEQUALITY) Suppose X is uniformly distributed over {1, 1}".
Then for alln > 1 and for all functions f : {-1,1}" — [0, 1],

y (Ef(X)) < E\Jy (f(0) + V().

The next lemma, which describes the behavior of y, helps us interpret Bobkov’s
inequality.

Lemma 10.3 Forallx € [0,1/2],
1 1 1
xy/ —log— < y(x) < x,/2log—.
2 x x

i Y &)
im ———
¥=0 X, /ZIOgi

This lemma implies that y(x)/ (x\/log(l/ x)) remains bounded as x tends to O (see
Fig. 10.1). The proof s left as an exercise (see Exercise 10.4).

Next we turn to the proof of Theorem 10.2. As in the logarithmic Sobolev inequalities
of Chapter S and the Bonami-Beckner inequality (see Theorem $.18), Bobkov’s inequal-

Moreover,

=1

ity is also proved by induction over dimension. First we prove the theorem for n = 1 and
then use Minkowski’s inequality in the induction argument to extend the result to all
dimensions n > 1.
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0.2 03 04 05 06 07

0.0 0.1

0.0 0.2 0.4 0.6 0.8 1.0

Figure 10.1 The Gaussian isoperimetric function y(x) between the upper and lower bounds of
Lemma 10.3

Lemma 10.4 (THE CASE n=1) Let X be a Rademacher random variable (i.e.
P{X =1} = P{X = -1} = 1/2). For all functions f : {-1,1} — [0, 1],

y(Ef(X)) < E\/y(f(X))Z ; w.

The proof is based on elementary algebraic manipulations based on the following
technical lemma.
Lemma 10.5 Foranyc € (0,1/2] and x € [0, c], we have
ylc+x)? +y(c-x)?+2x" -2y () > 2(y'(c)) %4
and

V(C + x)?. - V(C - x)2 < 4)/(C))/,(C)

Proof The first inequality follows by observing that both the function y(c+x)*+
y(c-x)? +2x* =2y (c)* - 2(y'(c))?«? and its derivative are zero at x = 0, and it is
convexon [0, c). (This follows by the second and third properties of ¥ in Lemma 10.1.)

To prove the second inequality, first note that

y(e+x)’ —y(c-2)?® [y ((r*(c+5)) - (y*(c- $)))ds.

X X

Since for s = 0 the integrand on the right-hand side is 4y (c)y’(c), it suffices to
prove that the integrand is a nonincreasing function of s. To prove this, observe
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that since y " = -1, (by Lemma 10.1), the derivative of the integrand with respect
tosis

(r(c+5)" = (Y (c=9)" =2 (/' (c+9))* - (¥'(c=9))?).

Since (y’(x))?, is convex and symmetric around 1/2, it is non-increasing on
(0,1/2]. Thus,ifc +s < 1/2then (y'(c+5))? = (y'(c-5))*> < Owhileifc+s > 1/2
then (y'(c+5))>=(y'(1-c-5))> < (y'(c-5))* as 1 —c—s > c—s. In all cases,
(¥'(c+5))* = (¥'(c-5))* < 0. This concludes the proof. O

Proof of Lemma 10.4. Introducing ¢ = (f(1) +£(-1))/2 and x = |f(1) - f(-1)|/2, the
statement of the lemma may be written, equivalently, as

y(c) < %\/y(c+x)2+x2+%\/y(c—x)2+x2. (10.1)

where ¢ € (0,1) and x € [0, min(c, 1 - ¢)]. As y is symmetric around 1/2, we may
assume, without loss of generality, that 0 < x < ¢ < 1/2.Itis convenient to introduce
the notation

h(x) = y(c+x)* +x* - y(c)™

Squaring both sides of (10.1) and rearranging, (10.1) becomes

(7€) = h(x)) + (¥ (c)* - h(=)) < 2/ (¥ ()* + h(x)) ( (c)? + h(-x)).
We may assume that the left-hand side is positive, otherwise there is nothing to prove.

Then, squaring both sides of the last inequality and rearranging, (10.1) is found to be
equivalent to

(h(x) - h(~x))* < 8y (c)*(h(x) + h(-x)),
which may be rewritten as
(y(c+x)? -y (c-x)2)" < 8y () (y(c+x)? +y(c-x)* + 26 - 2¢(c)?).
By the first inequality of Lemma 10.5, forall ¢ € (0,1/2] forall x € [0, ],
8y (c)* (y(c+x)* +y(c-x)" +2¢" —2y(c)*) = 16y (c)*(y'(c)) .

So, in order to prove (10.1) under the assumption that (y(c)* - h(x)) + (y(c)* -
h(-x)) > 0, it suffices to check that

(y(c+x)? -y (c-2)")* < 16y ()*(¥'()) ™.
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But as 0 <x <c¢<1/2, y(c+x) > y(c-x), and y'(c) > 0, this last inequality
follows from the second inequality of Lemma 10.5. ]

With the case of n = 1 proved, we now turn to the induction step to complete the proof
of Bobkov’s inequality. We state and prove this step in a somewhat more general scenario
than what is needed for the proof of Bobkov’s theorem. This generality will be helpful when
we extend Bobkov’s inequality to the product of not necessarily symmetric Bernoulli distri-
butions on the hypercube. We show that if, for some function & : (0,1) — R, aninequality
like (10.1) holds for a distribution P on a set X', then it also holds for the n-fold product of
P on the product space X™.

Consider a vector X = (X, ..., X,) of independent random variables, whose compon-
ents take their values in a measurable set X'. Assume that for eachi = 1,...,n, we have an
operator V; that assigns a real-valued function A — R to a real-valued function X — R.
When we write V, f(xy, .. ., ,), it is implicitely understood that V acts on the function

f(xn, e xiin, s i, - - - ,x,,) with xy, . .., %1, %1, - - ., %, fixed. Thus, in this case we con-
sider f as a function of its i-th variable only. The only requirement for Vi, is that it should
be measurable in the sense that if X is a random variable taking values in X" and f is
measurable, then V,f(X) should be a random variable. Moreover, we assume that for any

f: X" =R,

(@E [f(X) |X,»]‘ < E[)ﬁif(x)‘ |X,»]. (102)

Note that if X ={-1,1}, the components of the discrete gradient vector
~ —(i)
Vif(x) = Vif(x) = M appearing in Bobkov’s inequality (Theorem 10.2) sat-
isfy this requirement. The main induction argument is summarized in the following
lemma.

Lemma 10.6 (INDUCTION LEMMA) Let X = (X, ..., X,) be a vector of independent ran-
dom variables taking values in the set X". Assume that the operators @,, i=1,...,n
satisfy condition (10.2). Assume that the function o : [0,1] — [0, 00) is such that for all
i < nand for all functionsg : X — [0, 1],

a(Bg(X)) < ByJa(g(x,))” + [Vig(X)
Then for all functionsf : X" — [0,1],

(Ef(X)) < EyJa(f(X))? + IS0
where | VA(X)|> = 0, (Vif (X))

Proof The lemma is proved by induction over n. For n = 1 there is nothing to prove, so let
n > 2. The induction hypothesis is that the lemma holds for 1,...,n - 1.

Recall that E,,_; stands for the conditional expectation operator conditioned on X,

(i.e. integration with respect to Xj,...,X, ;) and E®™ stands for expectation with
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respect to the variable X,, only (i.e. conditional on Xj, . .., X,_1). Foreachy € X and
PONS G denotefy(x(”)) =f(x(”),y). As usual, we denote X = (X1, ..., X,1).
Fixx, € X for now. Then

E\/ % (o (7 (X, )" + 197 (X, 5,) 1)

el s iga o (BA0)

=E. > 2
2 1/2
(Enl/a (fo, (X)) + 19, (X) ||2) (B [9r (x<">,xn|))2
= +
> ; S

where we used Minkowski’s inequality by taking, in Theorem 2.16, g = 2, the
X-variable to be uniform on {1, 2}, and the Y-variable to be X () and

2= \Jo (fur (X)) + 197f,, (X 2

if the X-variable equals 1 and v, f (X(”) , x,,) ifit equals 2.
As for each fixed x,, f,, is a function of n — 1 identically distributed independent

random variables, we may apply the induction hypothesis to the first term on the right-
hand side of the inequality above and get

EH\/% (oz (f (X0, %)) + 1V (X0, ,) ||2)

B o) (B [9r () )
= 2 + 5
_|e@an o) (B 0)s))
N 2 2 ’

where the last line follows from our assumption on the operator V.
Taking now expectation with respect to the distribution of X,,, we obtain

EJa(f(X))* + | VF(X)I2
- E [E"-l/ o (f (X0, X,))" + | Vf (X, X,) ”2]

= E" [\/ @ (Eva fi, (X)) + (vt (X("))ﬂ '
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Now let the function g : X — [0, 1] be defined by g(x) = E,_1f; (X(”)) . Then the
right-hand side of the last inequality is just

B o 606" + (9x))’

which can be lower bounded by invoking the induction hypothesis once more. This
finally leads to

Ea(f00) + 19001 = o (EVg(x,))
= a (Ef(X)). |

Combining Lemmas 10.4 and 10.6, we obtain Theorem 10.2.

10.2 An Isoperimetric Inequality on the Binary Hypercube

While the original purpose of Bobkov’s inequality was to provide a functional inequality
that implies the Gaussian isoperimetric theorem (see Theorem 10.14 below), it has proved
to be a powerful tool in understanding the isoperimetric structure of the binary hyper-
cube. Indeed, a trivial application of Theorem 10.2, described in this section, provides
an interesting interpolation between the edge and vertex isoperimetric theorems on the
hypecube.

As explained in the introduction of this chapter, the vertex isoperimetric theorem states
that, among all sets A C {-1, 1} ofa given size, Hamming balls minimize the size of the
vertex boundary 9y (A) (defined as the set of vertices of {-1, 1}" that are outside A but are
connected with at least one vertex that belongs to A), while the size of the edge boundary
9£(A) (i.e. the set of edges between A and A°) is minimized by sub-cubes. At the same time,
among all monotone sets, Hamming balls maximize the size of the edge boundary and sub-
cubes maximize the size of the vertex boundary. This apparent conflict between the sizes of
edge and vertex boundaries suggests that no monotone set can have a simultaneously small
edge and vertex boundary. This is indeed the case as we show it below in Corollary 10.10.

As a simple result of the same flavor, consider the following corollary of Bobkov’s
inequality.

LetA € {-1,1}" bea (not necessarily monotone) set and consider the indicator function

f(x) = Lizea}- Since ¥(0) = (1) = 0, Bobkov’s inequality, applied to f, implies

n

2
E (]l{xGA} - 1{5(06[;})
i=1

y(P(4)) < E[Vigeal =

01—
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where P(A) = |A[27" is the probability of A under the uniform distribution. Defining the
symmetric vertex boundary of A by 3y (A) = 3y (A) U 3y (A9), we clearly have

y (P(A)) < EIVLenll = ELxag, oy IV Liens

so by the Cauchy-Schwarz inequality, we obtain

y(P(A)) < /P(3v(A))\/EllVLixen |-

Now clearly, 4||V1{yea 1> = Z:’:l (Lgreay - IL{E@ EA})Z is the number of edges between A

to A° incident to x if x € v (A). Thus, E[|VLixea|I> = [3:(4)|2"V) = I(A)/2 where
I(A) is the total influence of A. Thus, we have the following result.

Corollary 10.7 (AN ISOPERIMETRIC INEQUALITY ON THE CUBE) For any subset A of

{_17 l}n;
P(3v(4)) - 1(4) = 2y (P(4))*.

The lemma asserts that the size of the edge boundary (total influence) and the ver-
tex perimeter (in the sense of |5V(A)|) cannot be simultaneously small if |A| is large.
For example, for any set with cardinality |A| = 2""!, we see that P(3yv(A)I(A) > 1/7.
Note that for the sub-cube A = {x : x; = 1}, P(3(A))I(A) = 1 and for the Hamming ball
A={x:) ,x > 0} (forneven), P(3y(A))I(A) ~ 4/ is also bounded by a constant so
the inequality above is essentially saturated by both extremes.

In the next section we show that for monotone sets, Corollary 10.7 may be refined by
replacing the symmetric vertex boundary 3y (A) by the “real” vertex boundary dy (A).

10.3 Asymmetric Bernoulli Distributions and Threshold
Phenomena

In this section we present a variant of Bobkov’s inequality (Theorem 10.2). The result
shown here differs from that of Bobkov in three aspects. First, it holds not only for uniformly
distributed vectors over the discrete hypercube {-1,1}", but also for products of asym-
metric Bernoulli distributions. That is, X = (X, ..., X,) is supposed to have independ-
ent, identically distributed components with P{X; = 1} = 1 - P{X; = -1} = p for some
p € (0,1). Second, we restrict out attention to monotone functions f : {-1,1}" — [0, 1],
that is, we assume that foralli = 1,...,nand x, ..., %1, X1, . . ., %, € {-1,1},

f(xly e Xy =1 X, .. :xn) Sf(xh e Xy L, .. -;xn)'



ASYMMETRIC BERNOULLIDISTRIBUTIONS AND THRESHOLD PHENOMENA | 299

Finally, the discrete gradient Vf is replaced by its “positive part” V* f = (V{ f,..., V} f)
whose components are defined by

vif= (1 -G .

Theorem 10.8 (TILLICH-ZEMOR INEQUALITY) Letp € (0,1), letf : {-1,1}" — [0, 1]
be a monotone function and let X = (X,,...,X,) be a vector of independent Bernoulli
random variables with P{X; = 1} = 1 - P{X; = -1} = p. Then

y (Ef(X)) < E\Jy (F(X))? +210g(1/p) IV F (X

The proof of the theorem is similar to that of Bobkov’s inequality. First we prove it for
n = 1 and then use the induction lemma (Lemma 10.6) to extend it to higher dimensions.

Lemma 10.9 Let X be a random sign, with P{X = 1} = p. For all monotone functions

f:{-1,1} - [0,1],

y (Ef(X) < ByJy (F(X))? + 21og(1/p) (f(x) - f(-2))2.

Proof Letf(~1) = cand f(1) = ¢ + «, with x € [0,1 - c]. Let g = 1 - p. The inequality in
the lemma is equivalent to

y(c+px) —qy(c) < p\/)/(c+x)2 +2x2 log(1/p).

The left-hand side is nonnegative since y is concave and nonnegative. Thus, equival-
ently, we need to prove

(y(c+px) - qv(0))* - p*y (c + x)* - 2p*x* log(1/p) < 0.

For a fixed value of ¢, let us denote the expression on the left-hand side by F(x).
Whatever the value of ¢, F(0) = 0and F'(0) = 0, so it suffices to prove that F is concave
on [0, 1 - ¢). The first and second derivatives may be computed and simplified using
Lemma 10.1, and we obtain

: gx) = py'(c+px) (¥ (c+ &x) - qy () - 2pxlog(1/p) - py'(c + x)y (c + x)

and

Fﬁz(x) =p* (7' (c+p))* = (v'(c +x))*) - 2 log(1/p) - Py ()y"(c + pa).
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Note that

chpx

(et p) - (0 (c+ ) = 2 f V(07" ()de

ctx

cHpx 0 (4
= —2/ v )dt (by Lemma 10.1)
ax ¥(B)

y(c+x)

This allows us to further simplify the expression of F”(x):

F) o prern) | ar©

2w % ) (v pn)
 gog (PP +ar()  ar(o) qy (c)
‘“g( Yo+ po) y<c+px>>+y<c+px>
<ol (1- 7O qy ()
=2 g<1 y(c+px)) Tyt pn)’

where the last inequality follows from the fact that ¥ (c + «x) is a concave and nonneg-
ative function of x on [0, 1 - ¢) while log is increasing.

The lemma then follows by observing that 21log(1 — u) + u is zero at u = 0 and
nonincreasing on [0,1). |

Proof of Theorem 10.8. The proof is an almost immediate consequence of Lemma
10.9 and the general induction argument. The only issue is raised by the fact
that Lemma 10.6 formally does not handle the restriction to monotone functions.
However, if f is monotone, so are E,. . fx (X(”)) and fx, and the proof of Lemma 10.6
goes through. d

We may now apply Theorem 10.8 for the indicator function f(x) = L{yea} of any
monotone subset of the binary hypercube.
Foranyset A C {-1,1}", define the function

n

ha(x) = ||V+]L{xeA}||2 = Z <1{x€A} - 1{;(05,,})

i=1

+

Clearly, ha(x) = 0if x ¢ A and otherwise 4 (x) is the number of edges leaving A from «.

E/h4(X) may be interpreted as some kind of a “surface area” of the set A and the following
corollary is an isoperimetric inequality based on this notion. It sharpens and generalizes
Corollary 10.7 for monotone sets.

Observe that (]1{x€ a -1 (e A}) = 1if and only if the i-th variable is pivotal for A and
+
x; = 1. Since these two events are independent, we conclude that Eh,(X) = p - IP(A) is p
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times the total influence of the set A (recall Section 9.5). Then by the Cauchy-Schwarz

inequality,
EVha(X) = Ev/ha(X) Lixes ay < /pIP(A)P, (3 (A)

(recall that P,(A) = Y _, pMI(1 - p)r-Il).

Corollary 10.10 (AN ISOPERIMETRIC INEQUALITY FOR MONOTONE SETS) Let
p €(0,1), and let X = (Xy,...,X,) be a vector of independent Bernoulli random vari-
ables with P{X; = 1} = 1 - P{X; = -1} = p. Then for any monotone set A € {-1,1}",

1
Evha(X) > N Rl (P,(4)).

In particular,
1
22, (8 (A)) - I (A)plog = v (P(A))*.

Part of the beauty of these inequalities lies in their dimension-free nature. Indeed, n does
not appear anywhere in the expressions. To appreciate the sharpness of this result, it is
instructive to check the cases of the Hamming ball A = {x : Zf: L% > n/ 2}, the sub-cube
{x : 2y = 1}, and the singleton {(1,...,1)}.

Aswe saw in Section 9.6, inequalities for the total influence may be used to study the evol-
ution of the probability P,(A) of a monotone set A € {-1, 1}". Indeed, by Russo’s lemma,
dP,(A)/dp = I’ (A). For example, Corollary 10.10 immediately implies that for sets with a
small vertex boundary, P, (A) experiences a sharp transition around the critical probability
p1/2 (defined as the value for which P, ,(A) = 1/2 (see Exercise 10.1). Another applic-
ation of Corollary 10.10 is shown by the next result, which interestingly gives sufficient
conditions for a monotone set to guarantee narrow thresholds. This corollary of the Tillich—
Zémor inequality sharpens a classical result defined by Margulis. Recall that ® denotes the
Gaussian distribution function.

Theorem 10.11 (MARGULIS’S GRAPH CONNECTIVITY THEOREM) Let k > 0 and let
A C {-1,1}" be a monotone set such that for all x € dy(A), ha(x) > k. Then

P,(A) <@ («/ﬂc (\/—logpl/z —J—logp)) forO<p<pip
P,(A) > @ («/ﬂc (\/—Iogpl/z —\/—logp>> forpip <p <1

Proof Since ha(x) > kl{xeg, ()}, the total influence may be bounded from below as

) = B () 2 V) 2 sy ()
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by Corollary 10.10. Thus, by Russo’s lemma, we have

dp,(4) [k
dp | 22log(1/p)” (B, (4))

Since y (s)y”(s) = -1 (by Lemma 10.1), this may be re-written as

) w0 _ [k
V(B ) flp =\ 2p?log(1/p)’

Suppose p < pi». Integrating this inequality between p and p; /,, we obtain

V' (Py,,,(4)) - v'(P,(4)) < v2k (\/—logpl/z - V- logp) :

The proof of the first inequality is completed by noting that y'(P,, ,(A)) =y’
(1/2) =0and y'(P,(4))) = —-P! (P,(A)), by Lemma 10.1. The second inequality
follows similarly. O

The theorem above implies that if k is large, that is, if every vertex on the boundary of
A has many edges connecting it to the complement of A, then P,(A) experiences a sharp
transition around the critical value p;/,. The following example explains the name of the
theorem.

Example 10.12 (CONNECTIVITY OF RANDOM SUBGRAPHS OF A FINITE GRAPH)
Consider the following random graph model. Let G = (V, E) be a finite connected
graph with vertex set V and edge set E. Now remove every edge of G at random,
independently, with probability p. Let A be the event that the remaining graph is dis-
connected. We may represent A as a subset of {~1, 1}l as follows: every binary vector
x € {~1,1}/¥l represents a graph such that a component 1 represents a removed edge
of G and -1 a remaining edge. Then the set A representing all connected graphs is
clearly monotone. We are interested in the evolution of P, (A), the probability that the
remaining graph is disconnected. Suppose that the graph G is k + 1-edge-connected,
that is, the graph remains connected after the removal of any set of k edges. In this
case, for any disconnected graph x € 3y (A) on the boundary of A, hy(x) > k and
therefore Theorem 10.11 is applicable. It shows that as p grows from O to 1, the prob-
ability P, (A) jumps from values close to 0 to values close to 1 in an interval of length

0(1/k).

Remark 10.3 The “surface area” Ey/h4(X) may also be related to the sum of the squared
influences studied in Chapter 9. In fact,
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) 5 1/2
Fro- (5 e

n

1 2
< ;E Z (]l{XEA} - ]l{§<x>€A})+
i=1
1
= ;E\/ ha(X),
where the inequality follows from the fact thatif Y3, . . ., Y,, are random variables with

a finite second moment, then (}_7, (EY,»)Z)I/2 <E(XL, Yiz)l/2 by the convexity of
the Euclidean norm and Jensen’s inequality.

10.4 The Gaussian Isoperimetric Theorem

In this section we prove the celebrated Gaussian isoperimetric theorem, which states that,
among all sets of a given Gaussian measure, the Gaussian surface area (defined below)
is minimized by half-spaces. The proof presented here is based on Bobkov’s inequality
(Theorem 10.2). The key ingredient is a functional inequality which extends Theorem 10.2
from the uniform distribution over the hypercube to the Gaussian distribution using the
centra] limit theorem. The argument is similar to that by which we obtained the Gaussian
Poincaré inequality or the Gaussian logarithmic Sobolev inequality from their discrete
analogues.

Theorem 10.13 (BOBKOV’S GAUSSIAN INEQUALITY) Let X = (Xy, . . ., X,,) be a vector of
independent standard Gaussian random variables. Let f : R"* — [0, 1] be a differentiable
function with gradient Vf. Then

y(Ef(X)) < B\ ( (F())) + IVF(I2,

where y = @ o @' is the Gaussian isoperimetric function.

Proof It suffices to prove that the theorem holds for all f : R* — [0, 1] that are twice dif-
ferentiable and have a compact support because the extension to all differentiable f
may be achieved through a routine density argument.

Let k be a positive integer, and let & = (&;;)i=1,...nj-1,..,k be a vector of independent
Rademacher random variables. Define the function f; : {-1, 1}* — [0,1] by

k
Eii &
fk(‘g) :f i; ":]
I

Now we may apply Theorem 10.2 for the function f; and obtain

y (Bfi(e)) < By\Jy2(fule)) + IV (I
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(Note that, with an abuse of notation, here V stands for the discrete gradient,
introduced in Section 10.1.)

Now all we have to do is to let k go to infinity on both sides of the inequality.
Indeed, by the central limit theorem, limi—, oo ¥ (Efi(¢)) = y (Ef(X)), where X is a
vector of n independent standard Gaussian random variables. On the other hand, pro-
ceeding exactly the same way as in the proofs of the Gaussian Poincaré and Gaussian
logarithmic Sobolev inequalities, by the central limit theorem, we also have

lim E\Jy2(fi(e)) + VA = By (FOO) + IVFCOIR .

In the rest of this section we show how Bobkov’s Gaussian inequality may be used to
derive the Gaussian isoperimetric theorem.
Recall that the ¢-blowup of aset A C R" is defined by

A= {x s d(A;x) < t}

where d(A, x) = infyey ||x — || is the Euclidean distance of x to the set A.
In analogy with the definition of surface area used in Section 7.2, me may define the
Gaussian boundary measure of a Borel set A by

L P(A\A)
im——
AN\ t

whenever the limit exists, where P is the canonical Gaussian measure on R”.

The Gaussian isoperimetric problem is to determine which (Borel) sets A have minimal
Gaussian boundary measure among all sets in R" with a given probability p. The Gaussian
isoperimetric theorem states the beautiful fact that the extremal sets are linear half-spaces
in all dimensions and for all p:

Theorem 10.14 (GAUSSIAN ISOPERIMETRIC THEOREM) Let P be the canonical Gaussian
distribution on R" and let A € R" be a Borel set. Then

P(A:\ A
liminf FANA) L pa).
t—0 t
Moreover if A is a half-space defined by A = {x : x € R",x; < 2z}, then

_P(A\A)
lim ———
t—0 t

=y(P(4)) = ¢(2).
(Recall that y (x) = (D7 (x)) denotes the Gaussian isoperimetric function.)

Proof The theorem is an almost immediate consequence of Theorem 10.13. However, the
Gaussian isoperimetric theorem is concerned with characteristic functions of sets while
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Bobkov’s Gaussian inequality deals with differentiable functions. We apply Bobkov’s
inequality to smooth approximations of indicator functions.

First note thatif P(A \ A) > 0 there is nothing to prove where A denotes the closure
of A. Hence we may assume that P(A \ A) = 0 and indeed, without loss of generality,
we may even assume that A is open.

Foreacht > 0, definef; : R" — [0,1] by

t

Clearly, fi(x) = 1 forallx € A, fi(x) = Oforx ¢ Ay, andf; is 1/t-Lipschitz. However, f;
is not differentiable. We may further smooth it by convolution with a Gaussian kernel.
Thus, foro > 0, we define

n@ = [ 50 en (520 )

For each o > 0, the function f,, still maps R" to [0, 1], it is infinitely many times
differentiable, and remains 1/¢-Lipschitz (Exercise 10.11).

Now we may apply Bobkov’s Gaussian inequality. Indeed, if X denotes a standard
Gaussian vector, then for each t,0 > 0, by Theorem 10.13,

Y (Efyo (X)) < Ey(foo (X)) + E|| Vo (X
If we let o tend to 0, by the dominated convergence theorem, we have
lim y (Bfyo () =y (BA(X), and lim By (f,0 (X)) = Ey ((X).

Since fi(x) =1 for x € A and fi(x) =0 for x¢ A;, we have y(fi(x)) <
(1//27)1apay and therefore Ey (fi(X)) < (1/4/27)P{A; \ A}. Now by the
Lipschitz property of f; 5, we have || Vf; ; (X)|| < 1/t. Also, if x is in the interior of A or
outside the closure of Ay, || Vf;» (x)|| = 0as o — 0.If x is in the interior of 4; \ 4,
then || Vf;» (x)|| — 1/t. Hence, by dominated convergence,

. P(4;\ 4)
lim, E|[Vfiq || = ————.

Combining all the above,

P(A\ A)
R

7 (Bf() = (1v27) P(A\ 4) +
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Letting finally t — 0,

mm»gmy%%ﬁ

which is just the lower bound in the Gaussian isoperimetric theorem.
The fact that half-spaces achieve equality is obvious. |

Next we describe an equivalent version of the Gaussian isoperimetric theorem in the
manner of measure concentration described in the introduction of Chapter 7. It gives a
sharp lower bound for the Gaussian measure of the blowup of any set in terms of the
measure of the set.

Theorem 10.15 (GAUSSIAN CONCENTRATION THEOREM) Let P be the canonical
Gaussian distribution on R" and let A C R" be a Borel set. Then for allt > 0,

P(A) = @ (D7'(P(4)) +1).
Equality holds if A is a half-space.

In the proof we need the following simple technical observation whose proofis left as an
exercise.

Proposition 10.16 If A is a finite union of open balls in R", then P(A;) is a differentiable
function of t > 0.

Proof of Theorem 10.15. We call a Borel set A C R" smooth if P(A,) is a differentiable
function of t on (0, 00).
Observe that if A is smooth, then

d>1(P(4))  dP(A,) 1
a dt oy (A

It follows from the Gaussian isoperimetric theorem that the right-hand side is at least

1 since dP(A') = lim,, P(A”‘\A‘) . By integrating this inequality,
: 4o~ (P(A))
o (b (a)) = o () + [ F

> &' (P(A)) +t.

Hence, the theorem holds for all smooth sets. The remaining work is to extend this to
all Borel sets.

Note first that if P(A) = 0, the theorem is automatically satisfied and therefore
we may focus on Borel sets A with positive probability. By Proposition 10.16, the
concentration property holds for any finite union of open balls.
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Now let A be any Borel set with P(A) > 0.Let0 < ¢ < t. Then by Vitali’s covering
theorem, there exists a countable collection of disjoint open balls {By, B,, ...}, all
intersecting A and diameter at most &, such that P(A \ U, B,) = 0. But then

v

P(A;) = P(U2,(By)ee)
= li)ngop(u?ﬂ(Bi)t—s)

lim @ (O™ (P(UL,B;)) +t-¢)

v

P (P (P(UX,B,)) +t-¢)
(P (P(A)) +t-¢).

\

The argument is completed by taking € to 0. O

Note that the Gaussian concentration theorem and the Gaussian isoperimetric theorem
are, in fact, equivalent in the sense that the Gaussian concentration theorem implies that for
every Borel set A C R”,

i ) -y (@1 £ -0 (P4

= y(P(4))

which is just the statement of Theorem 10.14. See Exercise 10.7 for a more general
argument.

10.5 Lipschitz Functions of Gaussian Random Variables

Recall that by the Gaussian concentration inequality (Theorem 5.6), any Lipschitz func-
tion of independent Gaussian random variables has sub-Gaussian tails. This result may
be sharpened by combining the Gaussian concentration theorem (Theorem 10.15) with
Lévy’s inequality (Theorem 7.1). We obtain the following.

Theorem 10.17 Let X = (Xy,. .., X,) be avector of n independent standard normal random
variables. Let f : R" — R denote a Lipschitz function with Lipschitz constant L and let
Mf(X) denote a median of f(X). Then, for allt > 0,

P{f(X)-Mf(X) >t} <1-®(t/L).

Recall that, according to Gordon’s inequality (Exercise 7.8), 1-®(t) <
(1/t4/2m)e*"/?. The Gaussian concentration inequality fails to capture the correct-
ive factor t™'. The inequality of Theorem 10.17 cannot be improved in general as for
f(x) =231 x;, equality is achieved for all ¢ > 0. Note, however, that the refine-
ment above bounds the probability of deviations around the median rather than around
the mean.
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10.6 Bibliographical Remarks

Bobkov’s inequality (Theorem 10.2) on the hypercube was first established by Bobkov
(1997) as a first step in his elementary proof of the Gaussian isoperimetric inequal-
ity. It is Bobkov’s argument that we follow in this chapter. Bobkov’s induction lemma
(Lemma 10.6) was further generalized by Bobkov and Gétze (1999, Lemma 2.1).

Theorem 10.8 is due to Tillich and Zémor (2001), as is Corollary 10.10. The history of
this inequality goes back to Margulis (1974) and was subsequently improved by Talagrand
(1993), and Bobkov and Gétze (1999). It was Talagrand (1993) who promoted the use
of E\/h4(X) as an adequate measure of surface area for monotone subsets of the hyper-
cube. Linial and Rozenman (2002) characterized the monotone sets of a given volume that
minimize the surface area Ey/h4(X) under the uniform distribution.

Talagrand (1997) proved that under the uniform probability on {~1, 1}", E\/hs(X) can
be O(1) onlyif Y i, I;(A)* is ©2(1). Talagrand (1997) also proves that there exist b > 0
and a € (0, 1/2) such that for every monotone set A C {-1, 1}",

¢ 1/2-a e “
E(V1all = bP(A)(1 - P(4)) (log m) (bg 3 1,2(A)> '

where P is the uniform distribution over {-1, 1}".

The Gaussian isoperimetric theorem was first established independently by Borell
(1975) and Tsirelson and Sudakov (1974). Borell’s proof relied on Lévy’s isoperimetric
theorem for Euclidean spheres.

In a series of papers Ehrhard developed a proof of the Gaussian isoperimetric theorem
based on Gaussian rearrangment techniques (see Ehrhard (1982, 1983b, 19834, 1984,
1986), and also Borell (1986).

Ledoux (1996) proved a version of Theorem 10.14 with sub-optimal constants using
semigroup techniques.

The equivalence between the Gaussian isoperimetric theorem (Theorem 10.15) and
Bobkov’s Gaussian inequality (Theorem 10.13) was pointed out by Ehrhard (1984), but
see also Bakry and Ledoux (1996), Capitaine, Hsu, and Ledoux (1997), and Barthe and
Maurey (2000).

The proof of Theorem 10.13 given here is from Bobkov (1997). The theorem is exten-
ded in Barthe and Maurey (2000) who also provide a proof for Theorem 10.13 based on
stochastic calculus.

Borell and Ehrhard (see Ehrhard (1986)) obtained the following Gaussian version of the
Brunn-Minkowski inequality: for all convex sets A, Bin R",

@' (P(AA + (1-1)B)) > 2D (P(A)) + (1-1)®' (P(B)) (104)

where P is the canonical Gaussian measure on R".
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10.7 EXERCISES

10.1.

10.2.

10.3.

(SHARP THRESHOLD FOR SETS WITH SMALL VERTEX BOUNDARY) Let
A € {-1,1}" be a nonempty monotone set and let P,(A) be its probability under
the product of Bernoulli(p) measures. Fora € [0, 1], let p, be the unique value such
that P, (A) = a. Show that forany ¢ € (0,1/2),

(log2)(1/2 - ¢)
e - ——————— inf P, (dy(4)).
Pie— P12 = 2 log(l/g) se(Un1-e) q( v(A))
Derive a similar upper bound for p; /, — p.. Hint: use Corollary 10.10.
(CHEEGER CONSTANT FOR UNIVARIATE DISTRIBUTIONS) Let P denote a prob-
ability distribution on R". Let ap denote the associated isoperimetric function

defined, forp € (0, 1),

P(A:\ A
ap(p) = inf  lim inf(t—\)
ACR™":P(A)=p t—0 t

where the infimum is taken over all measurable sets with probability p. The Cheeger
constant of P is defined by

K(P) — 1nf ap—@
pe(o,1) min(p, 1 - p))

When n = 1, let F denote the distribution function of P. Assume that P is absolutely
continuous and let f denote its density. Prove that

o f)
«(P) = eas<sx1<nbf min(F(x),1 - F(x))’

where a = inf{x : F(x) > 0}and b = sup{x : F(x) < 1}.

Compute  (P) for the standard Gaussian distribution and for the Laplace distri-
bution (whose density is 2 exp(~|x|). (See Bobkov and Houdré (1997).)
(CHEEGER CONSTANT IN PRODUCT SPACES) With the notation of the previous
exercise, let P" denote the n-fold product of the measure P on the real line. Prove
that

) > L
K(P") > Ngx(p).

(Bobkov and Houdré (1997, Theorem 1.1)).
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10.4.

10.5.

10.6.

10.7.

10.8.

(APPROXIMATION OF THE GAUSSIAN ISOPERIMETRIC FUNCTION) Prove
Lemma 10.3. Hint: the lower bound on y follows easily from Gordon’s inequality
(Exercise 7.8). The upper bound follows from Lemma 10.9.

(GAUSSIAN MEASURE) Let A = {x : x € R", (x,u) < A} be ahalf-space in R" for
some # € R" and A € R. Let P denote the canonical Gaussian distribution on R".
Show that for any t > 0,

O (P(Ay)) = D71 (P(A)) + t.

(PROOF OF PROPOSITION 10.16) Let P be an absolutely continuous probability
distribution on R" and let A be a finite union of open balls. Prove that P(A;) is a
differentiable function of t > 0.

(FROM ISOPERIMETRY TO CONCENTRATION) Assume that a probability distri-
bution P on R" satisfies, for all Borel sets A C R”,

> o (F'(P(A))),

. P(A\4)
lim inf ———
N0 t
where ¢ € (0,1] is a constant and F is a continuously differentiable distribution
function over R and f its derivative. Prove that for all Borel sets A and all ¢ > 0,

P(A;) = F(F'(P(A)) +ct).

(FUNCTIONAL INEQUALITIES INVOLVING a(x) = x(1 —«x)) Consider the dis-
crete gradient V; on the cube {-1,1}" whose components are defined by
Vif(x) = (f(x) - fGE?),.LetX = (X, . . ., X,,) beavector of independent random
signs such that P{X = 1} = 1 - P{X = -1} = p. Denote «(p) = (1 -p)/(1 +p).
Prove that for all functions f : {-1,1}" — [0, 1],

w(Ef(X)) < E\Ja(f(X))* + max(ic(p), k(1 - p) | V()

Show that if f is monotone increasing,

w(Ef(X)) < EJa(f(X)7 + () IV ().

Show that for any monotone set A C {-1, 1}",

EIV* 1yl = /%{"pm)(l ~P(4)).

Is this inequality tight for the majority function, dictatorships, singletons? See
Bobkov and Gétze (1999, page 254, Proposition 2.3).
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10.10.

10.11.

10.12.
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(SHARP THRESHOLD IN CHANNEL CODING) A binary linear block code C of
length n is a subset of {0, 1}" such that forany u,v € C,u @ v € C where @ denotes
coordinate-wise addition modulo 2. Let C be a binary linear block code such that
the Hamming distance of any two distinct elements of C is at least 2A. Suppose
an element (a codeword) v € C of the code is transmitted over a binary symmetric
channel with crossover probability p € (0, 1). This means that the received message
is v @ X where X is a vector of i.i.d. Bernoulli (p) random variables. If maximum
likelihood decoding is used, then the decoder picks an element of C that is closest
(in Hamming distance) tov @ X.Let A, C {0, 1}" be the setsuch thatforallx € A,,
v @ x is decoded back to v. The decoding error associated with the codeword v is
defined by err,(p) = 1 - P{X € A,}. Denote by p. by err,(p.) = 1/2. Use Theorem
10.11 to show that forallv € C,

err,(p) < @ («/Z_A (@—@)) for0 <p < p.
err,(p) > @ («/ﬁ (\/Tgpc— %)) forp, <p <1

(Tillich and Zémor (2001, Theorem 3)).

(BOBKOV’S GAUSSIAN INEQUALITY IMPLIES THE GAUSSIAN LOGARITHMIC
SOBOLEV INEQUALITY) Derive the Gaussian logarithmic Sobolev inequal-
ity (Theorem 5.4) from Bobkov’s inequality (Theorem 10.13). Is it possible to
derive Theorem 5.1 from Theorem 10.2 in the same way? Hint: consider

‘/logé
£

(B2t 15 - e ),

let &€ — 0, and use lim,_,oy(g)/ (8\/210g(1/8)> = 1. (Ledoux (2000) notes

that the fact that the logarithmic Sobolev inequality is a consequence of Bobkov’s
inequality was pointed out by W. Beckner.)
(REGULARIZATION ARGUMENT IN THE PROOF OF THE GAUSSIAN ISOPERI-
METRIC THEOREM) Show that the function f;, : R" — [0, 1], defined in the
proof of the Gaussian isoperimetric theorem is infinitely many times differentiable,
and 1/t-Lipschitz forallo > 0.

Check furthermore that wheno — 0, || Vf,» || — 0 outside A; \ A, and tends to
1/tin A \ A.
(GAUSSIAN ISOPERIMETRY AND THE BRUNN-MINKOWSKI INEQUALITY)
Derive the Gaussian isoperimetric theorem for convex sets from the Gaussian
Brunn-Minkowski inequality (see inequality (10.4)).
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The Variance of Suprema
of Empirical Processes

One of the principal driving forces behind the development of concentration inequalities
has been the interest in understanding the magnitude of stochastic fluctuations of a norm of
asum of independent vector-valued random variables, or, equivalently, the supremum of an
empirical process. This, and the next two chapters are dedicated to this subject. We are now
prepared to apply the machinery developed in the previous chapters to this particular case.
Concentration inequalities for the suprema of empirical processes have countless applica-
tions in probability, statistics, machine learning, harmonic analysis, and high-dimensional
geometry, to name but a few principal areas.

In the first chapter devoted to this topic, we focus our attention on the variance of the
supremum of an empirical process. In this relatively simple problem, we gain insight into
some of the principal phenomena in a transparent way. In the subsequent two chapters,
technically more challenging exponential concentration inequalities are developed and
some tools for bounding the expected value are surveyed.

We start by defining what we mean by an empirical process. To avoid complications
arising from measurability problems, we only consider processes indexed by countable
index sets. In fact, the reader will not lose the essence of any argument by considering finite
index sets only.

Let 7 denote a countable index set. Suppose that we are given, foreachi=1,...,n,a
collection X; = (X;;)..s of real-valued random variables and assume that Xj, ..., X, are
independent but not necessarily identically distributed. The empirical process indexed by
7T is the collection of random variables ) .| X;, s € 7. The supremum of this empirical
process is simply

Z = sup Xn: Xis.

s€T

If T contains only one element, then Z is a sum of real-valued random variables. However,
if 7 has more elements, then understanding the behavior of the random variable Z is more
complicated.
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One may attempt to analyze suprema of empirical processes by decomposing the
problem in two parts. One part is understanding the behavior of the expected value EZ
of the supremum and the other is determining, or at least bounding, the random fluctu-
ations of Z around its expectation. It is possible to make meaningful statements about the
fluctuations of suprema of empirical processes without understanding much of their expec-
ted value. The concentration inequalities discussed in this book prove to be useful tools, as
illustrated in this and the following chapter. Interestingly, concentration inequalities even
prove helpful in investigating the behavior of the expected value EZ. This is explored in
Chapter 13.

We have already encountered suprema of some special empirical processes. The first
example we discussed were Rademacher averages (see Section 3.2). Indeed, let (o) be
a collection of real numbers indexedbyi=1,...,nands € 7 andlet ey, ..., &, be inde-
pendent Rademacher variables (that is, P{¢; = -1} = P{g; = 1} = 1/2). Then X, = a;&;,
and

= sup ZX” = supZottsel

s€T s€T

is the Rademacher average already mentioned in Chapter 3.

Another important example of a supremum of an empirical process is the norm of a
sum of random vectors. To see the connection, consider first the £, norm of a vector

- d (5 |y |2\ - _

y=01 ..., y4) €R? defined as lyll, = (3, |yi|")"/¥ wherep € (1,00). Let g=p/(p - 1)
be the conjugate of p. The space R? with the £, norm is called the dual space of R? endowed
with £,. Nowlet 7 = {a: a € Q4 lally < 1} be the countable set of vectors in R? with
rational coordinates whose £, norm is at most 1. Then each & in T defines the linear func-
tionalon R by a(y) = Zil yiet;. Thensup, . a(y) = ||y, and thereforeif Yy, ..., Y, are
independent random vectors taking values in R?, then

= sup Z Z Y

“6711 s=1

is the supremum of an empirical process. Indeed, the same argument applies not only for the
£, norm but also in any separable Banach space B with norm || - ||g. If 7 denotes a dense
countable subset of the unit ball of the dual B’ of B, then

Iyl = sup a(y).
aeT

Defining the random variable X;, = «(Y;), the supremum of the empirical process indexed

by 7T is

n

DY

i=1

= sup Za(Yi) = sup ZXi"’"
B aeT aeT )
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We have already considered some examples of concentration inequalities for norms of
sums of independent random vectors. Norms of Gaussian random vectors are discussed
in Section 5.4 and the Bonami-Beckner inequalities of Section 5.8 translate into concentra-
tion inequalities for suprema of Rademacher processes. Note also that the largest eigenvalue
of a random symmetric matrix discussed in Examples 3.14 and 6.8 also fits within this
framework.

Often the indices s € 7 may be associated with measurable functions f; :
X — R, s € T defined on some set X. If Yj,...,Y, are independent random vari-
ables taking values in A, then by defining X;; = f;(Y;), the supremum of the empirical
process equals

sup ZX"’S = sup Z f(Y3).

s€T i s€T i

In most applications of empirical processes appearing in statistics and machine learning, this
is the most frequent notation. A classical example is the Kolmogorov-Smirnov statistics.
The Y;’s are assumed to be independently and uniformly distributed over [0, 1] and for
each rational s € [0, 1], a function f; is defined by f;(x) = L{,<y) - s. Then the (one-sided)
Kolmogorov—Smirnov statistics is the supremum

sup Yy (Lyy=g-5)= sup Y (Liy<g —5).
NQ =1

selo1] ‘o1 s€[0,1]NQ =

This chapter is mostly devoted to upper bounding the variance of suprema of empirical
processes, but we also mention upper bounds for the second moment EZ2. Our main tool
is, once again, the Efron—Stein inequality. Various estimates of the variance are derived and
the bounds often involve one of the following three quantities:

n

V=Y EsupX,
-1 €T ’
¥? = Esup ZXIZS
s€T iy ’
n
o? = sup ZEX?S
s€T ’

Clearly, 0> < %% < V. Given the lack of a standard terminology, we will refer to V, 2,
and o* as the strong variance, weak variance, and wimpy variance, respectively. In general,
there may be significant gaps between any two of these quantities. A notable difference is
the case of Rademacher averages when o = %2,

In this and the next two chapters, results are stated and proved for empirical pro-
cesses indexed by finite or countable sets. These results can often be easily extended to
suprema of empirical processes indexed by uncountable sets. The empirical process is said
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to be separable if there exists a countable subset S C 7 such that, almost surely, for all
i=1,...,nand forall t € 7, there exists a sequence {t,} of elements of S such that X;,,
converges to X;;, thatis, 7 contains a dense countable subset S with respect to the topology
of pointwise convergence. The subset S is sometimes called the separant.

If 7 admits a countable separant S, then

n n
Z = sup ZX“ = sup X:Xi,S almost surely.
teT g s€S

This shows that the supremum of a separable empirical process is measurable. Let
Y =sup,.g ) ., Xis be the supremum of the empirical process indexed by the countable
separant. Note that Y is the monotone limit of maxima computed over finite sets. One
can easily check that Var (Z) = Var (Y), whether the quantities are finite or not. Moreover,
almost surely, we also have

n n
sup Z Xft = sup Z st.
s€S i

teT

All results stated in this and the next two chapters for suprema of empirical processes
indexed by finite of countable sets extend to suprema of separable processes.

In Section 11.1 we begin by showing how the Efron-Stein inequality implies that
Var (Z) < V and Var (Z) < £? + 0%, A natural question is then whether Var (Z) < o2
However, this is easily shown to be false by a counter-example (see Exercise 11.1).

In Section 11.2 we proceed with a discussion of Nemirovski’s inequality. Nemirovski’s
original inequality relates EZ* to V. We argue that it makes sense to bound EZ? in terms
of £? and that this may significantly improve the original inequality. We point out that the
difference between the weak and strong variances can be quite substantial.

Even though o2 may be smaller than Var (Z), £ (and therefore also Var (Z)) can be
upper bounded by a linear combination of EZ and o%. This result follows from some basic
symmetrization and contraction inequalities from empirical process theory presented in
Section 11.3. The connexion between wimpy and weak variances £ < 2EZ + 6’2 can be
established in a simple way for centered empirical processes uniformly bounded by 1 and
with identically distributed summands (see Theorem 11.10).

Connecting the wimpy and weak variances without the uniform boundedness assump-
tion requires more effort, namely an appropriate truncation argument. This is the subject of
the Hoffmann-Jorgensen inequalities described in Section 11.5.

11.1 General Upper Bounds for the Variance

In Section 3.2 we saw how the Efron-Stein inequality allows one to derive sharp
upper bounds for the variance of Rademacher averages. Here we show that they prove
equally useful when dealing with suprema of general empirical processes. The following
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proposition describes easy and general upper bounds for the variance. Despite their
simplicity, these bounds can be sharp, for example when the index set 7 contains only one
element.

Theorem 11.1 Let Z = sup . » ., X;; be the supremum of an empirical process as defined
above. Then

Var (Z) < V.
IfEX;; =O0foralli=1,...,nandforalls € T, then
Var (Z) < 2% + o
Proof To prove the first inequality, introduce Z; = sup _+ Z}.#i Xj;. Let $ € T be such
that Z = } ', X;s and let §; be such that Z; = 3, X (We implicitly assume here
that the suprema in the definition of Z and Z; are achieved. This is not necessarily

the case if 7 is not a finite set. In that case one can define § and §; as appropriate
approximate minimizers and the argument carries over.) Then

(Z-Zi): < (Xig)+ < sup|X;4

s€T
and
(Z-2Z)_ < (Xig,)- <sup |Xi,s|r
s€T
so

i(Z - Z,»)2 < isuprs.
i=1 T

i=1 €

The first inequality follows from Efron-Stein inequality.

To prove the second, foreachi=1,...,nlet Z = sup ., (Zj#i X, + Xf,s) where

X! is an independent copy of X;. Note that
2 2
(Z - Z:)+ = (Xi,g - Xl/,S) .

Denoting by E’ the expectation with respect to the random variables X}, . . ., X!, by the
Efron-Stein inequality,
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Var (Z) < E Z (z-7):

i=1

<E) F [(th ‘X;,s)z]

i=1

n
<E) (G +E[X3)
i=1

(as X; ;isindependent of $and E'X; , = 0)
n

n
< Esup Z st + sup Z EX%S. 0
s€T i s€T )

Note that Theorem 11.1 still holds if the process is assumed to be separable (see
Exercise 11.3).

11.2 Nemirovski’s Inequality

Next we show how the upper bounds for the variance described in the previous section can
be used to obtain bounds for EZ*> where Z is the norm of a sum of independent vector-
valued random variables. Let X3, . . ., X,, be independent random variables with values in a
complete separable normed space B satisfying EX; = 0 and let

S, = Zx
i=1

In this section, we assume that all E [||Xi ||]§] are finite. Our purpose is to relate E [|| S, I|%B] to
the values E [||X, ”]%B] ,i=1,...,n The original question raised by Nemirovski was whether
there exists a constant k = « (B) such that

E[[S.03] < «(B) > E[IXil13].

i=1

If the normed space B is a Euclidean space (or more generally a Hilbert space), then
E [||S,, ||§B] =>",E [||X1-||IZB] and we may take x (B) = 1. When considering other norms,
this simple connection breaks down. If B is finite-dimensional (e.g. B = R? endowed
with the £, norm with p € [1,00]), then x(B) < dim(BB) (see Section 13.5 and the
bibliographical remarks for references). However, in some interesting cases, much bet-
ter bounds are possible. In this section, we focus on R? equipped with the £, norm
I¥llco = maxi—y, g4 |yi|. In Section 13.4, we point out that the results presented here extend
to Gaussian and Rademacher sums of symmetric matrices equipped with an operator
norm. In Section 13.5, we discuss the case of R? under the £, normfor1 < p < oo.
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Theorem 11.2 Let Xj,...,X, be independent random variables taking their values in
RY such that they are symmetric (ie. —X; has the same distribution as X;). Let
Si=> o XiIf¥*=Emaxiy 4+, ij, define

E|S,lI%

C(l’l, d) = sup T,

where the supremum is taken over all distributions of independent, R*-valued symmetric
random variables X1, . .., X, with finite £°.
Then, C(n, d) is a non-decreasing function of both d and n, and

C(n,d) < 2(1 +1log(2d)).

Moreover, letting C(00, d) = lim,_, o C(n, d), we have, for d > 2,
1 2
Cloo,d) > (d'(1- ——
o= (0 (1- 53555

C(o0, d)
im ———= =
d—oc0 2log(d)

and

The proof of Theorem 11.2, uses the next technical lemma.

Lemma 11.3 Let X, ..., X, be independent standard Gaussian random variables. Let ®
denote the distribution function of the standard Gaussian distribution. Then

O (1-1/2(n+1))) < Eiglffn |Xi| < /2log(2n)

and
E max Xl2 < 1+2log(2n).
Moreover,
Emaxiy,_, |Xi| Emax;.;, , X}
lim —*—— = lim ——+~ =1
1—>00 /2logn n—00 2logn
Proof As

E max |X;| = Efrlla.x max(-X;, X;),

i=1,...,n

Theorem 2.5 implies that Emax., , |X;| < /2log(2n). The random variable
max;_;,, |Xi| is distributed like @1 (1 +max(Uy,...,U,))/2), where Uy,. .., U,
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are independent uniformly distributed over [0, 1]. By convexity of ®* over [1/2,1),
Jensen’s inequality implies

1+Emax(U,...,U,) O 1
E max |X;| > &' =o' (1- — ).
i=1,..,n 2 2(n+1)

By the Gaussian Poincaré inequality (Theorem 3.20), as the maximum of the absolute
values is a 1-Lipschitz function,

2
EmaxX2<l+<Emax |X|)

i=1,..,n i=1,..,n

The last statement follows from the fact that lim¢ oo @' (1-1/t)/,/2logt =1
(see Exercise 11.7). O

Proof Throughout this proof|| - || stands for || - ||s0. The fact that C(n, d) is non-decreasing

in both n and d is obvious from the definition.
By definition of the variance,

E[11S:17] = Var (IS, 1) + (ElISl1)?
Since
S, = bX;;
IS, = max, Z i
be{-1,1} =

we may write [|S, || as the supremum of an empirical process with a finite index set. By
Theorem 11.1,

Var ([S,]]) < 2%

As the random variables X; are assumed to be symmetric, (X, ..., X,) is distributed
as £1Xy, . . ., £,X, where the ¢; are independent Rademacher variables. Then

ZSX,}

and fixing the variables X;’s and bounding the expectation with respect to the ¢, it
follows from Theorem 2.5 that

|:1 1,.

)

E|S,||=E max
j=Led

j=L,...d

| Xi,...,X :|§ 2log (2d) max X

std
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Taking expectation on both sides of this inequality and using Jensen’s inequality to
bring the expectation under the square root sign, we obtain

E||S,|| = E max
j=1,.d

n
E &iXij
i=1

n
< |2log(2d)E X2
= Og( ) ;Sll,a),(d ; i,j

Combining this inequality with the bound Var (||S,||) < 2X? and the definition of the
variance, we finally get

E|S.II* < 2(1 +log(2d)) %>

This proves that C(n,d) < 2 (1 + log (2d)) forall n and d.

Let x; denote the chi-square distribution with d degrees of freedom. (This is the
distribution of the sum of the squares of d independent standard Gaussian random
variables.)

The lower bound for C(0o,d) follows simply by considering the case when
each X; is a d-dimensional standard Gaussian vector. Then for each j=1,...,d,
(1/n)(3_1L, X;;)* is distributed according to x{. Hence ||S,[|//n is distributed as the
maximum of the absolute values of d independent standard Gaussian random variables.
By Jensen’s inequality, Lemma 11.3 implies

A 2 (d’l (1‘ en 1)))2‘

On the other hand, ¥? is the expected value of the maximum of d independent

x2-distributed random variables. By Theorem 2.7, we have
¥? < n+2y/nlogd +2logd.

Putting these two bounds together,

I Gl O )
1+2,/logd/n+2logd/n

The last statement follows from the fact that lim,, oo ®(1 - 1/t)/\/2logt = 1. O

In the rest of this section we compare the strong and weak variances

n n
V= E E max X12 and >?2 = E max E X,2
i=1,..,d "7 i=1,....d ]

=1Ly j7hd A

=

i=1
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Since

¥? > E max max Xiz.,
i=l,en j=1,..,d

we clearly have
2 <V <anXi

On the other hand,

and therefore
¥? <V < min(n,d) %%

Next we illustrate in two different examples that the ratio V/ X2 can indeed be of the order
of min(n, d).

Consider first the case when X;; = &;a;; where ¢y, . . ., &, are i.i.d. Rademacher random
variables. Then

n

n
¥?2 = max E aiz. while V= max uiz..
j=1,...,d 2 i=1,..,d "
J=het Ty =1 /7

Choosing a;; = 1 for every j < min(n, d) and a;; = 0 otherwise, we see that > = 1 while
V = min(n, d). This shows that the ratio V/X? can indeed achieve the maximal possible
value min(n, d).

It is even more interesting to notice that the ratio V/X? can be large even when the
variables X;; are i.i.d. standard normal random variables. In this case

E|S,||2, =V = nE max Y}
j=l,,d

where Y}, ..., Y, are independent standard normal random variables. On the other hand,
as we have seen in the proof of Theorem 11.2,

2 < n+2(\/nlogd+logd).

Since 2 > 1, we obtain

Emax_; 4Y’ 174
SRRRS } <

< 2
1+2 (logd)/n +2 (logd) /n X2 j=1,d
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To interpret this bound, we distinguish three different asymptotic regimes of dependence
ofd=d,onnasn — o0.

Casel. Assume firstlim,_, o (logd,)/n = 0. By Lemma 11.3, we have V/Zr~2 log (d,)
asn —> 00. Since the convergence of (log d,) /nto 0 can be arbitrarily slow, the ratio V/ »?
is close to its maximal value n.

Case 2. Iflim,— o0 (logd,)/n = « for some o > 0, then V /%2 is of the order of n in the
sense that

20
liminf — > —————.
n—>oo n¥2 T 1+ 4/ 2a +2a

Case 3. Finally, iflim,,_mo(log d,)/n = 00, then lim,_, o, V/(nX?) = 1.

11.3 The Symmetrization and Contraction Principles

The bound Var (Z) < £? + 0% of Theorem 11.1 shows that by understanding X2, one has
a good grasp on the size of the random fluctuations of the supremum of the empirical pro-
cess. However, often the wimpy variance 0% is easier to interpret than X%. Luckily, if an
upper bound for sup__; |X;,| is available, 0> and £* may be related by a simple inequality
which we present next. This inequality is based on symmetrization inequalities and con-
traction principles, which are useful and frequently used tools in the theory of empirical
processes. We start with a simple symmetrization inequality.

Lemma 11.4 (SYMMETRIZATION INEQUALITIES) Let Xi,...,X, be independent ran-
dom vectors where X; = (Xi;)seT. Assume that the process is centered, that is, for each
i=1,...,n and s€ T, EX;;=0. Let &,...,&, be a sequence of independent
Rademacher variables independent of X, . . ., X,,. Then

n

Z Xi,s

i=1

n
E & X

i=1

n
E &iXis

i=1

1E
—E sup
2 s€T

< Esup
seT

< 2Esup
s€T

and

E sup 2": Xis < 2Esup 2": £iXis.

s€T s€T i

Proof We start with the second inequality. The proof of the last inequality is similar. Let
X}, ..., X bedistributed as Xj, . . ., X,, but independent of them. This means that the
random vectors X; — X] are independent and symmetric, distributed as the &;(X; - X]).
Thus,
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E sup ZXi'S = Esup Z (X,vys - EX,;)
s€T |iog s€T |0y
< Esup Z (X,-,S - Xi’, S) (by Jensen’s inequality)
s€T | iy
= Esup |y _ & (X, - X))
s€T |0y
n
<2Esup|) _&X;
s€7T |1

The first inequality follows by a similar argument:

1
= —Esup
s€T

sup
s€T

n
E &iXis

i=1

1
-E
2

1
—Esup
s€T

IA

1
—Esup
s€T

n
> X - EX])
i=1

(by Jensen’s inequality)

i gi(Xi,s - Xl/,s)
i=1

i (Xi,s - Xll,s)
i=1

IA

x|

i=1

Esup
s€T

Symmetrization inequalities motivate the use of conditional Rademacher averages in
empirical process theory. The conditional Rademacher average associated with the empir-
ical process ) ., X; is the conditional expectation of the supremum of the symmetrized
empirical process Z:l:l &iXij, given Xy, . . ., X, defined as

Xl,...,Xn:|.

We have already encountered conditional Rademacher averages in Section 3.3 where we

E |:sup 2": £ X

s€T g

showed thatifsup, 7, |X;s| < 1almost surely, then the conditional Rademacher average
is a self-bounding function. This implies that conditional Rademacher averages are relat-
ively stable (their variance is not larger than their expected value) and have sub-Poissonian
tails (see Section 6.7). Lemma 11.4 complements this observation. It shows that, up to
a constant factor, conditional Rademacher averages estimate the expected value of the
supremum of the underlying empirical process.
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Another simple and useful tool in empirical process theory is the so-called contraction
principle. We start by an easy version followed by a more general formulation.

Theorem 11.5 Let xy,...,x, be vectors whose real-valued components are indexed by T,
that is, x; = (x;5)se7. Let a; € [0,1] for i=1,...,n. Let &1,...,€, be independent
Rademacher random variables. Then

Proof Let W: (R7)" — R be defined by

n
W(xy,...,x,) = Esup E i
s€T i

The function W is convex since it is a linear combination of suprema of linear functions.
It is also invariant under sign change in the sense that for all (7y, . . ., ) € {-1,1}",

\I'I(xly s yxn) = \Il(nlxlf ceey nnxn)'

Fix (x1,...,%,) € (RT)". Consider the restriction of W to the convex hull
of the 2" points of the form (9ixy,...,n.x,), with (171,...,1,) € {-1,1}".
The supremum of W is achieved at one of the vertices (mxy,...,7N.x,). The
sequence of vectors (&;x;, . . ., &,x,) lies inside the convex hull of (1;xy, . .., n,x,),
(n1,...,1m,) € {-1,1}" and therefore

n
Esup E EiliXis

s€T g

‘"Il(alxlr s ;anxn)

IA

W(xy,...,%,)

n
= Esup Z EiXis. 0

s€T "]

The next theorem generalizes Theorem 11.5. It serves not only for comparing expecta-
tions but also higher moments, moment-generating functions, and tail probabilities.

Theorem 11.6 (CONTRACTION PRINCIPLE) Let x1, . .., x, be vectors whose real-valued
components are indexed by T , that is, x; = (x;5)se7. Foreachi=1,...,nletg; : R > R
be a Lipschitz function such that ;(0) = 0. Let €y, . . ., &, be independent Rademacher
random variables, and let ¥ : [0,00) — R be a non-decreasing convex function. Then

E|W supZE,-go,-(x,-,s) <E|WV supZE,-x,-,S
s€T g s€T )
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el (zop|Zomeso) [ <o o calZend) ]

The proof is based on the following technical lemma.
Lemma 11.7 Let W : R — R denote a convex nondecreasing function. Let ¢ : R — R bea
1-Lipschitz function such that ¢(0) = 0. Let 7 C R Then

and

n
E EiXis

i=1

Z EiQi (xi,s)

i=1

 (suptes + p(6))) +  (suptes - 00))

seT seT

stw@+&Q+wGw@—w)

s€T seT

Proof Since W is convex and nondecreasing, if 4, b, ¢, d are such that 0 < d - ¢ < b-aand
¢ < a, then

W(d)-W(c) < ¥(b) - ¥(a). (111)

Denote by = (1, §,) and t = (#, £,) the elements of 7 that achieve the suprema on
the left-hand side. It suffices to show that

U (s +0(u)+V(h-9(h) SWU(s+8)+V(H-1),
or, equivalently,
W (h-g(h)-W(h-h) W (s+8)-W(&+e(8).
As W is nondecreasing we have both
S+e(8) >t +o(h)
and
S1-9(%) <t -o(h),
which implies

p(h)-9(8%) <t -h <o(%)-e(h),
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and therefore
|4 —£1| <9(%)-e(h) < |§2—22|;

where the last inequality follows from the fact that ¢ is 1-Lipschitz.

First consider the case when §, and #, are both positive. We may assume that
3, >t > 0 because otherwise we may exchange the roles of § and t and change
the sign of ¢. This implies that 3 —¢( $) > - ¢( ) > 0. Moreover, as
S1+0(%) > h +9(h) >t -h,(11.1) allows us to conclude.

Consider now the case where §, and #, are both negative. Similarly to the pre-
vious case, we may assume that b <% < 0. Now we have 0 < ¢( &) -5 <
o(h)-hand §; +8 <& - (%) <t - @(t). Once again, (11.1) allows us to
conclude.

To end the proof, consider the situation when #, < 0 < §,. Then W (4, - ¢(#,)) -
U(h-t)<0 and 0< W (4 +8&)-W (% +9(%)) as -h <-p(f) and
®(3,) < . This is enough to conclude. The last case can be handled by changing the
sign of ¢ and permuting $ and . O

Proof of Theorem 11.6. We begin by proving the first inequality. It suffices to prove that,
if 7 C R"is a finite set of vectors s = (s, .. .,s,), then

Dl

The key step is that for an arbitrary function A : 7 — R,

E |:\If (supA(s) + i 8,-g0,-(s,-))i| <E |:‘~IJ (supA(s) + i 8,-5,->:|. (112)
seT 1 seT i=1

The base case n = 1 is handled by Lemma 11.7. In this case (11.2) is equivalent to

[ (gt +cote )| < 5| w (supta v )|

whered = {(A(s),s) 15 € ’T}.
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The proof of (11.2) goes by induction on n:

[ (ilTpA(S) + Z &ipi(s) )}

=E|E (SupA(S) + Z & %(S ) + En(pn(sn)>

s€T i-1

&1y ~78n1:|:|
€1y -;£n1:|]

s€T

r r n-1
<E|E|V¥ (supA(s) + Ep8y + 23%(51 )

=E|E (squA(S) + Ensn + Z &i %(51)) n:|:|

<E|E (supA(s) + Epsp + Z 8S,> €ni|i|
s€T

= E ] (Ss;EA(s) + EpS, + ; & s,>:|

where the first inequality follows from the base case, and the second by assuming that
(11.2) holds for n — 1 Rademacher variables.
We turn to the proof of the second inequality in the theorem. By Jensen’s inequality,

Plmen)]
w| (Gap(Sewo) 3o (?W“{)ﬂ
o) ] o))

The second inequality in the theorem now follows by invoking twice the first inequality

II

I/\

and noting that the function W ((x), ) is convex and nondecreasing. O

11.4 Weak and Wimpy Variances

In this section, we bound the weak variance ¥ by its wimpy counterpart for empirical
processes with uniformly bounded random summands. More precisely, we show how sym-
metrization (Lemma 11.4) and contraction (Theorem 11.6) allow us to upper bound X*
using EZand o2,
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Theorem 11.8 Define Z=sup,; » ., X;; where EX;s=0 and |Xj;| <1 for all
i=1,...,nands € T.Then
Var (Z) < 22+ 0% < 8EZ + 202

The key to the proof of Theorem 11.8 is the following simple lemma.

Lemma 11.9 Under the conditions of Theorem 11.8,

<o +2Esup28X15,
s€T o

where €y, . . ., &, are independent Rademacher variables,

Proof Clearly,

On the other hand, by Lemma 11.4,

2
Esupz %~ EX2) <2EsupZ£XlS O
s€T s€T i

Proof of Theorem 11.8. By Theorem 11.1, it suffices to prove that £* < 8EZ + o2,
But by Lemma 11.9, this amounts to showing that 2Esup - Y ., SinS < 4EZ. As
@(x) = «* is 2-Lipschitz on [~1, 1], by Theorem 11.6,

EsuszX < 2EsupZSX,S

s€T s€T

Finally, as each X;; is centered, by the symmetrization inequalities,

EsupZa ls_‘l-EsupZX,S O

s€T i s€T )

When the random vectors X; are identically distributed and uniformly bounded, the
bound of Theorem 11.8 can be improved as is shown next.
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Theorem 11.10 Let Z = sup._; Y ., X be the supremum of an empirical process such that
Xy, ..., X, areindependent and identically distributed and foralli=1,...,nands € T,
|Xis| < 1 with probability 1 and EX;s = 0. Then

Var (Z) < 2EZ + o>

We prove that even if we do not assume that the summands are identically distributed,

Var (Z) <2EZ+ Z sup EX%S.
i=1 €
Of course, if the random vectors X; are identically distributed, the second expression on the
right-hand side equals 2.

The theorem follows from careful usage of the Efron—Stein inequality. The key observa-
tion is that the supremum of the empirical process satisfies a certain self-bounding property.
Recall that various versions of self-bounding functions are investigated in Chapters 3 and 6.
Here we need a slightly different notion. In order to show the essence of the argument, we
generalize the statement to such self-bounding random variables. To this end, consider a
random variable Z that is a function of independent random variables Xj, . . ., X, for which
the following assumptions hold: for everyi = 1, .. ., n, there exists a measurable function Z;
of X = (Xy,...,Xi.1, Xis1, . - ., X,) and a random variable Y; such that for some constant
ae[0,1],

Y,<2z-z <1, EYY% 20, and Y <q (113)
where E®) denotes the conditional expectation given X, and
n
Z(Z_Zi) <Z (114)
i=1

Note that if these assumptions are satisfied, then Z; < E®W7zasEDZ - Z; = E® Zz-2]>
EDY, > 0. Also observe that if Y; = 0, then the condition simplifies to the self-bounding
property introduced in Chapter 3.

Lemma 11.11 Let Z be a real-valued function of the independent random variables Xy, . . ., X,,
satisfying assumptions (11.3) and (11.4). Then for everyi=1,...,n,

EV(z-EY2)* <EV (2-2)* < (1+a)EV [2-2Z] +EVY2.

Proof The first inequality is obvious. To prove the second, set ¢ (x) = x* — (1 + a) x.
Then, since (Z-Z;) -Y; > 0and ((Z-Z;) - 1) + (Y; - a) < 0, we have

9(Z2-2)-9(Y)=[(Z2-2)-Y][((Z-Z)-1) + (Yi-a)] 0.
Hence,

EV (z-2) < EY(v),
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and therefore
EV(2-7)" < (1+a)EY [2- 2]+ EVY? - (1+a) EVY;
which leads to the desired result thanks to the assumption E® Y, > 0. O

Proof of Theorem 11.10. The assumptions of Lemma 11.11 are satisfied by suprema of
centered empirical processes with sup__ |X; | upper bounded by 1 if we choose a = 1.
Indeed, let § denote an element of 7 that achieves the supremum in the definition of
Z. Foreachi=1,...,nletZ; = sup Z#i X. Let §; denote an element of 7 that
achieves the supremum in Z;. Then

X, = ZX Y X, <2-2 < ixj,g “Y X=X
j=1 j#i j=1 j#i

Summing over i in the inequalities on the right-hand side, we get the self-bounding
condition

Xn:(Z—Z,-)SZ.

We assume furthermore that foreveryi=1,...,nands € 7, EX;; = Oand |X;| <1
almost surely. Then defining Y; by Y; = X; ;,, we get

EDY, =0andY; < 1.

Now Theorem 11.10 follows as an immediate consequence of Lemma 11.11 and the
Efron-Stein inequality (Theorem 3.1). O

11.5 Unbounded Summands

The bounds presented in the previous section are only useful when the random variable
max;_;, , sup, 7 |Xis| is uniformly bounded. In other cases, one way to bound the vari-
ance of suprema of empirical process proceeds by complementing the contraction principle
with some kind of truncation. A convenient device is the so-called Hoffmann-Jergensen
inequality. Before describing this device, we establish the following “maximal” inequality.

Lemma 11.12 (LEVY’S MAXIMAL INEQUALITY) Let X1, . . ., X,, be independent (not neces-
sarily identically distributed) symmetric random variables where X; = (X;;),.7. Define
k
Sk =2 Xi and Sy =) L Xis for k=1,...,n Let Z = sup 1 |Sk13‘. Then, for
t>0,

P{Taxzk > t} <2P{Z, > t}.
<n
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Proof Let E denote the event {Z, > t} and for each k = 1,. .., n, let A; denote the event
{maxj< rZj <tandZ; > t}. The collection of events A; forms a partition of the event
{max;, Z; > t}. Note that for each k, the random vectors S, — Sy and —(S,, - S¢) are
identically distributed and independent of S. Observe that

27 = sup \Sk,s + (Sn,s - Sk,s) + Sk,s - (Sn,s - Sk,s)|
seT

Sup [Sgs + (Sns = Sks) | + Sup Sk = (Sus = Sks)|
s€T seT

IA

Z, + sup |Sk,5 —(Sns - Sk,s)"
s€T

The two expressions on the right-hand side of the last display are identically distrib-
uted thanks to the symmetry assumption. On Ay, as Z; > t, we have either Z, > t or
sup, 1 \Sk,s —(Sus - Sk,5)| > t. Thus,

2P{Z, > tand A;}
= P{Z, > tand A;}

+P {sup ‘Sk,s = (Sns - Sk,s)| > tandAk}
seT

>P { (Z,, > tor sup |Sk,s —(Sns - Sk,s)| > t) andAk}
s€T

= P{A:}.
Summingoverallk = 1,...,n,
n n
WP{Z, >t} =) 2P{Z, > tand A} > Y P{A} = P{ngk > t} ) 0
k=1 k=1 -

The nextlemma is the simplest representative of a family of results known as the Hoffmann-
Jorgensen inequalities.

Lemma 11.13 (HOFFMANN-JORGENSEN INEQUALITY) LetX; = (Xis) cpyi=1,...,n
be independent (not necessarily identically distributed) random variables. Fork = 1,.. ., n,

let S = Z:il X; and S = ZL Xis. Let Zy = sup, 1 }Sk,s{ and M = sup,_, .7 |Xi[-
Then for all t,u,v > 0,

P{maka > t+u+v}
k<n

SP{MZV}+P{maXZth}P sup |Sk,s‘S;)S| Zu
k=n 1<j<k<n,

s€T
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Proof Let the event Ay be defined by Z; <s for all j <k and Z; > t. The event
E = {maxy<, Zy > t+u + v} can be partitioned as E = U}_ E N Ay.
OnA;NE, forsomek <m <mnZ, >t+u+v. But

Zyw < Ziy + sup | Xi| + sup |Sps — Sk,
s€T s€T

SO

AL NEC <A;C N {sup | Xis| = v}) U [ AN sup Sy — Sks| = u
s€T ijlg
NS

CAN{M=v})U AN {sup [Sps — Sks| = u
k,
o

As Ay and (S, — S¢) >k are independent,

P{A NE} < P{Arand M > v} + P{A;} P { sup |Sys — S| = u
m>k,

s€T

< P{ArandM > v} + P{A} P { sup S, -S| >u
0<j<m,
seT

Summing over all k leads to the desired result. O

If we assume that the random vectors are symmetrically distributed, combining the
Hoffmann—Jorgensen inequality and Lévy’s maximal inequality, we obtain the following
corollary.

Corollary 11.14 Consider the conditions and notation of Lemma 11.13 and assume that each
X, s has a symmetric distribution. Then for all t,v > 0,

P{Z,>2t+v} < P{rl?aka > 2t+v}
<n
<P{M=v}+4(P{Z,= 1))

This result may be used to relate the expectation of Z,, the tail probability of Z, and the
expectation of M as follows.
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Corollary 11.15 Under the conditions of Corollary 11.14, let t > 0 be such that
P{Z, >t} < 1/4. Then

EZ”S( Jat+ VEM )

1- (4P{Z, > t})V/?

Proof Leta, 8, y be positive and such that o + 8 + y = 1. Then, by Corollary 11.14,

o0
EZ, < f P {maka > x} dx
0

k<n

IA

/OOP{M > ax}dx+foo4P{Zn > Bx}P{Z, > yx}dx
0 0

@+i/wP{Zn>x}P{Zn> ﬁ}dx
o ,3 0 IB

EM 4t 4
—+—+—P{Z, > t}EZ,.
B v

Now letting 8 = /EM + /4t + \/4P{Z, > t} EZ, and choosing a = ~/EM/S,
B =+/4t/8and y = \/4P{Z, > t} EZ,/8, we obtain

2
EZ, < («/EM+ Vat+/4P{Z, > t} EZn) ) O

Next we relate the expected value of the Rademacher process generated by the large
values of the sup 1 |X| with the expected value of M.

Lemma 11.16 Under the conditions of Corollary 11.14, let €4, . . ., &, denote independent
Rademacher variables. Let . > 4 and define ty = AEM. Then

B (1+2ﬁ>2EM

E max
seT

n
E l‘31')(1',5]l{sup567— |Xis|>to}
i=1

1-2/v/A

Proof We use Corollary 11.15 with Z = maxseq—|2?:l siXi,Sll{supséT |Xi,s|>t0}| and
M = max;<,e7 |Xis|. We obtain

o - < AT + BV ).2

“\1-@P{Zz> )

The right-hand side may be bounded further by observing that, by Markov’s inequality,

EM 1
P{Z>th} <P M>t}<—=—.
(Z> 0} sPM>n}s == 0
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Even though the statement and derivation of Lemma 11.16 resort to heavy notation
and sophisticated arguments, the statement lends itself to a simple interpretation. Given
the choice of t, with high probability there is at most one index 1 < i < n such that
Xi,s]-{supse 7 Xl >to} # 0. The sum then reduces to a single summand, and thus with high
probability, Z is distributed like M.

Now that we are prepared to establish a connection between the wimpy and the weak
variances of the supremum of an empirical process, it generalizes Theorem 11.8.

Theorem 11.17 Let Z =sup_; » ., X;; denote the supremum of an empirical pro-
cess. Assume that the random wvariables X; are symmetric for i=1,...,n Let
M=sup_, .1 st. Then

¥? < o2 + 64/EMEZ + 18*EM.

Proof Letgy, ..., &, denote independent Rademacher random variables, and let t, = AEM
with A > 4. By Lemma 11.9, we have

n
2 <o’ +2Esup ) £X.
seT
The last expression can be split into two parts:

n n
Esup Z eins < Esup Z sin%S]l{suPseT X2 <t}

s€T i) s€T i)

2
+E sup E X Lisup,.r X2>t0)

n
2
= Esup Z €Xis L foup, .7 X210}
s€T )

n
& X2 1 2
s {SHPSGTXi,5>t0}
i=1

+E sup
s€T

The first term on the right-hand side is bounded by 2/fE sup ;- | Y, €:X;| thanks
to the contraction principle (Theorem 11.6). The second term may be handled using

Lemma 11.16:
N 1421172 \?
Esup ZEin,sl{supﬂ RATI <—1 _mm) EM.
i=1
The proof is completed by taking A = 16. O

A shallow comparison between Theorem 11.17 and Theorem 11.10 might suggest that the
last lemma is completely satisfactory. Considering a Gaussian setting, where (X;;)<j<q is a
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standard Gaussian vector for eachi = 1,. . ., n, shows that is not the case. The upper bound
on X2 — % derived from Theorem 11.17 is approximately /4nlog(nd) log(d), while a
better upper bound is \/4nlog(d) + 2logd as £* - 0% is the expected value of the max-
imum of d independent sub-gamma random variables with variance factor 2n and scale
factor 2.

11.6 Bibliographical Remarks

Suprema of empirical processes play a fundamental role in statistics and machine learn-
ing (see, for example, the monographs of van der Vaart and Wellner (1996), van de Geer
(2000), and Massart (2006) for surveys).

Nemirovski’s inequality was first stated in Nemirovski (2000). It has been used in high-
dimensional statistics by Greenshtein and Ritov (2004 ). Nemirovski showed that if B is RY
endowed with the £, norm where 2 < p < 00, then there exists a constant K(p, d) such
that

E[IS, |} < K(p,d)V

where V=EY ", ||X,-||}2,. Duembgen et al. (2010) re-examined Nemirovski’s results and
established, using a variety of methods from linear analysis, convex geometry, and high-
dimensional probability, that ford > 3,

K(p,d) < min (d,2elogd,p-1).

Morover they proved that for p = 00, liminfy_, oo K(00,d)/(2logd) > 1. Note that, for
the example used in the derivation of the lower bound for C(00, d) in Theorem 11.2, we
hadE||sn||§, =V.

Symmetrization techniques were popularized by Paul Lévy. Ledoux and Talagrand
(1991) provide a thorough description of the impact of symmetrization on the analysis of
sums of independent random vectors. In the field of empirical process theory, Lemma 11.4
was advocated by Giné and Zinn (1984). Symmetrization had been used in different ways
by Vapnik and Chervonenkis (1971, 1974, 1981) in their influential papers (see also Vapnik
1982,1998) in order to develop deviation inequalities for suprema of empirical processes
(see Exercises 12.1 and 12.3). Symmetrization still plays an important role in empirical
process theory (see Panchenko 2003).

The contraction principle for Rademacher sums (Theorem 11.6) is due to Ledoux
and Talagrand (1991, Chapter 4). Theorem 11.6 is part of a collection of related results
also called contraction principles (see Exercises 11.12, 11.13, and 11.14 for some related
results). Note that while all these exercises can be solved by invoking Theorem 11.6, sim-
pler proofs exist, for example Ledoux and Talagrand (1991, Chapter 4). The proof of
Theorem 11.8 can be found in Massart (2000a).

Theorem 11.10 is described by Rio (2001). Variants can be found in Bousquet (2002b)
(see Exercise 11.16).
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Lévy’s inequalities were derived by Paul Lévy in a general investigation of sums of
independent random vectors; see again Ledoux and Talagrand (1991) for an excellent
exposition. The Hoffmann-Jergensen inequality appears in Hoffmann-Jorgensen (1974) as
an extension of Kolmogorov’s converse maximal inequality. The latter relates moments of
a sum of centered independent real-valued symmetric random variables with its quantiles
and with the moments of the maxima of the summands (see Exercise 11.18). A more general
version of Lemma 11.16, as well as a thorough discussion of the topic and its implications,
can be found in de la Pefia and Giné (1999, Section 1.2). Lemma 11.16 is due to Giné,
Latala, and Zinn (2000).

11.7 EXERCISES

11.1. Show thatitis not necessarily true that the variance of the supremum of an empirical
process is upper bounded by the wimpy variance. Hint: considern = 1, 7 = {1, 2},
and binary-valued random variables.

11.2. (A BAD EXAMPLE FOR VARIANCE BOUNDS) Consider 7 ={1,...,n} and
assume that the X;; are ii.d. exponential random variables with mean 1. Then
Z =supr i, Xis is the supremum of # ii.d. random variables. Compute the
expectation and the variance of Z. Compute the variance upper bound provided by
Theorem 11.1. Compare. Letting Z; = sup,_+ Zl 4 Xjs, compute the upper bound

> E [(Z Z:)? ] and compare the result with the true value of Var (Z). Hint: the
expectation and variance of Z are respectively H, the n-th harmonic number, and
H? the n-th harmonic number of the second kind (H? < 72/6).

11.3. Prove that Theorem 11.1 still holds if the index set is not assumed to be count-
able but the process is separable. Hint: let S C 7 be a separant. Let 51,55, . . . be
an enumeration of the elements of S. Apply Theorem 11.1 to the empirical process
indexed bysy, . . ., s, and use the monotone convergence theorem.

11.4. (SYMMETRIZATION AND ASYMMETRIC PROCESSES) For i=1,...,n and
s=1,...,n let X;; be independent random variables with P{X;; = n/(n-1)} =
(n-1)/n and P{X;; = -n} = 1/n. Let ¢;,...,&, be independent random Rade-
macher variables that are independent of (X;;),1 <i,s <n.Let 7 ={1,...,n}.
Prove that for sufficiently large n,

n logz
E eXig > ————.
21712 ; ) loglogn

Deduce from this observation that

—EsupZEX,s > Esup ZXt,S

s€T s€T i)
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Compare with Theorem 11.4. Hint: note that with high probability, at least n/4
Rademacher variables are negative. Use and prove the fact that the maximum of
n independent binomial random variables with parameters n/4 and 1/n is at least
log(n/4)/loglogn.

(IMPROVED SYMMETRIZATION INEQUALITIES) Let Xj, . .., X, be independent
random vectors X; = (X;)se7- Let ¥ denote a convex increasing function. Assume
thatforeachi=1,...,nands € T, X, isintegrable and centered. Let ¢y, .. ., &, be
independent of Rademacher random variables. Prove that

1
E(W | =sup <E|W¥|sup
2SET s€T
<E|W(2sup|> aX|) |-
s€T |y

Prove that Theorem 11.4 still holds if the index set is assumed to be separable. Hint:
proceed as in Exercise 11.3.

(BOUNDING THE GAUSSIAN QUANTILE FUNCTION) Let ® be the standard
Gaussian distribution function. Prove that fort > 5,

n
Z Xi,s

i=1

n
E &iXis

i=1

O H(1-1/t) > \/Zlogt—loglogt—log(4n)

and thatfort > 2

O (1-1/t) < \/210gt—loglogt—log(7t).

Hint: use Lemma 10.1.

. (NEMIROVSKI'S INEQUALITY IN THE NON-SYMMETRIC CASE) Using the nota-

tion of Theorem 11.2, prove that even if the X; are not assumed to be symmetric but
centered,

E|S. )12, <2(1+4log(2d)) =2

(OPTIMALITY OF THE CONSTANT IN THE CONTRACTION PRINCIPLE) Prove
the optimality of the constant 1/2 on the left-hand side of the contraction principle
(Theorem 11.6). Hint: let 7 = {1,2}, X deterministic, and Xi1 =X,1 = 1 while
Xip =Xp, = -1. Let ¢ (x) = &, ¢5(x) = —|x| and W the identity. (See the remark
following statement of Theorem 4.12 in Ledoux and Talagrand (1991).)

(CONTRACTION PRINCIPLE AND TAIL BOUNDS) Let B denote a separable
Banach space withnorm || - ||g. Leté&y, . . ., &, be independent Rademacher random
variables. Let1 > A; > --- > A, > 0.Letv,,...,v, € B. Prove that forall t > 0,
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11.11.

11.12.

11.13.

11.14.

Pi Zkisivi > t} < ZP{
i=1 B

|- t} .
B

(See Theorem 4.4 in Ledoux and Talagrand (1991).)

(CONTRACTION PRINCIPLE FOR GAUSSIAN SUMS) Let W : R, — R be a
nondecreasing convex function. Let Xj,. .., X, be independent random vectors
X; = (Xi5)seT- Assume that for each i s, X;; is integrable and centered. For each
i=1,...,nlet ¢; : R = R denote a Lipschitz function such that ¢;(0) = 0. Let
Yy, ..., Y, beindependent standard Gaussian random variables. Prove that

ol Gl o) el farloen)

i=1
(See Corollary 3.17 in Ledoux and Talagrand (1991).)
(COROLLARY OF CONTRACTION PRINCIPLE I) Let B denote a separable Banach
space with norm || - ||. Let X, ..., X, be independent B-valued symmetric ran-
dom variables. Let Ay, ..., A, be real numbers with [|A[lec = sup_, |Ai] Prove
D kX
i=1

thatforallp > 1,
» »
i| < ||)\||f>oE|: }
B B
(See Garling (2007, p. 188).)

E [
(COROLLARY OF CONTRACTION PRINCIPLE II) Let B denote a separable Banach
space with norm || - ||g. Let X, ..., X, and Y3, ...,Y, denote independent real-
valued symmetric random variables with |X,| < |Y,| for all n almost surely. Let
vi,...,V, € B.Prove thatforallp > 1,
P ]
B

n p
E[ ZX,‘V,‘ } SE[
i=1 B

(See Garling (2007, p. 188).)

(COROLLARY OF CONTRACTION PRINCIPLE I11) Let B denote a separable
Banach space with norm || - ||g. Let X;,...,X, and Yj,...,Y, denote inde-
pendent real-valued symmetric random variables with E|Y;| > 1/C for all i and
X, = sign(Y,). Letvy, ..., v, € B. Prove thatforallp > 1,

n P n p
E|: ZX,-V,- } chE[ ZY,-V,- }
i=1 B i=1 B

(See Garling (2007, p. 188).)

Z Yipi(Xi)

i=1

n

>

i=1

n
E Y
i=1
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(COMPARISON OF GAUSSIAN AND RADEMACHER SUMS) Let B denote a separ-

able Banach space with norm || - ||g. Let Xj, .. ., X, be independent Rademacher
variables and let Yj,...,Y, be independent standard Gaussian variables. Let
vi,...,v, € B.Prove that

Xn: Xv;

i=1

[ e fe

Hint: see Inequality (4.9) in Ledoux and Talagrand (1991).

n
E Yiv;
i=1

(ANOTHER VARIANCE BOUND) Let |ot;| < 1foralli=1,...,nands € 7. Let
Yy,...,Y, be independent centered random variables such that for all integers
q=2,
Cq—Z 2
Evi|" < q!

for some constants cand 0. Let Z = sup Z?:l a;;Y;. Show that
Var (Z) < no® + 2EZ.

Hint: this result is a by-product of Bousquet (20025, Theorem 2.12).
Using the notation of Theorem 11.10, letting E = EZ/n, prove that

Var (Z) < no* + (2 - E)EZ.

Hint: use the same pattern of proof, but replace Z; by Z; — E. See Rio (2012).

(HOFFMANN—_]@RGENSEN INEQUALITY FOR HIGHER MOMENTS) Let
X; = (Xis),cy for i=1,...,n be independent symmetric (not necessar-
ily identically distributed) random vectors. Let Z =sup,.; |> ¢, X| and
M = maxi<,e7 |Xis|. Prove that for any p > 2, there exists a constant kp such that

E[Z°]"" < «, (EZ + E[MF]"?).

Show that as p — 00, k,/p remains bounded. Hint: follow the pattern of proof of
Corollary 11.15. (Note that it is possible to choose k,, so that (logp)«,/p remains
bounded as p — ©00; see Latala (1997) and de la Pefia and Giné (1999, Theorem
1.5.11 and Example 1.5.12).)

(SUB-GAMMA SUMMANDS) Let (o;,) be a collection of real numbers indexed by
i=1,...,nand s € 7 such that |o;;| < 1foralliands. Let Xj,..., X, be inde-
pendent centered random variables such that for all integers g > 2,

202 /n

E|X;|T < q!
X" < g!—
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for some constants ¢ and o. Let Z=sup Zi:l
Var (Z) < 207 and that

a;;X;. Check that

Jeeoll

n n
Var (Z) < o sup Z ol /n+ Esup Z ol X2
€T i s€T ioq

and

n n
Var (Z) < 20 sup Z o /n+ 2E sup Z g0l X2
s€T g ’ s€T i ’

Hint: use Theorem 11.1, then use Theorem 11.17 to upper bound the last
summand.

LetX = (Xj,...,X,) be uniformly distributed over [-1,1]". Let Z = ,/> " X7 be

the Euclidean norm of X. Prove that

v/n/3-1<EZ < +/n/3.

Prove also that
P{Z>EZ+t/n} <™/,

Hint: represent Z as the supremum of an empirical process. Use Theorem 11.1
to check that Var (Z) < 4/3. Use Theorem 6.10 to establish the tail bound. This
provides an example where the weak and wimpy variance estimates (£ and 0%)
are of the same order of magnitude and where they are both significantly smaller
than EZ. The bound provided by Theorem 11.8, £* < o + 8EZ is not sharp in
this case.
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Suprema of Empirical Processes:
Exponential Inequalities

In this chapter we continue the study of suprema of empirical processes started in
Chapter 11. We use the same notation introduced there. Recall that 7 denotes a finite or
countable index set, and X; = (X;;)..; fori=1,...,n are independent (not necessarily
identically distributed) real vector-valued random variables. The empirical process indexed
by the index set 7 is the vector-valued random variable ) _;_ X;. Its supremum is defined as

Z = sup 2": Xis-

s€T )

While Chapter 11 focuses on upper bounds for the variance of Z, in this chapter we proved
exponential concentration inequalities. Our main tool is the entropy method introduced in
Chapter 6.

The concentration inequalities derived in Section 5.5 for the suprema of Gaussian and
Rademacher processes rely on specific tools such as the Bernoulli and the Gaussian logar-
ithmic Sobolev inequalities. To establish analogous bounds for more general distributions,
we may start with the modified logarithmic Sobolev inequality of Theorem 6.6. In this
chapter we derive extensions of Hoeftding’s, Bernstein’s, and Bennett’s inequalities for
suprema of empirical processes. To this end, we tailor the modified logarithmic Sobolev
inequality to our needs, in an increasingly sophisticated way, in Sections 12.2 and 12.4.
The argument of Section 12.3 combines symmetrization techniques from Section 11.3
with the convex distance inequality to obtain an exponential inequality for suprema of
self-normalized empirical processes.

The main result in this chapter is Bousquet’s inequality (Theorem 12.5), a Bennett-
type inequality for suprema of centered empirical processes, proved in Section 12.4. In
Section 12.5 we survey a variety of related results such as tail bounds for sums of possibly
non-identically distributed terms and left-tail inequalities.

In Section 12.6 we describe an application to Pearson’s chi-square statistics.
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12.1 An Extension of Hoeffding’s Inequality

We start with the following extensions of Hoeffding’s inequality (Theorem 2.2) to empirical
processes.

Theorem 12.1 Assume that the sequences of vectors (bi)ser and (ais)ser, i=1,...,n are
such that a;; < X; < by holds foralli = 1,...,nands € T with probability 1. Denote

v = sup Z(bt)s - u,v,s)2 and V = Z sup(b;; - ails)z.

s€T 1 i=1 €T
Then forall A € R,

Va2

zwz)
= 8

log Ee MZ-EZ) <

and  logEe
The first inequality is a consequence of Theorem 6.5, while the second follows from the
bounded-differences inequality (Theorem 6.2). Clearly, v < V but the second inequality
may be better due to the better constant factor.

12.2 A Bernstein-Type Inequality for Bounded Processes

In this section we describe an improvement of the Hoeffding-type inequalities of the previ-
ous section in the same spirit that Bernstein’s inequality improves Hoeffding’s for sums of
independent random variables.

Such an inequality may be proved for suprema of uniformly bounded empirical pro-
cesses as a simple application of the “exponential Efron-Stein inequality” of Theorem 6.16
combined with concentration of self-bounding functions (Theorem 6.12). Recall that

n n
¥? = Esup ZXlZS and o= supZEXiZS
s€T ’ s€T ’

denote the weak variance and the wimpy variance associated with the empirical process.

Theorem 12.2 Assume that EX;; = 0, and |X;s| < 1foralls € T andi = 1,...,n. Then for
all0 < XA < 1/2,

)\.(Z—EZ) < 2(22 + 02))\,2

log E
08 5¢ = T2(1-20)

and fort > 0,

tz
P{Z>EZ+t} <exp <‘2(2(22 +02)+ t)>'
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Proof Foreachi=1,...,nlet Z = supseT(Xi”S + j#in,s) where Xj,..., X/ are inde-
pendent of each other and of X, . . ., X,,, and X has the same distribution as X;.
Introduce W = sup - > **| X7, and denote by 3 € 7 the index for which ) 7', X;;
is largest, thatis, Z = ) | X;:. Then clearly, (Z - Z)* < (X;; - Xi/‘g)2 for eachi < n.
Then, sinceE[Xi/,g | Xi,...,X,] =0,

ZE [(Z_Zf)i | Xl; .. -;Xn] S ZE [(Xi,§ _Xil,g)z | Xl; . -;Xn]
i=1

i=1
n
<W+sup Y E[(X])*]
s€T

=W+oo
Now, by the exponential Efron-Stein inequality (Theorem 6.16),

MZ-EZ) A(W+o?)

A
log Ee T log Ee
for A € [0,1).
As W is a self-bounding function of Xj, . .., X, (see Section 6.7), Theorem 6.12
implies that

logEe)‘W < ¥? (ek - 1).

Combining the last two inequalities, we obtain

A
log B 19 < L5 (1) + Ao,

Using the fact that (¢! = 1)(1-1) < (¢ -1)e* =1-¢* < A for A € [0,1), we
have

log Ee"“F2) < —)LZ(EZ +0”)
T (1-a)?

For A € [0,1/2) the right-hand side may be upper bounded by

2(Z*+02)A?
2(1-21)

which concludes the proof of the first inequality. To determine the inequalities for the

tail probabilities, observe that this bound has the same form as the upper bound for the

logarithmic moment-generating function of sub-gamma random variables discussed in
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Section 2.4 (with a variance factor 2(X? + 02) and scale parameter 2). The proof of
the tail bound follows by the calculations of Section 2.4. O

When the random variables (X;)<<, are identically distributed, Theorem 12.5 repres-
ents an improvement on Theorem 12.2. A comparable improvement for non-identically
distributed variables is described in Section 12.5.

12.3 A Symmetrization Argument

Next we describe a variant of the Bernstein-type inequality of the previous section. Here
the argument is based on symmetrization of tail probabilities and concentration of con-
vex Lipschitz functions of bounded independent random variables (Theorem 6.10). The
important difference with respect to Theorem 12.2 is that here we do not assume any
boundedness of the random vectors. Instead, the tail inequalities involve a random quantity
that may be more difficult to control.

Theorem 12.3 Let X, ..., X] beiid. random vectors, independent of X3, . . ., X,,. Let
X, .. .,Xn:|.

P {Z > EZ + 2«/tW} < 4¢7t/

W =E|su X, -X)?
p 5 i,s

s€T i

Then for allt > 0,

and

P {Z < EZ—Z«/tW} < 4¢74,

Note that W is a random variable. Its expected value satisfies Var (Z) < EW < 4%2,
One may interpret the result as sub-Gaussian inequalities for the “self-normalized” variables

(Z-EZ)/JW.

The proof relies on the following technical lemma.

Lemma 124 Let fi,fo,f;: X* — R be functions of 2n variables and define
Zi=fi(Xy,..., X X}y, X,) for i€{1,2,3} where Xy,...,Xu,X},...,X, are
independent random variables taking values in X . Define

Z: ZE[Zi | Xi,.. ~;Xn:|
fori € {1,2,3}. Assume that Z3 > 0 and that there exists k > 0 such that for all t > 0,

P{Z > Z, + (Z3)*} < ke
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Then, for allt > 0,
Pz, > Z, + (Z,t)*} < ke
Proof As  /xy = infp-o(Ox + y/(40)),

Zy > Z, + (Z3t)Y?  ifand onlyif sup40(Z,-2,-0Z;) >t
6>0

and similarly,

Z, > Zy + (Zit)V*  ifand onlyif Zu}; 40(Z, -2, -0Z;) > t.
>

Ifwe define U = sup,_, 40(Z, - Z, - 0Z3) and U’ = sup,_, 40(Z| - Z}, - 0Z}) then,
by Jensen’s inequality,

U/ = sup49E[Z1 —Zz —9Z3 | Xl)- . .,Xn] < E[U | Xl)- . ')Xﬂ]'
6>0

But, by another application of Jensen’s inequality, for any nondecreasing convex
function ¢, we have

Ep(U') < E[p(E[U | X3,...,X,])] = Ep(U).
We may conclude using the tail comparison inequality of Exercise 2.24 O

Proof The proof uses Lemma 12.4 with Z; = Z and Z, = sup ZLIX[,S. Note that
E[Z, | Xy,...,X,] = EZ. By the lemma, it suffices to prove that

P {Zl > 7, + 2\/tW/} < 4¢t4

where W' = sup (X, _Xi/,s)z'

For each i=1,...,n, introduce ¥; = (X; + X])/2, Y/ = (X; - X])/2 and also let
€1,.-.,&, be independent Rademacher variables. By exchangeability of X; and X,
the joint distribution of (Y, Y], W'),<, is the same as that of (Y, &Y, W');<,.
Note that W' =4sup ;> " Y, while Z;=sup ;> " (Y, +Y) and
Zy = sup,er >y (Yig - Y])). Thus, we have

P {Zl > 7y + 2 tW’}
n n
=p :sup D (Ve +aY)) = sup Y (Yo - &,) +2v/tW' 1.

s€T s€T
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We bound the probability above conditionally, by fixing the values of Xj, . .., X, and
X},...,X. Then

n
¢1(81; .. ~;8n) = sup Z(Yi,s + ‘C’\iYi,,s)

s€T

and

n
(81, ..,€,) = sup Z(Y’VS - &Y))

s€T
are convex functions on [-1, 1]" that are Lipschitz with constant /W’. If M denotes

the common median of ¢; = ¢1(gy,...,&,) and @, = (¢4, .., &,), then, denoting
by P, conditional probability with the values of the X;, X! fixed,

P{z1 > 7, + W |X1,...,X,1,X;,...,X;}
- p, [q)l > ¢, + 2\/tW/}
<P, [qSl zM+«/tW’] +P, {q&z SM—x/tW’}

< 4¢"*  (by Theorem 7.12).
The lower tail inequality is proved similarly. O
For uniformly bounded empirical processes, one may recover a version of Theorem 12.2

from Theorem 12.3. Indeed, if |X;s| < 1foralli=1,...,nands € T, then W/4 is a self-
bounding function. This may be seen by introducing

n
W; =E | sup Z(les —X;,S)2 x®

s€T i#i

and noting that 0 < W - W; < 4foralli=1,...,nand ) | (W - W;) < W. Hence, by
Theorem 6.12,

P [W > EW + «/StEW + 4t/3} < et

The last inequality may be combined with Theorem 12.3 to obtain

P {z > EZ+4/t22 + tﬁ} < 4¢74,
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12.4 Bousquet’s Inequality for Suprema
of Empirical Processes

Theorem 12.2 is a useful tool for bounding deviations of the supremum of an empirical
process from its mean, but it is not completely satisfactory. Indeed, if the index set 7 is
reduced to a single element, Theorem 12.2 implies Bernstein’s inequality with a sub-optimal
constant but one does not recover Bennett’s inequality (Theorem 2.9). In this section we
prove a Bennett-style concentration inequality for the supremum of an empirical process.
As before, let Z = sup._, Y ., X;. The proof is more involved than that of Theorem 12.2
as it does not follow directly from Theorem 6.16.

Theorem 12.5 (BOUSQUET’S INEQUALITY) Let X, ..., X, be independent identically
distributed random vectors. Assume that EX;; = 0, and that X;; <1 for all s€ T.

Let v=2EZ+0* (where o*=sup ;Y 1, EXfS is the wimpy variance). Let
d(u) =€ —u—-landh(u) = (1 +u)log(l + u) - u, foru > ~1. Then for all 1. > 0,

log E* 2 < y(1).
Also, for allt > 0,
P{Z>EZ+t} <"V,

Recall that by Theorem 11.10, Var (Z) < v, which makes the appearance of v natural in
the statement of the theorem. By bounding 4(u) as in Section 2.7, the theorem implies

t2
P{Z > EZ+t} < exp (—m)

We introduce some notation used in the proof. For all i=1,...,n let Z; =
sup,.r Zj#i X;s and let §; € 7 be an index such that Zj#i Xy, =Zi. AsZ > Z;l:l Xz,
wehave Xj; <Z-Z; <X;;and

i(z -Z) < iXi,ﬁ =Z.
-1 =1

Denoting Y; = Z - Z;, we have E(i)i"i > E(")Xi,gi =0 (recall that E® denotes conditional
expectation conditioned on X&) = (Xy, ..., X;.1, Xi11, . . ., X,)). We also have ; < 1 with
probability one.

As in the proof of Theorem 6.12, the proof of Theorem 12.5 starts from the modified
logarithmic Sobolev inequality of Theorem 6.6. The next step is to find an appropriate
upper bound for e*?¢)(-A(Z - Z;)). In the proof of Theorem 6.12 this was achieved by
using the elementary inequality ¢ (-Ax)/¢(-A) < xfor 0 < x < 1. However, in the proof
of Theorem 12.5 we also need to handle negative values of x and therefore we need the
following lemma.
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Lemma 12.6 If B > 0, then, forall . > 0and x < 1,

¢ (—Ax) X+ (Bx? —x) e
¢(-2) T 1+ (B-1)et

The following lemma provides a tool that we may use for proving Lemma 12.6.

Lemma 12.7 Let I be an interval containing 0. Let f,g : I — R be twice differentiable
functions such that f(0) = g(0) =£(0) = ¢'(0) =0, g’(0) > 0, and xg'(x) > O for
every x # 0. The function p defined by p(0) = f7(0)/g"(0) and p(x) = f(x)/g(x) if

x € I'\ {0} is continuous and nondecreasing on I whenever f'g’ — f'g" > 0on 1.

Proof Note first that g(0) =0 and xg'(x) > 0 for every x # 0 implies that g(x) > 0
whenever x # 0. Hence p is well defined and twice differentiable on I \ {0}. The con-
tinuity of p at O follows from I'Hépital’s rule. For every x # 0, p’(x) has the same
sign as

g g

o (L 1

B f(x)  f(x) )
gx) glx) '

), or, equivalently, as A(x) = &f <

Now the extended mean value theorem ensures that for some number ¢ between 0
and x,

IHORNIC)

g gl

Moreover, the function f'/g’ (taking value ”(0)/g”(0) at 0) is continuous on I and
the assumption f”g’ — f'¢” > 0 ensures that f'/¢’ is nondecreasing. Hence, for every

x #0,

f() f(x)
g(C) g(x)

and therefore A(x) > 0. This proves that p’(x) > 0 from which the monotonicity of
p follows. |

Proof of Lemma 12.6. To prove the lemma, it suffices to show that for all A > 0 and
B >0, the function p(x) = (-Ax)/(x +(Bx* - x) e™*) (with p(0)=A2/(2(B + A)))
is nondecreasing for x € (00, 1].
The lemma obviously holds for A = 0. Fix A > 0 and 8 > 0. We may rewrite p as
= f/g with

f(x) = *¢p(-Ax) = Axe™ =™ +1 and glx) = xe* + B’ — .
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Then, for every x # 0,
xg'(x) = & ( ’\x+2,3)+x(’\ 1) >0
and

F'(x)g (%) = f (x)g" (%) = 22 (d) (Ax) + Zﬂkxz) >0,
and therefore Lemma 12.7 implies the monotonicity of p. O

The first step of the proof of Bousquet’s inequality is the following lemma. It
is based on the modified logarithmic Sobolev inequality of Theorem 6.6 and uses
Lemma 12.6 to upper bound the expectation of exp(AZ)¢(-A(Z - Z;)) conditionally on
x® = (X1,..., X1, X1, ..., X,). Herewe use B = 1/2.

Lemma 12.8 Let Z, ¢, and v be defined as in Theorem 12.5. Let f(1) = ¢p(A) + 1/2. If
G(A) = log E¢"#E2), then, for 1. > 0,

fR)G ) -f (MNGQ) = (v/2) (Af (&) - f(A)).
Proof Recall the modified logarithmic Sobolev inequality (Theorem 6.6):

Ent(¢*?) = AE[Ze*] - E[¢"/] log E [¢*/] ZE (79 (-1(2 - 2)))].

i=1

Since Z - Z; < 1,Lemma 12.6 with 8 = 1/2 implies thatforalli=1,...,n,

¢ (-MZ-2))e*
<0 ((z-2z)e” + (1/2(2-2)* - (2~ Z,)) %),

where 0(1) = ¢(-A)/(1 - (1/2) exp(-A)). Taking conditional expectations, from
Lemma 11.11,

EV[(z-2)/2-(z-2)] < E()[ el

and therefore

E® [¢ (-M(Z-2) exz]
<6(n) (E"') [(Z-2z)é?] + %E@ [ngx]eﬂf)

<06} (E(i) [(z-2z)d] + % sup E[st]ekz‘).

s€T
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Using the fact that EV[Z-27] > 0and applying Jensen’s inequality,

0) ;
< B2 SE(l)eAz‘

Thus, for everyi = 1,...,n, we have

EV [6 (-2(2z-2)) BAZ] < 6(W)EY |:(Z -Zi+ % sup E[Xis]> EAZ]'

s€T

Plugging this last inequality into the modified logarithmic Sobolev inequality and using
the factthat ) . ,(Z-Z;) < Z,

e 200 (e (13 op)|
<o) (E [e"z (Z—EZ+EZ+ g)])

by recalling the notation 0 = 3" | sup - E[X] = sup,_ > i) E[X},]. This last
inequality may be rewritten as

Ent(¢¢@F)) < 9(1) (E [(z - Ez)e“”@] + gEeMZ’EZ)),
or, dividing both sides by E exp(A(Z - EZ)), as
AG (M) -G <60 (G/(A) ; g)

The lemma follows by observing that f'(A) > 0 for A > 0 and rearranging the last
inequality. d

Bousquet’s inequality now follows easily from Lemma 6.25.
Proof of Theorem 12.5. Let

) =2 M) -f()
MRV
for . > 0and g(0) = v, where f(A) = ¢p(X) + A/2.
It is easy to check that g is continuous on [0,+00). By Lemma 12.8, G() =

A(Z-EZ)

log Ee satisfies

FG ) -f ()G < fA(M)g(h)
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for A > 0. From Lemma 6.25, it follows that forall A > 0,

v [P -5
60 = 4f) /0 T

The observation that (xf'(x) - f(x))/f*(x) = (-x/f(x))" and that lim, o x/f(x) = 2
finally leads to the desired result G (1) < vgp(1).
The tail bound follows using the computation shown in Chapter 2. O

12.5 Non-Identically Distributed Summands
and Left-Tail Inequalities

In this section we present, without proof, two inequalities related to the concentration
bounds of the previous sections. First note that, unlike Bennett’s inequality that holds not
only for sums of ii.d. random variables but also for sums of independent, non-identically
distributed bounded and centered random variables, Bousquet’s inequality requires that the
vectors X, . . ., X, are identically distributed. The following inequality, though not quite as
sharp as Bousquet’s, is a step in this direction.

Theorem 12.9 Let X,...,X, be independent vector-valued random variables and let
Z =sup g ¥ oy Xis Assume that foralli < nands € T, EX;s = 0,and |X;s| < 1. Let
v =2EZ+ 0> whereo? = sup, 1 Y i) EX_.. Then Var (Z) < vand forall . > 0,

A
logEe)“(ZfEZ) < v? (exp((eu -1)/2) - 1).

In particular, for allt > 0,

P{Z>EZ+t} <exp (—[—i log (1 +2log(1 + t/v))).

The proof of this theorem is quite technical and we do not include it here. Note
that the variance bound is the same as in the case of identically distributed summands
(Theorem 11.10).

Bennett’s inequality holds not only for right tails but also for left tails (i.e. for bound-
ing P{Z < EZ - t}). Whether such an inequality is true for suprema of centered bounded
empirical processes is a natural question. However, the proofs of Theorems 12.5 and 12.9
are tailored to handle deviations above the mean. In view of Theorem 12.5, one may wonder
whether log Ee**F2) < y¢ (1) also holds for A < 0 (where (1) = exp(A) - A — 1). This
is still unknown but we do have the following results. Once again, the proofs are omitted.

The next theorem can be proved using variants of the entropy method.
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Theorem 12.10 (KLEIN-RIO BOUND) Using the notation and assumptions of Theorem 12.9,
and assuming that the X; are identically distributed for all A < 0,

logEe)‘(Z'EZ) < g(ﬁ (-31),

P{Z <EZ-t} <exp <‘§" (2))

where h(t) = (t+ 1) log(t + 1) - t.

and for allt > 0,

The next theorem can be proved using a variant of the transportation method.

Theorem 12.11 (SAMSON’S BOUND) Recall the notation and assumptions of Theorem 12.9
and let

n
S* = Esup ZE [(X,-,s —X;,s)i | Xi,s]
s€T

where X1, . .., X, are independent copies of X1, . . ., X,,. Forall A < 0,

s?,
logEeMZ?Ez) < :d) (=21),

and forallt > 0,
2
P{Z <EZ-t} < - ).
z= = exP( 2(52+2t/3))

Note that by Theorem 11.1, S? is an upper bound for the variance of Zand §* < %% + o2,
where £? = Esup - > ) X7..

Theorems 12.5 and 12.9 are often used through the next corollary which follows from
bounds on the inverse of h : t — (1 +t) log(1 + t) — t over [0, 00). In particular, one may
prove that

V2x+3x  forx>0
h(x) < { 2x/log(x) forx>3
2./x for0 < x <2/9.

Corollary 12.12  Consider the setup of Theorem 12.5. Let ¢(u) =¢" -u-1, and
h(u) = (1 +u)log(1 + u) - u, foru > ~1. Then for all A > O,

log E¢"“F2) < v (1),
and

log EeM7FD) < g¢(3)»)
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Also, forallt > 0,

t
P{ZZEZ+«/2vt+ 5} <t

t
P{ZSEZ—«/ZV —g} <et

and fort > 3v,

P{Z > EZ +2t/log(t/v)} < .

12.6 Chi-Square Statistics and Quadratic Forms

As an illustration of the power of Bousquet’s inequality, we present an application to
Pearson’s chi-square statistic, a random variable well known in statistical theory.

Let pi,...,pm > 0 such that Z;ilpj =1 and suppose that the random vector
(Ny,...,N,) has a multinomial distribution with parameters n,py,...,p,. Pearson’s
chi-square statistic is defined by

72 = i —(Z\T] _ npj)z.

j=1 npj

Asis well known from classical statistics (and follows easily from a multivariate central limit
theorem), if mis fixedand n — o0, Z2 converges in distribution to the square of the norm of
a standard Gaussian vector. Here we derive a non-asymptotic concentration inequality. To
this end, introduce the random variables Wj; fori = 1,...,nandj = 1,...,m, defined by

m,,z{l/m iY, =

0 otherwise

where Y7, ...,Y, are independent random variables with distribution P{Y; = j} = p; for
j=1...,m.Then we maywrite N; = , /p; >, Wijand Z* can be written as

m n

2=y (Z(W,-,,-—Em,,-)) :

n
j=1 \ i=1

The key idea is to represent the (nonnegative) random variable Z as the supremum of an
empirical process. Indeed, if 7 is a dense countable subset of the unit Euclidean ball in R,
then, by the Cauchy-Schwarz inequality,

m

1 n
Z=sup — si(W,; —-EW,)) |,
2 2 | 2B

which is of the form sup Z:;l X;s with X;s = Z}"il s;-(T/V,-,]- - EW',-,;)/\/E.
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Note first that by the Cauchy-Schwarz inequality,
EZ < VEZ?> =/m- 1.

The wimpy variance may be bounded by straighforward calculation as

N;j - np;

m
o* = sup Var Z 5
s€T j=1 A/ npj

Denoting prin = minj-y,..,, pj, we may bound the variance of Z by Theorem 11.10 to obtain

1 m-—1
Var (Z) < o*+2 | EZ<1+2] )
NPmin NP min

On the other hand, Theorem 12.5 may be used directly to obtain the following exponential

tail inequality.

Theorem 12.13 Let Z? be Pearson’s chi-square statistic defined above. Then for all g,t > 0,

Pizz (1+&)vVm-1++2t+k (&) : f} <e,

"Pmm

wherek () =2 (% +e7!).

12.7 Bibliographical Remarks

Theorem 12.1 was noted by Massart (1998). Hoeffding-type inequalities for sums of inde-
pendent random vectors may also be derived using Marton’s transportation method (see
Chapter 8).

The material in Section 12.3 is based on Panchenko (2003), though the proof shown
here gives slightly worse constants. Panchenko’s theorem can be regarded as the latest
in a long series of papers beginning with Vapnik and Chervonenkis (1971, 1974, 1981).
Some of the results stated in these papers are given below in Exercises 12.1, 12.3, and 12.4.
Panchenko was the first to blend the symmetrization and conditioning arguments, which
form the heart of the original arguments of Vapnik and Chervonenkis, with Talagrand’s
convex distance inequality.

Concentration inequalities for suprema of self-normalized empirical processes have been
derived using the entropy method by Bercu, Gassiat, and Rio (2002). Adopting the notation
of this chapter, they considered

;‘1 Xis
7 = sup Zx=1 )

/N 2
€T Zi:lXi,s
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where each X;; is assumed to be centered with unit variance. Assuming that
sup,_,  E[sup s D", Xi.]/4/n s finite, Bercu, Gassiat, and Rio (2002) proved expo-
nential tail bounds for Z using a variant of the entropy method starting from Theorem 6.6.

Theorem 12.5 is due to Bousquet (2002b). This is a refinement of a series of related
results pioneered by Talagrand (1996b) (see also Talagrand 1994b). Ledoux (1997)
showed that the Bennett-type inequality for suprema of bounded empirical processes
described in Talagrand (1996b) can be derived by the entropy method in a transparent
way. Massart (2000a) proved that the constants in Talagrand’s inequality can be kept reas-
onable. Panchenko (2001) investigated the potential and limits of Talagrand’s approach.
Rio (2001, 2002) derived Bennett- and Bernstein-type inequalities with the same variance
factor as in Theorem 12.5 but with a sub-optimal scale factor (see Exercise 12.10). The
proofin Rio (2002) starts with the modified logarithmic Sobolev inequality of Theorem 6.6.
Bousquet (2002b) derived a version of Lemma 12.6.

Rio (2012) refined Theorem 12.5: using the notation of this theorem, letting E = EZ/n,
he established

+(Z-EZ) (v-E?)
log Ee < - E)2¢((1 E)A)
(see Exercises 12.7 and 12.8).

Most results of Sections 12.5 come from Klein and Rio (2002, 2005). Theorem 12.11
and many related results come from Samson (2007), who used the infimum-convolution
approach to concentration pioneered by Maurey (1991).

The tail bounds for Pearson’s chi-square statistic are taken from Castellan (2003)
and Massart (2006) who also refine Theorem 12.13 to render it suitable for certain statist-
ical applications. Early tail bounds for Pearson’s chi-square statistic were proved by Mason
and van Zwet (1987).

This chapter focuses on tail bounds for suprema of centered empirical processes.
However, certain non-centered empirical processes appear in some applications in statistics
and they also occur in the derivation of left tail bounds in Klein and Rio (2005). Variance
and tail bounds for such quantities are described in Boucheron and Massart (2010).

12.8 EXERCISES

12.1. (VAPNIK-CHERVONENKIS INEQUALITIES) Let C denote a class of subsets of a
measurable space X’ and let P be a probability distribution over X. Let P, and P,
denote the empirical distributions defined by two independent samples of n ran-
dom variables drawn from the distribution Pandlet v, = P, - P.Leth(Xy,...,Xs,)
denote the vC-entropy of C in a 2n-sample Xj, . . ., X3, (Recall the definition of
VC-entropy from Section 4.5.) prove that forall ¢ > 0,

P { sup |v,(4)] > 28} <4E [2"(?‘“---”‘20] e,
AeC



356 | SUPREMA OF EMPIRICAL PROCESSES: EXPONENTIAL INEQUALITIES

12.2.

12.3.

Hint: prove first that

P{sup [v.(A)] = 28} < 2P{sup |P.(A) - P,(A)| = e}.
AeC AeC

Second, use the fact that the distribution of 2n-samples is invariant under permuta-
tion and prove that

P {sup |P.(A) - P.(A)| > s} <2E [2’“<X“-~~'XZ")] e
AeC

Now the improved symmetrization inequality given in Exercise 11.5 can be used to
prove in a few lines that

P {sup [va(A)] > 28} <2E [zh(xl'---’xﬁ] e
AeC

(see Vapnik and Chervonenkis (1971, 1981)). Recall that Theorem 6.14 implies
that the so-called annealed VC-entropy log, E [Zh(xl’""xl")] and Eh(Xy, ..., X;,) are
within a constant factor of each other.

(SELE-NORMALIZATION) Let Xj, . . ., X,, be independent symmetric real random
variables. Prove that for all ¢t > 0,

n
Zi:le >t Seftl/z'
2
V2 X

See Bercu, Gassiat, and Rio (2002), Giné, Koltchinskii, and Wellner (2003), Giné
and Koltchinskii (2006) and Maurer and Pontil (2009) for more material on
concentration for self-normalized empirical processes.

(VAPNIK—CHERVONENKIS INEQUALITY FOR RELATIVE DEVIATION) Consider
the notation introduced in Exercise 12.1. Prove that forall¢ > 0,

P

P isup P(A) - Pn(A) > 28} <2E I:Zh(Xl,...,in)] e—nsz/Z.
AeC

JP(A)

Hint: use a symmetrization of the tail probabilities, as in Exercise 12.1, to show that

P {su P—(A) ~Pu(4) >2e¢ <2Psu P;(A) — (&) > €
Aeg VP(A) T - Aeg V(P.(A) +P(A)/2 ~ '

(See Vapnik and Chervonenkis (1974) and also Anthony and Shawe-Taylor
(1993), Haussler (1992), and Bartlett and Lugosi (1999).)
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12.6.

12.7.
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(VAPNIK—CHERVONENKIS INEQUALITY FOR RELATIVE DEVIATION, CONTIN-
UED) Prove that forall¢ > 0,

e /P

Hint: see Exercise 12.3. See Vapnik and Chervonenkis (1974), Anthony and Shawe-
Taylor (1993), Haussler (1992), and Bartlett and Lugosi (1999).

(SUB-GAMMA SUMMANDS) Let (c;;) be a collection of real numbers indexed by
i=1,...,nandlets € T be such that |o;| < 1 foralliands. Let X, ..., X, be
independent centered random variables such that for all integers g > 2,

p ] g P - PCA) 28} < 28 [

202 /n

E|X|? < q!
X" < q—

for some constants cand o (note that this implies that X; is sub-gamma with variance
factor 0% /n and scale factor ¢). Let Z = sup_ . ¥, @;;X;. Let

v=0’+2EZ
Prove that for A > 0,
2
log E¢*(ZE2) < v
~2(1-ch)

(see Bousquet 20026, Theorem 2.12).
Let Z and (Z;);<, be defined as in Theorem 12.5. Prove that

n
Z E [e)”z - eAZ‘] < E¢M log (Eekz) .
i=1

Hint: use Theorem 6.6 and the self-bounding property ) . (Z-Z;) < Z, Rio
(2002).

Let Z and (Z;),<, be defined as inTheorem 12.5, that is, Z = sup .. Z;’Zl Xj; and
Z; = sup s Z#i Xj. Prove that

logEe)‘Z - logEe’\Z”

n - n-1

Hint: use Theorem 6.6 as in Exercise 12.6, but replace Z; by Zi=Z +
In Eexp(AZ) - In E exp(AZ;) (Rio, 2012). Note that it was observed a long time ago
that EZ/n < EZ,/(n - 1) (Pollard, 1984).
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12.8.

12.9.

Letting 6(y) = exp(y)¢(~y)/(yp(y) + y*/2), for y > 0, prove that for y > 0 and
xX=y

co(2) <00) (1069 + 5 ).

Rio (2012) uses this inequality and Exercise 12.7 to refine Theorem 12.5 (see
Exercise 12.9).

Using the notation of Theorem 12.5, letting E = EZ/n and v = no* + (2 - E)EZ,
the aim of this exercise is to prove that, for A > 0,

: v
log Ee+#F2) < - E)2¢((1 —E)A).

Note first that for A > 0 satisfying A? > 2n(1 - E), the inequality follows from
the fact that Z < n. Proceed as in the proof of Theorem 12.5, but replace Z; by

Z;=Z;+Efor each 1 <i < n. Let 8(y) = exp(y)(=y)/(y(y) +*/2) and use
Exercise 12.8 to establish that for A > 0,
¢ (-M(2-2))

< A0(A(1-E)) <(1 —E) 4 P |:A <(Z_22’)2 (1 -E)(Z-Z,-)) (1 -E)D.

Follow the pattern of analysis of Theorem 11.10 and Exercise 11.17 to establish that
for A > 0,

~ ~ )\‘N
E[p (-1(z-2)) ] < 20(A(1-E))E [(1 —E)é? + &M (2—” -(1- E)>:|
n
Henceforth, assume 0 < A7/2n < (1 - E). Use Exercise 12.7 to establish
5 [ AV AV 1
Ee <—V -(1 —E)) < (—V -1 —E)) E[é] <1 - - logEe)‘(z_EZ)),
2n 2n n
and that

B _ o e ((1 B+ (’2\—: -1 —E)) <1 - %IOgEe)‘(Z—EZ)>>.

Ee)‘Z

Letting G(1) = log Ee**?, prove that for 0 < A < 2n(1 - E)/7, G satisfies the
differential inequality

AG (W) - G(2) < A0(A(1 - E)) <(1 _BG0) + %v)

Solve the differential inequality. Hint: 6 (x) is the derivative of log((¢(t) + £/2)/t).



12.10.

12.11.

12.12.

12.13.

EXERCISES | 359

(A SUB-OPTIMAL BENNETT-TYPE INEQUALITY) Recall the notation of
Theorem 12.5. Prove thatforall A > 0,

logEe}‘(Z’EZ) <A (e)‘ - 1) /2.

Hint: define Z,, §; as in the proof of Theorem 12.5. Starting from Theorem 6.6, use
Exercise 12.6 to establish

Ent( ekz)

< AE¢’logEe + Y E [eAZ‘E(i) [ (-2 X;,) - qs(xx,-,g[)(/\x,-,gi)q].

i=1

Use the fact that e*¢(—x) — x,.¢(x) < &*/2 forx € Rin order to conclude. (See Rio
(2001, 2002).)

(SUMS OF INDEPENDENT POSITIVE SEMI-DEFINITE MATRICES) Let X, . . ., X,,
be independent random positive semi-definite d X d matrices. Assume that for all
i < n, the operator norm of X; satisfies || X;|| < aalmostsurely.LetZ = || Y ", Xil|.
Prove that

Var (Z) < aEZ,
and thatforall A € R,
IogEe)‘(Z'EZ) < (EZ/a)¢(ar).

Hint: use the fact that || )", X;|| is self-bounding. (See Tropp 2010a.)
(SPECTRUM OF A GRAM MATRIX) Let X, . . ., X,, be independent identically dis-
tributed random vectors taking values in RY. The associated Gram matrix G is
an n X n matrix with entries G;; = (X;, X;). Let A, > --- > A, be a nonincreas-
ing rearrangement of the eigenvalues of G. Assume that the X; are almost surely
bounded. Prove Bennett-like concentration inequalities for Z = Z;C:l Aj where
1 <k < d. Hint: the nonzero eigenvalues of G are the same as the nonzero
eigenvalues of Y - X;X!. Use the Courant-Fisher variational characterization of
eigenvalues to check that Z is a self-bounding function. Then use the results from
Exercise 12.11. (See Shawe-Taylor and Cristianini 2004, and Zwald and Blanchard
2006.)
Let Xj, ..., X, be independent sub-gamma random variables with expectation not
larger than p, variance factor smaller than v and scale factor smaller than ¢ (thus, for
t>0,P{X; >+ 2vt +ct} <et).LetM = max(X,, ..., X,).

Prove that EM? is not essentially larger than the square of the upper bound
on EM derived in Chapter 2 (Theorem 2.6), namely, for all A > 0, letting
H, =) 1 1/i prove that EM < p + «/2vH, + cH,,

10v  n?
EM? < (1 + /2vH, + cH,)" + — +
logn 3
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12.14.

12.18.

12.16.
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and
A2(c++/v/H,)?
log Ee™ < A (u + 2+/vH, + cH,) + - .
8 - (M ! n) 2(1 - A(c+ +/v/H,))
Hint: you may assume that there exist independent random variables Y3, ...,Y,
such that X; < Y; and P{Y; > pt + /20t + ct} = e forall 1 <i < n. In order to
bound the higher moments of max(Y7,. .., Y,), combine Rényi’s representation

of order statistics (see de Haan and Ferreira (2006, Chapter 2)), the Efron-Stein
inequality and Theorem 6.6. Check the tightness of the bounds by assuming that
Xi,...,X, are indeed gamma-distributed. This exercise shows that the right tail of
the maximum of n independent sub-gamma random variables with scale factor c is
not substantially heavier than the tail of a Gumbel distribution with scale c.

Let Xj,...,X, be centered, independent sub-gamma random variables, with
variance factor v and scale factor ¢ (ie. for t > 0, P{X; > +/2vt + ct} < ™).
Let 7, =./2vlogn+clogn. Let Z=} ! X/l(xzr}. Prove that EZ <

T, + c+4/v/(2logn) and thatfor 0 < A < 1,,/2,

logEe)‘Z < —e“" Pl
1-A1,

and P{Z > t} < 2exp(-t/(4t,)) for t > 0. Hint: use a quantile coupling argu-
ment: there exists a probability space with random variables Xj, . . ., X, as above
and independent exponentially distributed random variables Y7, . . ., Y, with | X;| <
V/20Y; + cY; forall 1 < i < n, almost surely. Bound log (E exp (1Z)) by the quant-
ity nlogE [exp (A(M+ ch)) ]l{ylzlogn}]. This bound should be compared
with those from Exercise 12.13. For small values of A, they are both of order At,.
This should not come as a surprise. With overwhelming probability, Z coincides
with max(Xj, ..., X,), as there is at most one index 1 < i < n such that |X;| > z,.
This is a special case of the setting of Lemma 11.16.

(A COROLLARY OF BOUSQUET’S INEQUALITY) Using the notation of
Theorem 12.5, prove thatforall0 < n < 1,6 > 0,andforallt > 0,

PiZ>(1 EZ =< a "
{z=(1+n) +t}_ew<—m>*exp(‘z(1+5)(z/n+1/3))'

Hint: prove exp(—(1/u +v)) < max(exp(-(A/u)), exp(-(1 - 1)/v)) for u,v > 0
and A € [0,1]. (See Lemma 1 in Adamczak (2008).)

(SUPREMA OF EMPIRICAL PROCESSES WITH UNBOUNDED SUMMANDS)
Let Xj,...,X, be independent identically distributed random vectors. Assume
that (i) The empirical process is symmetric: for each s € 7, X;; and -X;;
have the same distribution; (ii)) There exist independent random variables
(Yi)i<n such that Y; > max,c7 |X;| and Y; is sub-gamma with variance factor

0% and scale factor ¢ (by Theorem 2.3, this entails Var (X;;) < 80 + 32¢%).
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Let Z = sup ., Z:‘:I X;s and let 7, = \/20%logn + clogn. For each i <n and
seT, let Vig= X Ix,|<r} and Wi, = Xii- Vi Let Zy =sup 7> 1 Vig
and Z, = sup,_y > ., Wis. Check that EZ > EZ, - EZ,, EZ, < 7,(1 + 1/ logn),
and P{Z, > t} < 2exp (-t/(87,)). Checkaalso that fory > 0,& > 0,t > 0,

P{(Z> (1+)EZ+t} < p|z1 > (14 7)EZ; - (1+ 7)EZs + (1 —8)t}
+P{Zz > Et}.

Prove that forall0 < § < 1,forallt > 0,

P{Z> (1+n)EZ+t} Sexp(

(1-2¢8)*t )

161 + 8)n(0? + 422)

8(1-2¢)t 5 et
texp|-———=— ) +2exp |- .

*P 2(1 + &)k, P 81,
Hint: use the results of Exercises 12.14 and 12.15. Note that the last bound is
trivial if et < 47,. This truncation-and-separation approach was popularized by
Hoffmann-Jorgensen (1974). Chapter 6 of Ledoux and Talagrand (1991) describes
the interplay between this approach and concentration of measure. de la Pena and
Giné (1999), Giné, Latala, and Zinn (2000), Adamczak (2008), and Mendelson

(2010) describe further advances in this direction. This exercise is inspired by
Adamczak (2008) who describes more general results and applications.




13

The Expected Value of Suprema
of Empirical Processes

In Chapters 11 and 12 we studied deviations of suprema of empirical processes around their
expected values and obtained useful, often tight concentration inequalities. A remarkable
feature of these inequalities is that a lot can be said about concentration properties without
knowing what the expected values are. Bounding the expected value of the supremum of
an empirical process is a central object of the study of empirical processes and the pur-
pose of this chapter is to present elements of this rich theory. Interestingly, concentration
inequalities provide an important tool in deriving tight upper bounds for such expectations,
as pointed out below.

We have already faced simple situations when concentration inequalities help derive
upper bounds for suprema of random variables; recall the maximal inequalities of Section
2.5 that, in fact, serve as the basis of some of the arguments to follow.

In Section 13.1 we discuss the perhaps most important basic technique for obtaining
sharp upper bounds for suprema of empirical processes, the so-called chaining argument
(Lemma 13.1). Chaining bounds relate the expected value of the supremum of an empirical
process with metric properties of the set indexing the empirical process. Such inequalities
proved successful in many areas ranging from the general theory of stochastic processes to
statistics. The chaining arguments we present here are not always the sharpest possible and
more sophisticated arguments, such as the so-called “generic chaining” approach, some-
times give more accurate results. However, chaining still provides simple and useful answers
in many applications. Perhaps the best known bound obtained using classical chaining is
Dudley’s entropy integral bound for the expectation of the supremum of Gaussian pro-
cesses (see Corollary 13.2 below). In Section 13.2 we present Sudakov’s lower bound for
the expected value of the supremum of Gaussian processes which may be regarded as a
partial converse to Dudley’s entropy integral upper bound.

The rest of this chapter describes examples in which chaining and concentration inequal-
ities interact.

Section 13.3 deals with empirical processes indexed by VC-classes. This application does
not fit exactly into the framework of Lemma 13.1. Nevertheless, supplementing chaining
with symmetrization (Lemma 11.4) paves the way to sharp bounds.
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Section 13.4 and Section 13.5 revisit Nemirovski’s inequality already investigated in
Section 11.2. While in Section 11.2 we consider E||S,||* where S, = Y| X; with X; inde-
pendent random vectors with bounded components, in Section 13.4, we are interested in
sums of random matrices endowed with the operator norm. The main result of Section 13.4
is Rudelson’s inequality that establishes an upper bound for the expected operator norm of
Rademacher and Gaussian sums of symmetric matrices.

Section 13.6 takes one step further in the analysis of the Johnson-Lindenstrauss
lemma discussed in Sections 2.9 and 5.6. The Klartag-Mendelson theorem presented here
describes sufficient conditions on the metric properties of a general set which guarantee that
arandom projection of the set to a low-dimensional subspace is an approximate isometry,
with high probability.

In Section 13.7 Bousquet’s inequality (Theorem 12.5) is used in an essential way
with techniques known as “peeling (or slicing) and re-weighting” to obtain bounds for
normalized empirical processes.

In Section 13.8, Theorem 13.19 is put to work. It allows us to derive an approximate
isometry property of the random mapping L,(P) — L,(P,,).

Finally, in Section 13.9 we present an application in which sharp risk bounds are obtained
for a classification problem in statistical learning theory.

13.1 Classical Chaining

In this section we describe the basic chaining argument. In the simplest version of chain-
ing, one discretizes the set 7 indexing the stochastic process {X; : t € 7 } and the maximal
value sup, . X; is approximated by maxima over successively refining discretizations. To
make this formal, we introduce the notion of §-nets.

Let (7, d) be a totally bounded pseudo-metric space and let § > 0. A §-net is a finite set
75 C 7 with maximal cardinality such that for all s, t € 75 with s # ¢, one has d(s,t) > &
(i.e. every pair of distinct elements of 7 is §-separated).

Let B(t,8) denote the closed ball of radius 8 centered at t. Since 75 has maximal car-
dinality, the collection of closed balls with radius é centered at the points of 75 covers 7,
that is,

7 < | B(t,9).

teTs

Note that the cardinality N (8, 7) of a §-net 75 coincides with the maximal number of dis-
joint closed balls of radius 8/2 that can be packed into 7. N (8, 7') is called the 8-packing
number of T .

A proper 8-covering of T is a finite set 75 C 7 such that

7 < | B(x9).

x€Ts

The minimal cardinality of any §-covering is denoted by N'(8, 7). It is called the 8-covering
number of T .
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Packing and covering numbers are closely related as one always has
NQ25,T)<N(87)<N(T).

The second inequality follows by the argument above and the first may also be seen easily.
These quantities reflect the “size” or “massiveness” of the totally bounded set 7.
The §-entropy number H(8, T ) is defined as the logarithm of the §-packing number:

H(8,7T) =1ogN(5,7).

The function H(+, T') is called the metric entropy of 7.

The following lemma is at the core of the chaining argument. To avoid worrying about
measurability issues, we assume that 7 is a finite set. One may extend all results of this
chapter to processes indexed by separable metric spaces by standard arguments that we do
not detail here.

Lemma 13.1 Let 7T be a finite pseudometric space and let (X;),c1 be a collection of random
variables such that for some constants a, v, c > 0,

Ad2(t, ¢
logEe)‘(Xt_Xt') < ll)\d(l’, t/) + u
2(1-crd(t,t'))
forallt,t €T andall0 < 1 < (cd(t, t’))_l. Then, for any ty €T,
5/2 8/2
E |:sup X, - Xtoil < 3ad + 124/v vH(u,T)du+12c H(u,7T)du
teT 0 0
where § = sup,_ d(t, to).
Proof For any integer j, let §; = §27 and let 7} be a §;-net of 7. By the definition of the
metric entropy, for any integer j we can define a mapping I1; : 7 — 7} such that

d(t,T1;(t)) < §forallt € 7.
Since 7 is finite, there exists a positive integer ] such that forall t € 7,

J

X = Xm0 + Z (Xn,+1(t) - XH,(t))'
j=0

Moreover, by the definition of §, we may assume that 7y = {5}, so [1o(t) = t, and
therefore

]
E |:sup Xi —Xt0j| = ZE I:SUPXH,ﬂ(t) - Xl'I,(t)j|'
teT j=0 te

Now observe that for every integer j,

H(H}'(t); Hj+1(t)) it e T}| < eZH(5f+hT)
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and that by the triangle inequality, for any t € 7,
d (T;(1), Tjp1 (£)) < 3841

Hence, by the maximal inequality of Corollary 2.6,
E [Sup X - Xn,(n}
teT

<3 <(1(S}'+1 + 28}'4.1‘/ VH(6j+1, T) + 268}'+1H((S}'+1, T))

Hence, summing over j,

J+1 J+1
E |:supXt - Xto] <3a) 5+6) 4 (, [vH(8;, T) + cH(8;, T))
j=1 j=1

teT
8/2 8/2

< 3ad + 12/v VH(u, T)du + 12¢ H(u, T )du
0

0

where at the last step we used the fact that metric entropy H(u, 7) is nonincreasing as
a function of u. O

Lettinga = ¢ = 0, Lemma 13.1 allows us to recover Dudley’s classical bound for suprema
of centered processes with sub-Gaussian increments.

Corollary 13.2 (DUDLEY’S ENTROPY INTEGRAL) Let T be a finite pseudometric space and
let (X;),c1 be a collection of random variables such that

A2d* (t,t)
2

lOg Ee)‘(Xt_ ) <

forallt,t €T and all A > 0. Then for any to€ 7T,

8/2
E |:supXt - Xt0j| <12 VH(u, T)dy,
0

teT

where § = sup,_r d(t, o).

This entropic bound is often tight, though in some situations it fails to give sharp
bounds (see Exercises 13.4 and 13.5). Note that it also provides an upper bound for
suprema of Rademacher processes: if Z = sup,.; > ., @;:&; where the & are inde-
pendent Rademacher variables, then the condition of Corollary 13.2 is satisfied with
dz(tr t/) = Z:’:l(ai,t - t’)z-

Chaining is by no means the only possible technique for obtaining upper bounds for the
expected supremum of empirical processes. In fact, chaining does not always lead to sharp
bounds and may often be by-passed by exploiting the special structure of the problem at
hand. In the exercise section several such cases are described.
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For an example in which Lemma 13.1 fails to provide the best bounds, consider a
Gaussian chaos of order 2 defined as follows. Let X = (Xj, . . ., X,,) be a vector of independ-
ent standard normal random variables and let 7 be a finite collection of symmetric matrices
A= (ﬂi,;)nxn witha;; = 0fori=1,...,n Then

Z = sup XTAX
AeT

is the supremum of a Gaussian chaos process indexed by 7. From the analysis of
Example 2.12, we find that forany A,B € 7,

e < PIABI,

~ 1-2XA|lA-B|
where [[Allus = (31, ,uiz)l/z is the Hilbert-Schmidt norm of the matrix A (with eigenval-
ues [y, .. ., My) and [|A|| = max; | ;| is the operator norm.

Let Hys(8,7) denote the §-entropy of 7 with respect to the Hilbert-Schmidt norm,
and let H,,(8,7') denote the §-entropy of 7" with respect to the operator norm. Let 8y
and 8, be the diameters of 7" under the Hilbert—Schmidt and the operator norms. Since
|A]l < ||Allus, we may invoke Lemma 13.1 to establish the bound

6H5/2
EZ < 12/ <m+ 2Hyus (1, T)) du.
0

However, this upper bound may be improved by a technique known as “generic chaining” to

Sus/2 Sop/2
EZ <« ( v 2Hys(u, T )du + / 2H,p (1, T)du)
0 0

where k > 0 is a universal constant. The proof of this bound is left as a guided exercise
(Exercise 13.10). In Section 13.3 we discuss another example in which raw chaining gives
suboptimal bounds, though with a simple additional trick one may obtain much tighter
bounds.

Note that even in the case of linear Gaussian processes, chaining may not give optimal
results. An example is when the process is indexed by an ellipsoid (see Exercises 13.5, 13.19,
and 13.20 for some details).

13.2 Lower Bounds for Gaussian Processes

In this section we describe lower bounds for the expected value of the supremum of a
Gaussian process. We start with Slepian’s lemma, a classical result that relates the maxima
of two Gaussian vectors. This result is at the basis of Sudakov’s lower bound, a counterpart
of Corollary 13.2 for Gaussian processes.
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Theorem 13.3 (SLEPIAN’S LEMMA) Let X = (Xi,...,X,) and Y = (Yy,...,Y,) be
Gaussian random vectors with EX; = EY; foralli=1,...,n. Let 83? = E[(X; - X;)*] and

55=E[(n-1q)2]foralli,je{1, ..,n}h If(S,,_ 5foralli,j€{1,...,n},then

E max X; < E max Y.

i=1,..,n i=1,..,n

If|8X 8Y|<8forall,]€{l ..,n}, then

E max X; - E max Y;| < \/elogn.

i=1,..,n i=1,...n

Note that by taking Y = 0, we recover the inequality for the expected maximum of n
Gaussian random variables derived in Section 2.5. While the maximal inequality holds for
sub-Gaussian variables, Slepian’s lemma uses the Gaussian property in an essential way.

The proof crucially uses the following property of Gaussian vectors: If F : R" — R
is continuously differentiable with moderate growth in the sense that for any a > 0,
lime”_)oof(oc)e’“””‘”Z =0and X = (X, ..., X,) is a centered Gaussian vector, then for any
i=1,...,n

n

dF
E[XF(X)] = ZE[X"X"]Ea_xj(X)’

=1

see Exercise 13.3. If F = 0h/0x;, this integration-by-parts formula can be rewritten as

E[Vh(X)"X] = ZE [Xig—Z(X)]

—ZZEXX o (X)

i=1 j=1
= trace (E[XXT]EVZh(X)).

Proof Without loss of generality, we may assume that X and Y are independent. Let A > 0
andletf : R" — Rbe defined as

1 n
f(xl, . ;xn) = X log <; e}»xi>‘

LetX; = X; - EX;and Y; = Y; - EY; fori = 1, . . ., n. Introduce the covariance matrices
o¥ando? (O‘i‘? = E[X;X;] and oi}; = E[Y;Y;]for 1 <i,j <n).For0 <t <1, define
Zi=(Zi1,- -+, Zin)T as arandom vector with components

Zt,i ZXI'\/ 1-t+ i",\/}‘l‘EXt
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The function h(t) = Ef(Z;) defined for t € [0, 1] is differentiable with derivative

W (t) = E[Vf(zt)T(zJ N)f__tﬂ

As X and Y are independent, working conditionally on X = %, using the integration-by-
parts formula with respect to the Gaussian vector Y leads to

E |:Vf (a"c\/l_—t+ 17\/?+EX)T %]

2%/Etrace (GYE [\/szf (5“/: +¥Ve+ EX)])

%trace <GYE [sz (&\/l_—t + 17\/2 + EX)])

Taking expectation with respect to X and proceeding in a similar way to transform
[Vf(Zt) r],we get

W(t) = % [trace (V*f(Z:) (o7 - 0¥))].

Letp(z) = Vf(z). Then straightforward calculation shows that the Hessian of f may
be written as

V*(2) = A diag (p(2)) - Ap(2)p(2)".
As Z?:lpi(z) =1,

trace (diag (p(2)) (0" - 0¥)) Zpi(z) (Ui,l; - Uif)

5 Z p’(Z)PJ(Z)< O' +0; —of;)

1<1]<d

Substituting the right-hand side into the expansion of trace (V2f(z) (o7 - o¥))
leads to

trace(sz(z)( )
- Zpl(z)p}(z)(o —0 +a —a —20 +20‘)

1<1]<n

% Z pi(2)p;(2) (8}; 5’%)

1<ij<n

= %trace (p(z)p(Z)T (5Y - 8X)) '
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If 8¥ - §% > 0, then 1'(t) > 0and h(1) = Ef(Y) > Ef(X) = h(0). This holds for all
choices of A > 0.
Since

1 " 1
< = E Xi < — .
iilil‘.a..i(n X Y log ( € ) by logn + IIllaX Xiy

- i=1,..,n
i=1

the first statement of the theorem follows by taking A — 0.
On the other hand, if 0 < 8}; - 55

< egforalll <ij < n,then

Aﬁﬁws

< % /(; E |trace (p(Zs)p(Zs)T (8Y - SX))| ds

A
—&.
4

|Bf(Y) - Ef(X)] =

A

IA

Combining this with the inequalities linking f (x) and max;;,__, x;, we have

<)»_8+logn
T 4 A

E max Y; - E max X;
i=1,..,n i=1,..,n
Optimizing over A, we obtain

|E max Y; - E max X;

i=1,..,n i=1,..,n

< /¢logn. 0

We are now prepared to prove a lower bound that complements Dudley’s bound
(Corollary 13.2).

Theorem 13.4 (SUDAKOV’'S LOWER BOUND) Let 7 be a finite set and let (X;)ie1 be a
Gaussian vector with EX; = 0. Then

1
EsupX, > — \/E X, - X ) | log | 7.
supX, > 5 min [(X: - X¢)*]log | T|

Proof Let (Z;)ct be independent standard Gaussian random variables. Let

. 1/2
8 = min (E[(X, - X¢)°])

and

8
Y, = —=Z foreveryt € 7.

V2
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Asforeveryt #t € T,E[(Y; - Yy)*] = 8> < E[(X; - X¢)*], by Theorem 13.3,

SEsupZ; < v2EsupX..
teT teT

On the other hand,
EsupZ, > ! log |T|
supZy > —,/log|T]|.
teT \/E
The proof of this last statement is left as an exercise (Exercise 13.6). O

Sudakov’s lower bound may be rewritten in terms of metric entropy as follows. Let
(X¢)ic1 be centered Gaussian random variables indexed by the finite set 7. Let d be the
pseudo-metric on 7 defined by d(t,¢')* = E[(X; — X¢)*]. Then by Theorem 13.4, for all
& > 0 smaller than the diameter of 7,

1
EsupX; > ES\/H(S, 7).

teT

Exercise 13.4 provides an example where Sudakov’s lower bound is tight while Dudley’s
entropy integral upper bound is not. Note that Slepian’s lemma may also be used to derive
upper bounds for the expected value of the supremum of some Gaussian processes such as
the largest eigenvalue of some random matrices (see Exercises 13.7 and 13.8) (Fig. 13.1).

VH (e,7)

€

Figure 13.1 Dudley’s entropy bound is proportional to the area under the curve \/H(g, 7), while

Sudakov’s lower bound is the area of the largest rectangle that can be fitted under the same curve
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13.3 Chaining and VC-Classes

In this section we are concerned with uniform deviations of relative frequencies from the
corresponding probabilities. To be more precise, let X" be some set endowed with a prob-
ability measure P and let X, . . ., X,, be independent random variables taking values in X,
distributed according to P.

Let A ={A; : t€ 7} denote a collection of (measurable) subsets of X" indexed by a
(finite) set 7. We are interested in uniform deviations of empirical averages, that is, in the
behavior of the random variable

1 n
sup — Y (Lixeay - P(A))).

teT N
Forte7,denote Z;, = n /2 Z?:l (]l{X,eAt} - P(A;)) and

Z = sup Z;.
teT

We may introduce a pseudo-metric d on 7 defined by

d(t,¢) = \/P{Lixeny # Lisean

Then forallt,t' € T, Var (Z; - Zy) < d*(t,t') and it follows immediately from Bernstein’s
inequality that

)\(Z[—Zt/)< )‘Zdz(tlt/)

T 2(1-A//n)

This bound may be used to apply Lemma 13.1. However, this simple argument may be

log Ee

improved by a simple symmetrization argument that we outline next.

A key ingredient of this approach is the notion of universal entropy. For § > 0, and a
probability measure Q on X, let N(§,.4, Q) denote the maximal cardinality N of a subset
{t,...,tn} of the index set T such that Q (A, AA;) > 8% for every i # j (here AAB is the
symmetric difference of A and B). The universal §-metric entropy (also called Koltchinskii—
Pollard entropy) of Ais defined by

H(S, .A) = sup IOgN((S; -Ar Q,)
Q

where the supremum is taken over the set of all probability measures Q concentrated on
some finite subset of X

Lemma 13.5 Let A = {A; : t € T} be a countable class of measurable subsets of X and let
Xi, ..., X, beindependent random variables taking values in X, with common distribution
P. Assume that for some o > 0,

P(A;) < o foreveryt € T.
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Let
Z=n? sup Z(H{X;EAJ - P(A))
teT "4

and denote D, = 6 ZJZOO 27 /H (2‘(f+1)0, A) Ifo? > D% /(Sn), then

EZ < 30D,.
The same upper bound is valid for Z~ = w2 sup, .7 > (P(A;) - Lixea)})-

Proof By the symmetrization inequalities of Lemma 11.4,

where ¢y, . . ., &, are independent Rademacher variables. Define the random variable

E sup Z(]l{xeAf} ~P(Ar))
teT |

< 2E |:E |:sup Z gil(xea)

teT |

1 n
331 = max (sup - Z II{XIEAt},OZ).

n
teT i-1

Clearly, 8> < o*+Z/\/n. As a Rademacher sum is sub-Gaussian, we may use
Lemma 13.1 to obtain

oo oo
EZ_6E \/(?Z Z 27/H (2715,, A) | < 6,/Es? Z 27, /H (2-0*V5, A),
=0 j=0
where we use the fact that H(3, A) is a nonincreasing function of §. Thus, we have

EZ < Dy+/02 + EZ/\/n.

Solving this quadratic inequality for EZ, we get

EZ < D‘ZT 1+ 1+402n .
_Zﬁ D?

g

When o2 > D?/(5n), the right-hand side may be bounded further by 30 D,, as
announced.
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To bound EZ~, we may use the inequality just obtained: by the same argument as

above,
EZ < Dg+y/0? +EZ/\/n.

Under the condition 0> > D? /(5n), EZ/\/n < 30Dy /+/n < 3+/502, and therefore

EZ < 0D,/ 1+3+/S < 30D,. O

The universal entropy appearing in the bound of Lemma 13.5 may be estimated in an
elegant way in terms of the combinatorial notion of the VC dimension of the class A that we
already introduced in Section 3.3. Recall the definition: for an vector x = (xy,...,x,) of n
points of X, the trace of A on x is defined by

tr(x) = {AN{xy,...,x,}: A€ A}.

The vC dimension D(x) of A (with respect to x) is the cardinality k of the largest sub-
set {x;,, ..., %, } of {w1,...,x,} for which 2 = |tr(x;,, ..., x;)| A is called a VC class if
v sup,-.; sup, y» D(x) < 00. Vis called the vC dimension of A.

The next lemma shows how the VC dimension controls the universal entropy.

Lemma 13.6 (HAUSSLER’S VC BOUND FOR UNIVERSAL ENTROPY) Let A denote a vC
class of subsets of X with VC dimension V. For every positive § > 0,

H(8, A) <2Vlog(e/8) +log(e(V + 1)) < 2V log(e?/8).

The proof of this lemma, which we do not reproduce here, relies on delicate combinator-
ial properties of the trace of a VC class on a finite sample. A slightly weaker but much easier
version is left to the reader as a guided exercise (Exercise 13.11).

In Exercises 13.16 and 13.1S5, other ways of bounding the universal entropy are shown.
Combining Lemma 13.5 and Haussler’s bound, we immediately obtain the following.

Theorem 13.7 Recall the notation of Lemma 13.5. Assume that A is a VC class with VC
dimension V. Suppose sup,. P(A;) < 0. Then

_ 4e?
max (EZ,EZ") < 720,/ Vleg —
o

provided that o > 24,/V log (4¢2/a) /(5n).

Proof ByHaussler’sbound, the quantity D, introduced in Lemma 13.5 may be bounded by

42
D, < 24,/V10gi. |
o
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Note that the upper bound depends on the sampling distribution P only through
the condition 0 > sup,_; P(A;). If we are ready to upper bound o by 1, we obtain a
distribution-free bound.

Exercise 13.18 provides an example in which the factor y/log(e/o) in the upper bound
can be dropped. Exercises 13.15 and 13.16 describe possible generalizations and refine-
ments of Theorem 13.7.

13.4 Gaussian and Rademacher Averages
of Symmetric Matrices

In this section we study norms of certain random matrices. More precisely, we consider
Gaussian and Rademacher sums of symmetric matrices and investigate the behavior of their
operator norm. Since such an operator norm may be considered as the supremum of a
stochastic process, one may be tempted to use chaining. However, it is possible to obtain
much sharper bounds using the specific features of the process. Recall that the operator

ulp<1 |4 Mu].

norm of a symmetric d X d matrix M is defined by [|[M|| = sup, .,

Theorem 13.8 (RUDELSON’S INEQUALITY) Let Aj,...,A, be symmetric d x d
matrices. Let Xy,...,X, be independent standard Gaussian random variables. Let
Z= | L XAl Ifo? = |30, A} then

Var(Z) < o® and EZ < ,/2log(2d)o.

The theorem also remains valid if the Gaussian coefficients Xj, . . ., X,, are replaced by
independent Rademacher random variables. The details of the easy modification are left to
the reader.

Recall that any symmetric matrix A can be diagonalized in an orthogonal basis, that is,
there exists an orthogonal matrix O and diagonal matrix D with real diagonal coefficients
such that A = ODOT. Then iff is a real-valued function defined on an interval that contains
all eigenvalues of A, we may define the matrix f(A) as f(A) = Of (D)OT, where f(D) is the
diagonal matrix computed by applying f to each diagonal coefficient of D.

The proof of the bound for the variance is an easy corollary of the Gaussian Poincaré
inequality. The non-trivial part is the bound for the expectation. A key ingredient of the
proof of this second bound is the Golden-Thompson inequality (see Exercise 13.29) which
implies that for symmetric matrices A and B,

trace (exp(A + B)) < trace (exp(A) exp(B)).

This inequality allows us to bound the moment-generating function of the norm of
Z:Ll X;A; and proceed with an argument similar to the one used in Section 2.5 to bound
the expected maximum of sub-Gaussian random variables.

Proof The bound for the variance follows from the Gaussian Poincaré inequality which
implies that the variance of the maximum of centered Gaussian variables is always
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bounded by the maximum of the variances (see Exercise 3.24 and also Theorem 5.8).
But Z may be represented as the supremum of a Gaussian process, since

i=1

ul Z XAu|.

i=1

Z= = sup

ueR:||ull,<1

This implies
n n
Var(Z) < sup Var ZX,—uTA,-u = sup Z (uTAiu)z.
ueR: |Jul, <1 =1 ueR% lull <1 =1

Now, let A; = Z]il Mg ng} where (gi,]-)l-:lym,d is an orthonormal family of eigen-
vectors of A; and (A;;)j=1,..4 is the sequence of corresponding eigenvalues. For any
u € R with |Jull, < 1,

n n d

2
Z (uTAiu)2 = Z )\i,j(uTgi,j)z
i=1 =1 \ j=1
n d
< Z Z ?»f,-(uTgi,;)z
i=1 \ j=1

2 (atu)

i=1
n
QA
i=1

where the first inequality follows from Jensen’s inequality and the fact that

IA

)

Z;il(uTg,-,,-)z = 1as |lull> < 1 and the vectors (g; ;);-1,...4 form an orthonormal basis
of R%. This proves the first inequality.

To prove the bound for the expected value, denote M = ) | X;A;. The basicidea s
similar to the maximal inequality of Theorem 2.5. To obtain an upper bound for E|| M|,
we bound the exponential of E||M||, via Jensen’s inequality, by the moment-generating
function of ||M||. Let s > 0 be a parameter to be optimized later. Then

eFIMI < M (by Jensen’s inequality)

= E 1Dax max (eS)“(M), e’s’\‘(M)>

< 2E trace (exp(sM)).

We now use the Golden-Thompson inequality to bound E trace (exp(sM)).
To this end, introduce the matrix Dj = s> Z:;l Ai2 /2 and, recursively, Dj,; =
Dj + sXj1 451 — s2/ 2A].2Jrl forj=1,...,n Thus, D, = sM. Note that, using the fact that
the X; are standard Gaussian random variables,
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Eexp (szAj - sZAj2 / 2)
is the identity matrix. Foreveryj=1,...,n,
E trace (exp(D]-+1)) = Etrace (exp (D,- +sXj1Aj - 52A].2+1 / 2))

<E [trace (exp(Dj)) exp (s)('j+1Aj+1 - sZAjzﬂ/Z)jI
(by the Golden-Thompson inequality)

= trace (E [exp(Dj) exp (s)(,-+1Aj+1 - sZA}H/z)])
(by linearity of the trace)

= trace (E exp(D;)E exp (SX,'+1A1'+1 - szAjZ+l / 2))

(by independence)
= trace (E exp(Dj))

= Etrace (exp(D))).
Combining these inequalities,

Etrace (exp(sM)) = Etrace (exp(D,))
< Etrace (exp(Dy))

trace (exp (sz Z A?/ 2) )
i=1

dexp (s2 ZA,Z /2).
i=1

ZAI-Z /2)) =2de 72,
i=1

Taking logarithms, dividing both sides by s, and optimizing over s leads to the desired
result. O

IA

Putting everything together, we have

exp (sE [|[M|) < 2d (exp (s2

We emphasize that once one has a good bound for the expected value of ” Yo XiA ”, it
is easy to obtain bounds that hold with high probability. Indeed, from Theorem 5.6 we get,

without further work,
P {Z >t+ ‘/210g(2d)0} < /007
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for all t > 0. Also, apart from the variance bound given in the theorem, we have
(Var (Z))? < EZby Exercise 5.17.

Equipped with Rudelson’s inequality it is easy to obtain a random-matrix version of
Theorem 11.2 where the £¢, norm is replaced by the operator norm for d x d matrices.

Corollary 13.9 Let X,...,X, be independent random variables taking their values in the
space of d X d symmetric matrices such that they are symmetric (i.e. -X; has the same
distribution as X;). Let S, = Y., X; and £* = E|| Y i, X?||. Then

E[IIS:)] = 2(1 +log(2d)) =%

The proof parallels the proof of Theorem 11.2, but Rudelson’s inequality replaces Corollary
2.6 when there is a need to bound E [|| YoreXill | Xy, .. .,X,,].

13.5 Variations of Nemirovski’s Inequality

In Section 11.2, we consider norms of sums of R¥-valued independent random variables.
However, while Nemirovski’s inequality (Theorem 11.2) concerns the £,-norm, we use
here chaining arguments to derive bounds for the £, norm forp > 1.

The setup is as follows: let Xj, ..., X, be independent random vectors in R? with
EX; = 0and let

In Section 11.2 we obtained upper bounds for E|[S, ||§O Here we deal with £, norms and
derive bounds for E||S, ||; forp > 1.

The key to our approach is to represent the norm as the supremum of an empirical pro-
cess. Indeed, if g = p/(p - 1) (withg = coforp=1) and B; = {x € R : ||x|; < 1} is the

unit ball under the £, norm, then we may write

n
1,1l = sup Y (£, X;)
teBy g
where (x,y) denotes the inner product in RY.
Based on this representation, it is natural to introduce the weak variance

n

E: = Esup Z (t, X,)2.
teB, ‘3

Then by Theorem 11.1, Var (||S,,||p) < 22;. The next theorem shows that E||S,,||12, may
also be bounded in terms of the weak variance.

Theorem 13.10 Let Xi,...,X, be independent zero-mean random vectors in R? and let
Sy = iy Xi. Then forallp > 1,

E|S,)? < 578d2;.
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We need the following estimate of the metric entropy of unit balls whose proof is
left as an exercise (Exercise 13.22).

Lemma 13.11 Forallq > 1andforallu € (0, 1], the metric entropy H(u, B;) of the unit ball
B, under the £, metric satisfies

H(u,B,) < dlog (1 + 3) .
Proof of Theorem 13.10. Writing
E|S, |12 = Var (IS,,) + (EIIS,],)’
and recalling that Var (||S,||,) < 22;, it suffices to bound E||S,||,. We do this by

symmetrization, followed by chaining.
By the symmetrization inequalities of Lemma 11.4,

E[S,|| < 2Esup > &(t,X),

t€By o1

where ¢, . . ., &, are independent Rademacher variables.

Working conditionally on the X;, sup, 5, > o, €i(t, X;) is the supremum of a process
indexed by B,. This process has sub-Gaussian increments as the following argument
shows: by Hoeffding’s inequality, forall A > Oand t,t' € B,

E |:exp (A Zsi(t - t’,X,)) ‘Xl, .. .,X,,:|
i=1

< » i(t ', X;)*

= exp 2 —l,4

i=1
22 Ny g
exp [ —|t -7 — X
xp<2|| ||q;<”t_t,”q, >)
22 -
exp 7||t—t’||;sup2(t,Xi)2 .

teBy iy

IA

Now we may use Dudley’s bound (Corollary 13.2) conditionally on Xj, ..., X,, to
conclude that

n n 1/2 .
E A XN X, ., X, | < L X;)? 12/ H(u, B,)du.
(SR R T

0 =1 s€By g
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By Jensen’s inequality,

" 1/2 ) 2
ELISID* <4|E <supZ(S,X,-)2> 12/ VH (1,B)du
0

sEB, i=1

<576 %7 (/01\/I—I(T]3q)du>2.

Combining this with the fact that Var (]| S, ||12,) < 22; ,

1 2
E|IS,|I* < (2+576 </O ,/H(u,Bq)du) ) =,
1
<3 <2+576/0 H(u,Bq)du).

By Lemma 13.11, the entropy integral can be upper bounded by dlog(33/2%). O

Recall that in the bound of Theorem 11.2 for the £, norm, the dependence of the upper
bound in d is only logarithmic. This suggests that the bound of Theorem 13.10 may not be
tight at least for large values of p. Further variations on Nemirovski’s inequality for other
finite dimensional normed spaces are described in Exercises 13.23, 13.24, and 13.25.

13.6 Random Projections of Sparse and Large Sets

In this section we return to the Johnson-Lindenstrauss problem already studied in
Sections 2.9 and S.6. First recall the setup: we consider ACRP where Disa large
positive integer. Suppose d<D (typically d<<D) and define the random map W :
RP — R? that assigns to each a = (ay,...,ap) € RP the vector W(a) = (1/+/d)
(Wi(a), ..., Wy(a)) € R with

D
T/Vi (a) = Zani’j
j=1

where X; 1, ..., X4 are independent copies of a random variable X satisfying EX = 0 and
Var (X) = 1. In this section we only consider the case when X is either a standard Gaussian
or a Rademacher random variable. The Johnson-Lindenstrauss lemma (Theorem 2.13)
states that if A is finite, then after applying the random projection W, the pairwise distances
between elements of A are preserved up to a factor 1 £ ¢ with high probability, if d is of the
order of £> log |A|. As we argued in Section 5.6, this result depends only on the cardinality
of A and it does not take the structure of the set A into account. In particular, it is vacuous if
A is an infinite set. There we extended the basic Johnson-Lindenstrauss lemma to take the
structure of the set A into account. First we briefly recall this result.
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The random map W is called an &-isometry on A if

W) - w@)I>

llo —a'|I?

1| <& foralldistinct o, @’ € A.

Here || - || denotes the Euclidean norm. The set T of normalized differences of elements of
A plays a crucial role in the analysis.

a-da
T= {”—/”,(a,a/) GAXAwitha#a/}.
a-a

This set indexes the empirical processes whose suprema are in the focus of our attention:
stup(”W(a)”z—l) and V' =sup (1—||W(05)||2>.
aeT aeT
In particular, Theorem 5.10 shows that when the quantity

A = d (max(EV,EV"))’

is small, then one may project to low-dimensional spaces without significantly changing the
metric structure of the set. More precisely, we showed that if d > 20(A +1og(2/8))e?,
then the random map W is an &-isometry on A with probability at least 1 - 6.

When A is finite, by Corollary 2.6, A < 321og |A| aslongas d > log |A|. The goal of this
section is to obtain sharp bounds for A taking the finer structure of A into account. In par-
ticular, A may be finite even when A is infinite. At first sight, it might appear to be a routine
task to relate A with some notion of “richness” of the index set T. Indeed, the process
d(|w(w)| > 1) andits opposite fit within the scope of Lemma 13.1 (see Exercise 13.26).
However, one can do much better by taking into account some specific features of the
empirical processes under consideration. Indeed, for all @ € T, ||[W(«)||> - 1 is centered
and its variance does not depend on c.

Note that Theorem 5.10 is stated for Gaussian random projections but a minor modifica-
tion of its proof reveals that it remains valid when the X;; are Rademacher random variables.
In the sequel we restrict our attention to these cases.

A remarkable feature of the Johnson-Lindenstrauss lemma and Theorem $.10 is that
the dimension D of the set A does not play any role. Indeed, we could have formulated
Theorem 5.10 so as to accommodate separable Hilbert spaces. The same remark goes for
most of the rest of the section. However, for the ease of exposition, we present the results in
the finite-dimensional context.

In order to obtain sharper bounds for EV and EV’ than one could achieve by ordinary
chaining, we use the following “splitting” argument. It is a key ingredient in the proof of
both Theorems 13.13 and 13.1S below.

Lemma 13.12 Let T C RP denote a finite set of vectors of unit Euclidean norm. Let
W: RP — R be the random linear map defined above. Let § € (0, 1) and let Ts be a
8-net of T. Let

DsT = {a—(x’ Do -d|| <8,0,a € T}.
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Let V and V' be defined as above. Then, for all > 0,

EV < (1+60)E sup <||W(a)|| —1) <1+1>E sup | W(a)|*+6,
a€eTs 9 aeD;sT
and forall6 € (0, 1),
EV' < (1-6)Esup (1- ”W(a)HZ) + (1 - 1>E sup | W(a)|” +6.
aeTs 9

0165

Proof First notice that

Vs (W @I 1) = (s [w@)) -

Let IT: T — T be such that for every a € T, Il is a nearest neighbor of « in T;.
Then

sup | W(a)| < sup |W ()| +sup [W (- TTar) |.
a€eT a€Ty aeT

As2ab < 0a® + b?/0,

(smtweor)
2000 (s 1o « (1) (o)

and therefore
2 1 2
V< (146) sup (W) -1) + (1 . -> sup [ W (@) +0.
aeTy 0 ) weD,T
Taking expectations on both sides leads to the desired result. The proof of the second
inequality is similar. O

Before stating the main result of the section, we consider the easier but important spe-
cial case when A is the collection of k-sparse vectors in RDP, that is, vectors with at most k
nonzero coordinates. Thus, the set A is the union of (2) k-dimensional subspaces of RP. Tt

is usually assumed that k < D.

Lemma 13.13  Consider the random projection W : RP — R defined above, where the Xij
are either standard Gaussian or Rademacher random variables. Let A be the set of all
k-sparse vectors in RP. If the unique solution &, > 0 of the equation

2eD
de? = 2klog( e )

is smaller than 1/2, then max (EV,EV’) < 16¢,.
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Proof The indexset T = {(a—-a’)/|la-d'|| : a,a’ € A} may be partitioned into (fk) sub-
sets defined by picking 2k coordinates among the D possible ones. An &,-net can be
constructed for each subset and the union T, of the (sz) &4-nets has cardinality at most
(2)(1 +2/e,)* by Lemma 13.11.

The set D, T, defined as in Lemma 13.12, has the useful property that D, T C &,T,
which implies

E sup “W(O{)H2 < SiEsup ” W(a)”2 < si(l +EV).
WEDE*(T) o€l

By Lemma 13.12, forany 6 > 0,

EVSmegm@wwth+Q+3Esw|mww+e

aeT, €D, (T)

Ex

< (1+06)E sup <||W(a)”2— 1) + <1+ %) e (1+EV) +6.

a€eT,

£x

We choose 6 = ¢, so that (1 + 1/0) ¢ = £,(1 + &,) < 1. Rearranging, we have

EV < Tlhrg*) ((1 +¢&4)E |:ws€u£* (”W(a)”z _ 1)] + &y (2+£*)>.

Now sup, .y, (”W(ot)”2 - 1) is the maximum of at most (i’i)(l +2/84)% sub-

gamma random variables with variance factor 2/d and scale factor 2/d. By
Corollary 2.6,

E sup (W) -1)

ae

ex

- 42k1 2eD . 2kI 2eD ge. 4 g2
— — = 2& E..
=V % ke, ) T d B e, o

Combining the obtained bounds and using the fact that &, < 1/21leads to

EV < 16e,.
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In order to upper bound EV’, we use the second inequality in Lemma 13.12. Choosing
again 0 = ¢,, and proceeding as in the proof of the upper bound for EV,

EV' < (1-¢,)E sup (1 - Hw(a)||2) + &, +&,(1+EV)

acl,,

< (1-6.)(284 + &2) + £,(2 + 16¢,) < 12¢,. O

Combining Theorem 5.10 and Lemma 13.13, we obtain the following, so-called restricted
isometry property of Gaussian and Rademacher random projections. The remarkable feature
is that when d is roughly of the order of klog D, then the random projection preserves the
metric structure of the set of all k-sparse vectors.

Corollary 13.14 (RESTRICTED ISOMETRY PROPERTY) Consider the random projection
W : RP — R? defined above, where the Xij are either standard Gaussian or Rademacher
random variables. Let A be the set of all k-sparse vectors in R, If the unique solution &, > 0

of the equation
2eD
de? = 2klog | —
e~ akiog (1 )

is smaller than 1/2, then there exists a universal constant ic such that for every e,8 € (0, 1),
if d > 20(16*de? +log(2/8))&2, then the random map W is an e-isometry on A with
probability at least 1 — 6.

The main result of this section is the next theorem, which gives general conditions for
a random projection to be an approximate isometry in terms of the metric entropy of the
projected set A. It implies Corollary 13.14 but it is significantly more general.

Theorem 13.15 (KLARTAG-MENDELSON THEOREM) Let A C RP and consider the ran-
dom projection W : RP — R defined above, where the Xi; are either standard Gaussian
or Rademacher random variables. Let T = {(a—d')/||la-d'|| : a,a’ € A} and define

Y (T) = / JHG T)ds,

where H(x, T) is the x-entropy of T (with respect to the Euclidean distance). There exists
an absolute constant k"', such that for alle,8 € (0,1) ifd > k"e™> (y*(T) +log(2/9)),
then W is an e-isometry on A, with probability at least 1 — 6.

This generalization of the Johnson-Lindenstrauss theorem is relevant even when consid-
ering finite sets A. It tells us that the sensitivity of the random projection method depends
on the “metric size” of the set A rather than on its cardinality. As an example, consider the
case of Corollary 13.14, when A is the set of all k-sparse vectors in RP. It is not difficult
to check that in this case, y2(T) < 2klog(D/(2k)), essentially recovering the result of of
Corollary 13.14. In this case, as in many others, the cardinality of A does not matter!
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In order to prove the Klartag-Mendelson theorem, by Theorem 5.10, it suffices to show
that there exists a universal constant k such that

dmax(EV,EV')? < ky*(T).

This is shown in Proposition 13.17 below.

The rough idea is as follows. Since V and V' are suprema of centered and normalized chi-
square random variables, a glimpse at Lemma 13.1 suggests that a reasonable upper bound
should involve both [ /H(x, T)dx and [ H(x, T)dx. Indeed when the X;; are standard
Gaussian, it is easy to check that | W (a)||? - || W(a’)||? is sub-Gamma with variance factor
proportional to |l — &'||* and scale factor proportional to || — ’|| (see Exercise 13.26).
Surprisingly, it is possible to engineer an upper bound that only involves [ /H(x, T)dx,
just as if the process increments were purely sub-Gaussian. The proof of Theorem 13.15
relies on the splitting argument of Lemma 13.12. It improves on the proof of Lemma
13.13 in two respects. First, the chaining lemma (Lemma 13.1) is used to upper bound
Esup,r, (W (a)||* = 1). The cutoff § is tuned in such a way that the sub-Gaussian term
dominates the sub-gamma term. Second, when upper bounding E sup,, ., - W (et) [I?, the
key observation is that {||W(«)||, @ € D;sT} has sub-Gaussian increments. This is estab-
lished in the next lemma. (Recall the definition of the set G(v) of sub-Gaussian random
variables from Section 2.3.)

Lemma 13.16 Let W : RP — RY be the random map defined as above. Let T be a
bounded subset of RP and let § > 0 be such that ||| <8 for every a € T. Let
Z =dsup, [|W(a)l. Then

Var(Z) < 8* and Z-EZ e G(8%)
when X is Gaussian and
Var (Z) <28* and Z-EZ e G(48%)

when X is Rademacher.

Proof Z may be considered as the supremum of a Gaussian (or a Rademacher) process.
Indeed, the representation of the norm as a supremum of linear functions implies that

d D

Z= sup supg E ;X ;.
ueRY:|lull=1 €€T "y iy

On the other hand, the wimpy variance equals

d D D
2 2 2 2
= E E o = E 2 <
o sup  sup wie; =sap ) o <6
ueR?: [lul|=1 €T "y j=1 acT j=1

Now we may use the variance bounds proved in Chapter 3 and the exponential
concentration inequalities from Chapter 5 to conclude. O
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Now we are ready to state and prove the key ingredient needed to complete the proof of
Theorem 13.15.

Proposition 13.17 Consider the setup of Theorem 13.1S. There exists an absolute constant k'
such that

y\(/g)){

Proof Thanks to standard separability arguments, we may assume that T is a finite set. By
the splitting lemma (Lemma 13.12), forany 6 > 0

dmax(EV,EV’)?* < «'y*(T) (1 +

EV < (1+6)E sup (||W(a)“2 - 1) +(1+1/0)E sup |W(a)|” +6.
aeTs aeD;T

We choose 6 = y(T)/+/d and bound the two expectations on the right-hand side by
ky(T)/~/dand 'y (T)*/d, where k, k' are universal constants.
Let the cutoff § be chosen as § = 27/*!, where

J=sup{j>0H(27",T) <d}.

Note that § is well defined. Indeed, if H(2, T) = 0 then {] >0,HQ,T) < d} isa
non-empty set, while ] = 00 means that§ = 0.

If8 = 0, Esup,ep,r H W(o) ” 220,50 we may assume that § > 0. By the definition
of 8, H(8/2,T) > d.Lemma 13.16 implies that

Esup W) < (E sup }W((x)”) =

aeDsT aeDsT

On the other hand, the increments |W ()| - |[W(a')| < ” W(x -a') ” satisfy the
condition of Lemma 13.1 witha = 1,v = 4/d and ¢ = 0. It follows that

E su |W(O€)H<3(S+— E 2j H(821D l)
) .
p \/— 8

aeDsT =1

Our choice of the value of § implies that for every x > 0, H(x, DsT) < 2H (x/2,T),
and therefore

o0
E sup W@ <36+ 222 i G201,
s€DsT \/a j=2
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Since H(8/2, T) > d, if follows that

B [w@)] = 24‘}” > 2T

Setting
r=Y 27/H(527,T),
j=1

the condition H (8/2, T) > dentails > > d/4 > 1/4,s0

) FZ 4 2 82 2
E sup |W(a)|" <576 t SS9

0(65 d

Thanks to the monotonicity of H and to the fact that § < 2,

Esp W@ <

aeDsT

for some absolute constant c. Now, Bernstein’s inequality and Lemma 13.1 allow us to
derive an upper bound for Esup,, . (W (a)||* - 1) as follows. Recall that for every

o € RY

|w@)]? - Zw2<a>

By the Cauchy-Schwarz inequality, for all &, &’ and every integer k > 2,

2 "]
N\ 12k N\ 12k 1/2

= (E[Iwi@) - Wi @) B[ Wi (@) + Wi (@)*])

< fa-of | fare [ sup  E[wi(e)*]

a€RP:||la||=1

B UW)z W

k
< 4o o +a]
where the last inequality comes from the observation that each W;(«) is sub-Gaussian

(see Section 2.9). Let oy € T, and set X(«) = ||W(a) Hz.As EX(ap) =1,

E;:]E (”W(ot)”2 - 1) =E |:51€1][3 X(a) —X(ao)].
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As the conditions of Lemma 13.1 are satisfied with a = 0, v = 8/d and ¢ = 8/d, we get

Eap (vt 1) = 5550 (Ve my L),

Now, since Ts is a -net, by the definition of 8, log|Ts| < d, and therefore
H (,Ts) < d,which implies that

E sup (||W(oz)||2 - 1) < % > 27 /H (29,Ty)
] j=1

84 o 168
< 22N 29 /H(@T,T) < —y(T).
Vd ]21: @) Vd
It is now time to collect bounds. Choose 6 = y (T)/«/H and invoke Lemma 13.12 to

obtain
Beup (Jw @) -1) <9222 (1 LD,

completing the proof of the upper bound for EV. In order to control EV’, we use the
second inequality from Lemma 13.12,

EV' < (1-0)E sup (1-|\W(a)||) (é—l)E sup [|W(a)|* +6,

a€eTs aeDs(T)
with @ = y (T) /+/d. We can indeed prove that

EV' <CL\/3)

with C > 2, by assuming without loss of generality that y (T) /+/d < 1/2. O

13.7 Normalized Processes: Slicing and Reweighting

Sometimes one is interested in bounding the supremum of an empirical process
sup.7 > ., Xi that is quite inhomogeneous in the sense that the variance Var (37, X;;)
varies with s. To illustrate such a situation, consider the Kolmogorov-Smirnov statistic
already discussed in Chapter 11. In this example, Y7, . . ., Y, are independent random vari-
ables, uniformly distributed over [0, 1]. The (one-sided) Kolmogorov—-Smirnov statistic is

Z=sup Y (Lyyy-5).

s€[0,1] "1o;
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As half-lines form a vC-class with vC-dimension 1, it follows from Theorem 13.7 that
EZ = O(4/n), and this is the correct order of magnitude. (See Exercise 13.18 for an altern-
ative argument.) For small and large values of s, the variance of 1 {y,<,} is small and the max-
imal value is unlikely to be achieved for such indices. Indeed, it is not difficult to see that Z is
not very different from sup, ., /4347 21 (Lv,<s} — ). The knowledge of EZ and the avail-
ability of concentration inequalities tell us little about the fluctuations of ) ", (L(y,<q) — )
for small and large values of s. By dividing each 1{y,<;) — s by its standard deviation, one
obtains a re-weighted process that may contain more interesting information.

In this section we discuss the so-called peeling (or stratification, or slicing) techniques
which, in combination with re-weighting, allows one to investigate fine properties of empir-
ical processes. Such techniques will be used in the next two sections to obtain sharp bounds
for uniform relative deviations of L, distances and the risk of empirical risk minimization in
classification.

The basic idea is that by decomposing the class such that each component contains ran-
dom variables with similar variances, one may take full advantage of Bousquet’s inequality
(Theorem 12.5).

The following lemma illustrates how slicing the index set 7 into sub-collections can be
used to investigate re-weighted processes.

Call a function ¥ : [0,00) — [0,00) sub-linear if it is nondecreasing, continuous,
¥ (x)/x is nonincreasing, and ¥ (1) > 1. Note that if ¥ and p are sub-linear, then so are
¥ o p and ¥ + p. Moreover, for any o > (1), the equation ar* = ¥ (r) has a unique
solution in (0, 1]. One can easily check that every sub-linear function v is sub-additive in
the sense that ¥ (u + v) < ¥ (u) + ¥ (v) (see Exercise 13.41).

Lemma 13.18 Let T be a countable index set and let L : T — [0,00). Assume that there
existss € T such that L(s) = infie L(s). Let (Z;)se1 denote a stochastic process indexed
by T . Assume that there exists a sub-linear function r and ro, > 0 such that for allr > r,
E s |Z-Zl < ().
sis€T,L(s)<r?

Then, forallr > 1,

2

Esup ———— |Zs - Zs| < 4y (r).

seT r L( )

Proof Letr > r,. We decompose the index set 7 into slices according to the value of the
function L as follows. Let 7y = {5: seT,L(s) < rz} and fork > 1, let

T = {s: seT, 22D < 1(s) < r222k}.

Let V, = sup,., T() |Z. - Z:|. Then

Zs - Zs
V<ZEsupr2| |
= < r+L(s)

o 2
r
Sw(r)+ZmEsup|Z Z|
k=1
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<)+ Z V)

kl

<Y(r)+2 Z AEYICEY ¥(r) (since v is sub-linear)

< 2<1+i2*> V(7). 0

k=0

Theorem 13.19 For i=1,...,n, let X; = (Xi;)se1 be a collection of random variables
indexed by a countable set T and suppose that X, . . ., X, are independent and identic-
ally distributed. Assume that for all i <n and s € T, EX;; =0 and that |X;s| <1
almost surely. Let L : T — [0,00) which achieves its minimum at s € T. Assume
that SUP T i<y |Xis - Xiz| < 1. Let 0 : T — [0,00) be such that for every s € T,
E (X5 - Xi5)* < 0%(s). Assume there exists a sub-linear function p such that for all
seT,o(s)<p (L(s)l/z) and there exists a sub-linear  such that for all r satisfying

=y (r),

VnE sup <y(r).

s€T
o(s)<r

Z = (X;s - EX;; - Xz + EX;5)

i=1

Lete,§ € (0,1] and letr(8) > O be the unique solution of equation

Jar = (swp(r» - plo) g 173+ 228 ‘3)

Then, with probability at least 1 - 28, for alls € T

< e(L(s) +r*(8))-

"1
Y~ (X - EXis - Xis + EX;o)
n
i=1

By taking € = 1 in Theorem 13.19 and defining r, as the solution of the equation
nr* = ¥ (p(r)), we find that with probability of at least 1 — 28, foralls € 7~

1

§ = (Xis - EXis - Xi5 + EXi5)
n

i=1

log1/6

< L(s) + 13072 + 4

This follows in a straightforward manner by observing thatif ¢ = 1,
log1/8
r(8)* < 1307 + 4lo81/d.
n

The proof of this is left to the reader (see Exercise 13.42).
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Proof Denote )_(l-,s =X;s - EX;; foralli < nands € 7. We prove that with probability at
least 1 - §, foralls € 7,

n 1 .
Z —(Xis - Xi5) < e(L(s) + r*(8)).
n
i=1
A similar argument can be applied to prove that with probability atleast 1 - §,
n 1 _ _ 5
Z - (Xiz - Xis) < e(L(s) +r°(8)).
n
i=1

Let r be such that \/nr* > 1/ (r). Define the random variable

2 Z?:l (1/”)()_(i,s - Xi,?)
V., =supr .
s€T L(S) +r2

Then V, is the supremum of a centered empirical process indexed by 7. Moreover, as
L(s) < r*,wehave o (s) < p(r), and therefore, by the assumption of the theorem,

1= o ¥ (p(r))
E =Xy - Xig)| < ———.
|2t =T
L(s)<r*

Since the class of sub-linear functions is closed by composition, by Lemma 13.18,

¥ (p(r))
N

EV, <4
Note thatif L(s) < 2,

r* )_(is‘)_(iE
Var( ( : ’)

W) < E(X;, _Xi,E)z = PZ(V)’

while for eachs € 7, as 24/L(s)r < L(s) + 1%,

e ((Xx)) _ (VI
(L(s) +1%) VAL(is) )

Thus if L(s) > r?, by the sub-linearity of p,

Var <7’2(Xi,s —Xi,s)) < /02(1’).
L(s) +r? - 4
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On the other hand, foralli < n,5 € 7, almost surely

1’2 (Xi,s - Xi,i)
L(s) + 12

Now we may use Bousquet’s inequality (Theorem 12.5) to conclude that, with
probability at least 1 — 6,

2 1 1 1
V., <EV,+ \/— (2EV, + p2(r)) log = + — log =
n s 3n )

logs 4logy
3 n

1 1 41 1
S e 2

Using the definition of r(§), this implies that, with probability at least 1 - §, for all
seT,

< 2EV, + p(r)

n

>, -X,) < ¢ (1) + ) .

i=1

13.8 Relative Deviations for L, Distances

This section describes an easy application of the peeling/reweighting technique presented
in the previous section. Let 7 be a countable setand let X, . . ., X, be independent identic-
ally distributed vector-valued random variables where X; = (X;)c7- We may define a met-
ricdon7 by d(s,s") = (E(Xy; - Xl,sr)z)l/z. The basic question we investigate here is how
well the random empirical metric d,,(s,s') = (ZLI (1/n)(Xis - Xiy )2) 12 approximates the
metric d.

The next theorem reveals that if the subset of 7 formed by those s € 7 with small values
of EXi . is not too “rich,” the empirical metric space (7, d,,) faithfully approximates (7, d),
at least above a certain scale.

Theorem 13.20 Let X, ..., X, be defined as above and suppose EX;; = 0 and |X;5| < 1
almost surely for all i=1,...,n and s € T. Assume that there exists s € T for which
Xis = 0 almost surely. Assume that there exists a sub-linear function ¢ such that for all

r > 0such that \/nr* > ¢(r),

n

Z Xi,s

i=1

1
nE sup -

seT,EXixfrz n

< ¢(r).
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Lete € (0,1) and let r(8) > 0 be the unique solution of the equation

Jnrt = é (128¢(r) +1ry/logl/6 + %y)

Then, with probability of at least 1 — 26, for alls € T,

Ly x2 2

n Zz:l i,$ f el1+ 1‘(8) .
EX} |

EX}
The theorem implies that if r, is defined as the positive solution of \/nr* = 8¢(r),
then with probability of at least 12§, for all s € 7 such that EXfS > 13012 /e* +
(4/n)1log(1/8), one has

~1

1 n 2
n Zi:l Xi,s

5 1| < 2e.
EX1,5

Proof The proof is a simple application of Theorem 13.19 to the family of random
variables {st :seT,i< n}. Note first that

sup | X7, - EX}| < 1.

Second, choosing L(s) = 0%(s) = EX?

1,87

allr > 0,E [(Xlz’s)z] < ,oz(L(s)l/z). The only point that needs to be checked is that

Xn: X, - EX;,
i=1

However, this follows by symmetrization (Lemma 11.4) and by the contraction
principle (Lemma 11.6) as x > x* is 2-Lipschitz over [-1,1]. We may apply
Theorem 13.19 on {(st :s5eT,i< n} with ¥ = 16¢. O

L is minimized by s while letting p(r) = r for

1
VnE  sup -

s€T 02 (s)<r? n

< 8¢(r).

13.9 Risk Bounds in Classification

We close this chapter by describing an application of the techniques introduced in Section
13.7 to construct risk bounds for empirical risk minimization in binary classification. The
classification problem is at the heart of statistical learning theory and its analysis served as a
driving force for the development of empirical process theory. Here we present just a sample
from the rich theory of classification. We apply Theorem 13.19 to obtain sharp bounds
for the risk of a classifier that minimizes the empirical risk over a VC class of candidate
classifiers.
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The setup is described as follows. In binary classification the observation X is a random
variable taking values in some set X’ and its binary label Y is a {0, 1}-valued random vari-
able. The joint distribution of X and Y is denoted by P. A classifier is a measurable function
s: X = {0,1}. The risk of classifier s is P{Y # s(X)}. The so-called Bayes classifier
s*(X) = L{g[y|x]>1/2) minimizes the risk among all possible classifiers.

In statistical learning, the joint distribution P is unknown but a sample
(Xy,Y1),...,(X,,Y,) of independent pairs, distributed according to P, is available.
Given a collection 7 of classifiers, one may choose $§ € 7 by minimizing the empirical
risk Y " Liy.4(x)} over s € T . In this section we work with the simplifying, and perhaps
unrealistic, assumption that s* € 7, that is, the Bayes classifier is in the class of candidate
classifiers. The performance of the empirical risk minimizer is measured by the excess
risk £(s,s*) = P{Y # s(X)} - P{Y # s*(X)}. Letting n(X) = E[Y|X], it is straightforward
to verify that £(s,s*) = E [[2n(X) - 1||s(X) - s*(X)|]. We also assume that the collec-
tion of sets {{x € X' : s(x) = 1} : s € T } is a VC-class with VC-dimension V. Introducing
Zis = Ly x(x,) fori < nands € 7, the set of classifiers is endowed with the pseudo-metric
d(S, t) = E[(Zl,s - Zl,t)2]~

Bounds on excess loss depend on the richness of 7, the sample size n, but also on
how “noisy” the observations are. One way to quantify a “low-noise” assumption is by the
Mammen-Tsybakov noise conditions according to which there exist h € [0,1] and 6 > 1
such that

0(s,s%) = WWd¥ (s,s*), foralls € 7.

The simplest and strongest condition belongs to the case & = 1. In this case one has
[27(X) - 1| = h almost surely.

Theorem 13.21 (RISK BOUNDS FOR VC CLASSES) Assume that § minimizes the
empirical risk on a sample of size n over a VC-class T of VC-dimension V. Assume that
the Bayes classifier belongs to T, and the Mammen—Tsybakov noise condition is satisfied by
someh > 0and 6@ > 1. Then

V(1 +log(nh? /V)) )9/ (26-1)

Ef A)* <
(SS)_K( "

where K is a universal constant that does not depend onn, T , h, 6.

Proof The proof is based on an application of Theorems 13.19 and 13.7. Since

Z?:l Ziﬁ = Z?:l Zi,S*'

1 n
0(55) = =3 (Zyw B2y - Zis + EZ;3).
i=1

Thus, the excess risk is bounded by the oscillation of the centered empirical risk process
between s* and 3.
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Let¢: [0,1] — R, be defined by

(r) = 72r. | Vlog <4—r‘3)

By Theorem 13.7, forr € [0, 1],

Y (2 -EZye -2, + EZ;)
i=1

E sup < ¢(r).

s€7 : d(s,s*)<r

One may easily verify that ¢ is sub-linear.

We now apply Theorem 13.19. Since h™V2(\/€(s, s*))"? > d(s, s*), we may
choose p(r) = h"/2r1/% As0 < 6 < 1, p is sub-linear.

Let r, be the nonnegative solution of /nr*@(p(r)). By Theorem 13.19, with
probability at least 1 — 2 exp(-x), foralls € 7,

Y (2o ~EZyw - Z,. + EZ;.)
i=1

<e¢ (Z(s, s*) + 13072 +4§) .
n

Thus, with probability at least 1 — 2¢7%,
03 5) < (€(§,s*) + 13072 +4;).
Rearranging, we obtain
0(5 s%) < 1% (130r§ +4§).

Integrating with respect to x leads to

& 4
Ef(3,s") < — (130r§ + —).
1-¢ n

It remains to upper bound 2. From

4e
2 _ -1/2,1/6
Vnr = 7207260 [V log (hl/Zri 7 ),

asr, < 1, we may deduce

|4 4e

0/(20-1)
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This entails

0/(20-1)
4e

1/(26-1) :
w2 (K% log (%) ) .

13.10 Bibliographical Remarks

|4
7 < | K*—log

The notion of metric entropy was introduced by Kolmogorov and Tikhomirov (1961) to
quantify the performance of non-linear approximation methods in functional analysis. We
refer to the books by DeVore and Lorentz (1993) and Lorentz, Golitschek, and Makovoz
(1996) for an in-depth exposition of entropic arguments in approximation theory.

The idea of chaining in order to upper bound the supremum of a Brownian motion was
initiated by Kolmogorov (see Slutsky (1937) and Centsov (1956)). In the context of gen-
eral Gaussian processes, chaining was introduced by Dudley (1967) in order to provide a
sufficient condition for the existence of an almost surely continuous version of a Gaussian
process. Since Dudley (1967), chaining provided a generic method to derive tail bounds for
suprema of processes as suggested in Exercise 13.9. When dealing with suprema of bounded
empirical processes, such bounds can be compared with bounds obtained by combining
concentration inequalities and upper bounds for the expectation. The proof pattern used in
Section 13.1 is due to Pisier (1983). A general approach would consist of using “majorizing
measures” (also called “generic chaining”) as introduced by Fernique (1975), rather than
metric entropy. We refer to Ledoux and Talagrand (1991) and Talagrand (1994b, 19964,
2005) for an extensive study of this topic.

Slepian’s lemma (Theorem 13.3) first appears in Slepian (1962), but see also Fernique
(1975) and Gordon (1985) for improvements and generalizations. The proof presented
here is based on an argument presented by Chatterjee (2005b) (see also Piterbarg (1982)).
Sudakov’s inequality (Theorem 13.4) is from Sudakov (1969). Li and Shao (2001) survey
many related inequalities for Gaussian processes.

In empirical process theory, arguments based on uniform entropy numbers were pion-
eered by Koltchinskii (1981) and Pollard (1984). vC classes of sets were introduced by
Vapnik and Chervonenkis (1971). Uniform bounds on L, covering numbers for vC-classes
were first obtained by Pollard (1982, 1984) and Dudley (1987) (see Exercise 13.11).
Lemma 13.6 was proved by Haussler (1995) using combinatorial properties of traces
of VC-classes that were first established by Haussler, Littlestone, and Warmuth (1994).
Conditions on uniform entropy numbers that generalize those satisfied by VC classes of sets
play an important role in the analysis of functional central limit theorems (see van der Vaart
and Wellner (1996)). The concept of a VC-class of sets can be used to define VC subgraph
classes of functions and VC-major classes (see Exercises 13.13, 13.14). An analog of the
VC dimension, called the fat-shattering dimension for classes of functions was introduced by
Kearns and Schapire (1994) (see Anthony and Bartlett (1999) for a survey and Mendelson
and Vershynin (2003) where the relevant generalization of Lemma 13.6 is established).
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Upper bounds on the expected value of suprema of empirical prcesses indexed by classes
of functions with regularly varying uniform entropy numbers can be found in Talagrand
(1994b), Mendelson (2002b), Giné and Koltchinskii (2006), and Koltchinskii, (2008) (see
Exercise 13.18).

Lemma 13.8 was first proved by Rudelson (1999) using non-commutative Khinchine
inequalities due to Lust-Piquard and Pisier (1991). The approach described in Section
13.4 was pioneered by Ahlswede and Winter (2002). The presentation given here fol-
lows Imbuzeiro Oliveira (2010). Alternative proofs using Lieb’s concavity theorem may be
found in Tropp (20104, 2010b). For a general treatment of matrix inequalities, we recom-
mend Bhatia (1997). Exercises 13.31, 13.32, and 13.33 describe how Rudelson’s inequality
and concentration inequalities for suprema of empirical processes can be combined in order
to establish concentration inequalities for operator norms of sums of random symmetric
matrices.

Theorem 13.15 is due to Klartag and Mendelson (2005) who actually proved a stronger
result since they were able to replace the functional y (T) that comes from classical chain-
ing by Talagrand’s y,(T) which is obtained by generic chaining (Talagrand, 2005) and
is known to sharply characterize the expected value of suprema of Gaussian processes. A
purely Gaussian version of this result had previously been established by Gordon (1988).
The restricted isometry property described in Corollary 13.14 was introduced by Candes,
Romberg, and Tao (2006). Its proof via Lemma 13.13 is due to Baraniuk et al. (2008).

Mendelson, Pajor, and Tomczak-Jaegermann (2007) go beyond the scope of Theorem
13.15 and attempt to control ) _-(1/n) D7) X7, - 1 where (X;);<, are independent ran-
dom vectors with EX;; = 0 and EX%S =1forall s € 7, by simply assuming that X;; - X;¢
is sub-Gaussian with variance factor proportional to the squared distance between s and s'.
They provide an extension of Lemma 13.16.

Baraniuk and Wakin (2009) use the same device to perform dimensionality reduction of
a manifold of smooth data using random linear projections. They establish an upper bound
for the rank of random projections needed to guarantee that, with high probability, all pair-
wise Euclidean and geodesic distances between points on the manifold are approximately
preserved.

Theorem 13.15 and Lemma 13.13 provide transparent proofs of upper bounds on the
Gelfand numbers of £} balls derived by Kashin (1977).

The fact that random matrices with independent rows are almost isometric embeddings
is central to the emerging field of compressed sensing (see Donoho (20064) and Candeés
and Tao (2006)). This question is closely related to the control of the largest and smallest
singular values of the random matrix (Xi,j)ifd,jf p and has been further explored by Rudelson
and Vershynin (2010). We refer the reader to Vershynin (2012) and references therein for
more details on non-asymptotic results in the booming theory of random matrices.

Adamczak et al. (2010) consider extensions of the Johnson-Lindenstrauss problem
in which the columns of the random projection matrix do not have ii.d. sub-Gaussian
coefficients but are rather sampled from a log-concave distribution (such as the uniform
distribution over a convex body).

A host of useful bounds for the expected value of suprema of empirical and Rademacher
processes can be found in van der Vaart and Wellner (1996), Giné and Guillou (2001),
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Giné and Koltchinskii (2006), Giné, Koltchinskii, and Wellner (2003), and Massart
(2006). Tail bounds for the Kolmogorov-Smirnov statistic have attracted considerable
attention. Dvoretzky, Kiefer, and Wolfowitz (1956) were the first to obtain sub-Gaussian
inequalities. Massart (1990) proved that

P {p (P, - P)((-00,5])] = f} <207

We refer to Shorack and Wellner (1986) for classical results on the oscillations of the empir-
ical process indexed by half-lines. The analysis of the modulus of oscillation of empirical
processes indexed by general classes of sets goes back to the work of Alexander (1987)
(see also van de Geer (2000) for applications to M-estimation). The impact of concen-
tration inequalities on this topic is thoroughly investigated in Giné, Koltchinskii, and
Wellner (2003), Giné and Koltchinskii (2006), Massart (2000b), Massart and Nédélec
(2006), Massart (2006), and Bartlett and Mendelson (2006). Giné, Koltchinskii, and
Wellner (2003, 2006) consider different re-weighting techniques. Indeed they normalize
(P, - P)f, by its standard deviation o (f,) = (Pf? - (Pf.)*)"/? rather than its variance (see
also Bartlett and Mendelson (2006)). This approach allowed them to investigate moduli of
continuity of empirical processes, that is, quantities like

su |(P_Pn)f5|
P oo ()

where 7, . = {s : 0 (f;) € [r4,1,)} and w is some positive nondecreasing function.

Giné, Koltchinskii, and Wellner (2003) and Giné and Koltchinskii (2006) describe
improvements which take into account the L, (P) norm of the envelop of the class.

Versions of Theorems 13.19 and 13.20 can be found in Massart (20005, 2006),
Koltchinskii (2006), and Bartlett and Mendelson (2006) The version presented here
follows Boucheron, Bousquet, and Lugosi (20054).

Theorem 13.21 was defined by Massart and Nédélec (2006). Matching lower bound for
risk estimates can be found in this paper. For surveys on the classification problem, we refer
the reader to Devroye, Gyérfi, and Lugosi (1996) and Boucheron, Bousquet, and Lugosi
(2005a).

13.11 EXERCISES
The chaining idea
13.1. (ENTROPY NUMBERS AND &-ENTROPY) Considering entropy numbers rather

than packing numbers provides an alternative approach to chaining. Sticking to the
notation of Section 13.1, define the n entropy number e, (S) for n € N, as
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13.2.

13.3.

13.4.

e, (S) = inf{s: N(e,S) < 22n} = inf{s: H(g,S) < 2" log(Z)}.

Using the notation of Lemma 13.1, prove that

[supX X50j| <ad + \/—2:(5,1(5)2"/2 + cZen(S)Z"

se§ j=1 j=1

Hint: forn € N, let S, be a ¢,(S)-packed subset of S with maximal cardinality. By
the definition of e, (S), S| < 2*"" Forn > 1,1et IT,, map each s € S on a nearest-
neighborin S, ; and let Iy (s) = s. (See Talagrand (2005).)

(ANOTHER LOOK AT COROLLARY 2.6) Let Xj, ..., X, be independent random
vectorsindexed by 7. Let ¢y, . . ., &, be independent Rademacher variables. Assume
max;<, sup,. s |Xis| < 1, EX;s = 0Oandleto® > sup_, >+, E[st]/n. Prove that
there exists a universal constant k such that:

ZeXl,s < k max (Gw/nlog|T| log|T|)

Hint: use the contraction principle and the maximal inequality for sub-Gaussian
random variables (Theorem 2.5). (See Koltchinskii, 2008.)

(STEIN’S INTEGRATION-BY-PARTS FORMULA) Prove that if F : R” — R is con-
tinuously differentiable such that for any a > 0, limy— oo F(x) exp(-allx||*) =0
and X = (Xj,...,Xy) is a centered Gaussian vector, then forany 1 < i < d,

E[XF(X)] = i}z [g—:(x)]

Hint: use integration-by-parts to establish the formula in dimension 1, then proceed

Esup
s€T

by conditioning. That this is a characteristic property of Gaussian vectors is at the
core of Stein’s approach to prove central limit theorems; see Chatterjee and Dey
(2010), Chatterjee (20054a) and references therein.

(CHAINING AND ITS LIMITATIONS) Let Y, ...,Y,, ... be a countable collection
of independent standard Gaussian random variables. Let

Z = sup Yi/,/logmax(i,2).

i=1,2,...

The random variable Z is the supremum of a Gaussian process. The natural dis-
tance associated with this Gaussian process is d(s,s') = (1/logs + 1/ logs')"/* for
s #5555 > 2. Check that for § < 1/2, the §-entropy of the index set N satis-
fies k'/8% > H(8,N) > /582 for some constants k, k’. What kind of upper bound
on EZ can be deduced from Corollary 13.22 What kind of lower bound can be
deduced from Sudakov’s lower bound (Theorem 13.4)? Prove that EZ < 0o (10
is a plausible and generous upper bound). Hint: use the fact that for m > 2,
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max;,<i/2m <2 Yi/\/ﬁgi < max;; <i/m<; |Yi|//mlog2. Derive tail bounds for the
latter quantity. Use the union bound. See Talagrand (19964, 2005). Note that the
random variables Y;/+/log max(j, 2) have very different variances and that deriving
sharp upper bounds for the expectation of the supremum relies on slicing the family
of random variables into pieces with similar variances, and computing tight bounds
for suprema over the slices.

(GAUSSIAN PROCESSES INDEXED BY ELLIPSOIDS) Let Xj, . . ., X,, be independ-
ent standard Gaussian random variables. Let (ay,...,a,) € R", with a; > 0 for
1<i<nLetT ={s=(s1,...,8) : >0 s7/a> < 1}.Let Z=sup, > 1, s X

1

Prove that EZ < (}_I_, a?)"/*. Prove also that

E sup Z(si - s;)Xi <

5,8 €T [ls—s'| < ;21

n
8 Zmin(a,—z, A2).
=1

What upper bound does Theorem 13.2 imply in this case? (See Talagrand (1996a)
for a discussion.)

(EXPECTATION OF A MAXIMUM OF INDEPENDENT GAUSSIAN RANDOM VARI-
ABLES) Let (X;)sc7 be independent standard Gaussian random variables. Prove

that for | 7| > 2,
1
E X, > —./log|T]|.
max _ﬁ\/ogl |

(OPERATOR NORM OF A GAUSSIAN MATRIX) Let X = (X;;)1<ij<u be a stand-
ard Gaussian vector considered as an n x n matrix. (This is sometimes called
the Ginibre ensemble.) Let Y = (Y;);<, be a standard Gaussian vector and let Y’
be an independent copy of Y. Let K = §"! x §"! C R?" be the set of pairs of
unit vectors from R". Let Z = sup, ,)cx uTXv be the operator norm of X and let
U= sup(uyv)eK((u, Y) + (v,Y’)) be the sum of two independent isonormal pro-
cesses. Prove that

EZ < EU < 2./n.

Hint: the second inequality is a special case of the bound obtained in Exercise
13.5. The first inequality can be obtained using Theorem 13.3. Note that

uTXv = trace(XvuT). Check that for (4,v) and (s,t) in K, E [(uTXv - sTXt)Z] =

2 .

lou® - tST”iS and H vul - tsTH < lu=s|® + ||v-t||* (see Davidson and Szarek
HS

(2001)).

(THE LARGEST EIGENVALUE OF A RANDOM MATRIX DISTRIBUTED AS THE

GUE) Recall the definition of the GUE from Section 5.10. The largest eigenvalue

of an n X n random matrix from the GUE is the supremum of a Gaussian process

indexed by the unit sphere " = {u € C" : |Ju||*> = 1}:

Z = sup u"Xu= sup trace(Xuu"*),

ues-1 ues+!



400 |

13.9.

13.10.

THE EXPECTED VALUE OF SUPREMA OF EMPIRICAL PROCESSES

where u* is the conjugate transpose of the complex column vector u. Use chaining or
a comparison argument as in Exercise 13.7 to prove that EZ < C for some universal
constant C > 1. Hint: check that foru,v € §*!,

2
Hs’

1
E[(u*Xu - v*Xv)*] = = |uu* - vv* |
n
and that |juu™ - v* ||f15 < 4lu-v|>
(TAIL BOUNDS VIA CHAINING) Let (7, d), (X;),c7, 4, v, ¢, 8, and 5o be defined as
in Theorem 13.1. Let

E =3ad + 68 iz*f ( v(j+2H(8)) +c(j+ ZH(SJ'))>'

=1

Prove that there exists a universal constant « such that forany u > 1

p {supXS -X, > uE} <ke™

seS

Hint: the event

{3s € T;X, - X,, > uE}

0

is included in

U L]J {Xnﬁ,s - Xne = i <3ua + ZW reu(j+ 2H(8}-+1))) }

s€7 j=0

The probability of the events on the right side are upper bounded by

exp (2H(8j,1)) exp (—u(j + 2H(811))).-

Up to a constant, E is not larger than the upper bound on expectation described in
Lemma 13.1.

(CHAINING, FAMILIES OF DISTANCES) Recall the definition of a Gaussian chaos
of order two from Example 2.12. Let X = (Xj,...,X,) be a standard Gaussian
vector. Let 7 be a collection of symmetric n X n real matrices with zeroes in the
diagonal entries. Let Z = sup, XT(A - Ap)X for some fixed Ay € 7. Let IAllop
and ||A]ys be the operator and Hilbert-Schmidt norms of A. Let Hyg (1), Hop (1)
denote the u-entropy of 7 under the two norms. Let

5HS/2

Son/2
E= \/ZHHS(u,T)du+/. ' 2Hop (u, T)du.
0 0



13.11.

13.12.

EXERCISES | 401

Prove that there exists a universal constant « such that forany u > 1,
P{Z > uE} < ke™.

Hint: for each n=1,2,.., let &,,,, be defined by inf{a : Hop(s, 7)< 2”} and
define €y, similarly. Let 7, , and 7y , be the corresponding Eopn— and eys ,—nets.
For each n, 7,,,, and 7y, define two partitions BB, and C, of 7 : the cell associated
with an element A € 7, is

{A/:AIGT, ”A/—A“o = min ”M—A,”}
P
MeT

opn

The cells of C,, are defined in a similar way. For each n, the partition .4, is obtained
by intersecting the cells of 13, ; and C,_;. For each n, let T, map each A € 7 toa
distinguished element of A’s cell in A,. Let ] be the smallest index n such that A, is
trivial. Check that for u > 1,{Z > uE} isincluded in

J-1
U [0~ 2 (25270 10g2) 201 (552 1082) ) |

AeT j=0

We refer to Talagrand (2005, Theorem 1.2.7, Section 2.5, and Chapter S) for a
thorough discussion of generic chaining. Generic chaining provides tails bounds
for suprema of processes whose increments are controlled by a family of distances.
Talagrand discusses the possibility and the difficulties of deriving matching lower
bounds.

VC classes and uniform entropy bounds

(A SUBOPTIMAL BOUND ON THE METRIC ENTROPY OF VC-CLASSES) Using the
notation of Lemma 13.6 prove that forallx > 1,

K 2Kk

Hint: assume there exist N elements A;,...,Ayx of the vVC-class 7 that are
-separated under L,(Q) where Q is a probability distribution over X. Pick
n = 21log N?/8* samples independently at random according to Q. Show that the
vC-entropy of 7 on this sample is at least log N while, according to Sauer’s lemma
it is also less than V'log(en/V) if n > V where V is the vC-dimension of 7 in X'
Proofs of Sauer’s lemma can be found in Sauer (1972), Frankl (1983), Bollobas
(1986), Ledoux and Talagrand (1991). See Haussler (1995) and also Pollard
(1990).

(DENSITY OF 1-INCLUSION GRAPHS) Let C be a collection of subsets of X'. Let
x = (x1,...,%,) beasample of n (not necessarily distinct) elements from X". Recall
that the trace of C on x is defined as

tr(x) ={J:J<{1,...,n},3Ae€C,Vie{l,...,n},ic ] & x; € A}.
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As the trace tr(x) may be identified as a subset of {0, 1}", it induces a subgraph of
the n-cube. This subgraph is called the 1-inclusion graph. The density dens(x) of
this subgraph is the ratio between the number of edges and the number of vertices.
Prove that dens(x) < % log, |tr(x)|. Prove that if C is a VC-class with VC-dimension
V, then dens(x) < V/2.Isthisbound tight? Let Xj, . . ., X,, be independent identic-
ally distributed X'-valued random variables. Let Z = dens(Xj, . . ., X,,). Prove that Z
is a self-bounding random variable. 1-inclusion graphs were introduced in Haussler,
Littlestone, and Warmuth (1994). Their combinatorial properties were used to
investigate the behavior of some online classification algorithms. The analysis of 1-
inclusion graphs proved also useful when deriving sharp bounds on the universal
entropy of VC-classes.

(VC-SUBGRAPH CLASSES OF FUNCTIONS) The subgraph of a function f :
X — Ristheset{(«,t) : x € X,t € R, t < f(x)}. Aclass F of functions ¥ — R
is vC-subgraph with vC-dimension V if the collection of all subgraphs defined by
choosing f € F is a VC-class of subsets of X x R with vC-dimension V. For
any probability measure Q on X, let ||f||q be the L,(Q) norm of f. Prove that
for any vC-subgraph class of functions with vC-dimension V and envelope F (i.e.
supe  |f(x)| < F(x) for all x € X), and any Q, the packing numbers of 7 with
respect to the L,(Q )-pseudometric satisfy

N (8||Fllq,F, Q) < k(V +1)(16¢)"™* (é) .

Hint: use E[| f(X) - f'(X)|]=Q @ M{(x,t):f (x) <t < f(x)Af'(x) <t < f(x)}
where X is distributed according to Q and also that E[|f(X)-f'(X)|*] <
E[|f(X) - f'(X)|2F(X)]. Use Theorem 13.6. See van der Vaart and Wellner (1996,
Chapter 2.6).

(VC-MAJOR CLASSES OF FUNCTIONS) A class F of real-valued functions defined
on a set X is a VC-major class with VC-dimension V if the collection of all subsets
{x:x € Xf(x) > t} defined by choosing f € F and t € Risa vC-class of subsets
of X with vC-dimension V. Prove that a bounded vC-major class of functions is a
multiple of the symmetric convex hull of a VC-class of indicator functions. Hint: use
the fact thatif 0 < f < 1,f(x) = limy— 00 D 1y 1/ml{f()>i/m} (van der Vaart and
Wellner, 1996, Chapter 2.6).

(REGULARLY VARYING UNIVERSAL ENTROPY NUMBERS AND SUPREMA OF
EMPIRICAL PROCESSES) A measurable function f : R* — R is said to be regu-
larly varying at 0o with regular variation index @ € R, if f(x) > 0 for all sufficiently
large x and for all x € R*, lim;_, o0 f(tx)/f(£) = &%. Let (A;);eT be some count-
able class of measurable subsets of X'. Assume there exists a nonincreasing function
¥ : (0,1] — R such that ¥ (1/x) is regularly varying with regular variation index
smaller than 2 such that

H(,T) =¥ ()
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where H(8) = supq logN(8,7,Q) is the universal §-metric entropy of 7 as
defined in Section 13.3. Assume that o € (0, 1) is such that P(A,) <o?, for every
se€T.LetX,,...,X, drawn ii.d. from the distribution P on X and let

1 n
Zh =sup — (Lixeay - P{X;i € A})
7 s€T ﬁ; et
1 n
Zy =sup— Y (P{X; € A} - Lixeny).
i=1

s€T ﬁ i—

Then there exists a universal constant K (that may depend on v but not on o)
such that

max (EZ+,EZ%) < Ko/ ¥ (0/2).

Hint: check first that

o/2
EZ} < K,/o? +EZ”T/ﬁ/ VU (u)du.
0

Check that /1 (1/x)/«* is regularly varying of index smaller than -1 and use
Karamata’s theorem (Bingham, Goldie, and Teugels, 1987) to deduce that

o/2 1 o
0121&/ VU (u)du = E\/W(O’/Z).
0

1-a/2

See also Giné, Koltchinskii, and Wellner (2003 ), and Giné and Koltchinskii (2006).

13.16. (EMPIRICAL PROCESSES INDEXED BY CLASSES OF BOUNDED FUNCTIONS)
Consider the same setting as in Exercise 13.15, but instead of assuming that the
functions indexed by 7 are {0, 1}-valued, assume that they take their values in
[0, 1]. Derive comparable upper bounds for suprema of empirical processes. Hint:
the only difficult part consists of upper bounding E§? = Esup,_1 P, f2 as a func-
tion of 0> and EZ}-. Use symmetrization and the contraction principle to prove that
E§2 < o* + 8EZY//n.

13.17. Assume {f; : s € T} is a pointwise separable class of functions mapping from
X — R with envelope function g (i.e. Va € X,Vs € 7, | fi(x)| < g(x) < bwhere
b € R). Assume there exists ¥ > 0and a nonincreasing function ¢ : R* — Rsuch
that ¥ (1/x) is regularly varying with index smaller than 2 and for all probability
distribution Q,

log(8,7,Q) < ¢ <%).

LetX;, ..., X, beindependently distributed according to P. Assume that Ef; x)? <
o2 foralls € 7.Let Zand Z~ be defined as in Theorem 13.7. Prove that there exists
a universal constant ' (that may depend on i but not on o, P, or 7') such that
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13.18.

13.19.

13.20.

1/2
max(82,82°) < ' (1 (1022 ) )

o

provided o > /¥ (k lIgll1,(p)/0 ). This result generalizes Theorem 13.7 where the

trivial constant envelope is used (see Theorem 3.1, Giné and Koltchinskii 2006).
(THE LOGARITHMIC FACTOR IN THEOREM 13.7) The Kolmogorov—-Smirnov
statistics is an example where the factor /log(E/0’) can be dropped in
Theorem 13.7.Let 7 = QN [0,0 ] forsome o € (0,1]. Fors € 7, let A, = [0, s].
Let Uy,..., U, be independently and uniformly distributed over [0,1] and let
Xis = Liyea — s. Check that (A;)e7 is a VC class with vC-dimension 1. Prove that
foro € (0,1],

1 n
E| — su Xis | < 4o.
|:«/H e ; ' ]

Hint: use the symmetrization inequalities (Theorem 11.4), Lemma 11.12, and
Hoeffding’s inequality. Note that Theorem 3.1 from Giné and Koltchinskii (2006)
can be used to prove that the logarithmic term is not necessary. This can be done
by choosing carefully the envelope function. This result can be generalized to
multidimensional cumulative distribution functions.

(SUPREMA OF EMPIRICAL PROCESSES INDEXED BY BALLS IN HILBERT SPACES
OF FUNCTIONS) Let X, Xj, ..., X, be independently distributed according to P.
Let L, (P) be the set of functions such that Ef(X)* < 00. Let 7 be a d-dimensional
subspace of centered functions from L, (P). Prove that

n

E  sup Zf(X,) < 2R«/nd.
feT i
E[f(X)*]<R?

Hint: use symmetrization. See also Exercise 13.5. Note that if the unit ball of
7 has an envelope function F that satisfies Emax;.;__, F(X;)? < nd/k?* then the

expectation can be lower bounded by R+/nd/ (2« ). See Koltchinskii, (2008).
(SUPREMA OF EMPIRICAL PROCESSES INDEXED BY INTERSECTION OF ELLIPS-
oIDS) Let X, Xy, . . ., X, be independently distributed over X" according to P. Let
L,(P) be the set of functions on X’ such that Ef(X)* < 0o. Assume (gj)1<j<4 is an
orthonormal system of centered functions in L, (P), and let (};);<4 be a sequence of

positive integers. Let
d d 2

ER) = 1f:f=) o) - <R,
j=1 1

i=

d

d
ER)=1f:f= Zajgj,Zocf <R?

j=1 i=1
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Prove that

n

E  sup Zf(Xz) =4
fe&(MN&ER) =1

d
n Z )"J AN RZ.
j=1

Hint: use symmetrization. See also Exercise 13.5. This problem arises in statistical
learning theory in the analysis of the so-called kernel machines (see Mendelson
(2002a), Cucker and Zhou (2007), Steinwart and Christmann (2008) for more
material on the role of reproducing kernel Hilbert spaces in statistical learning
theory).

(MAXIMAL INEQUALITIES FOR CONVEX HULLS OF VC-CLASSES) The symmet-
ric convex hull of a collection F of functions on X’ is defined by

k k
sconv(F) = {inﬁ keNY M <LfeFforl<i< k].
i=1 i=1
Prove that for some universal constant k > 0,

Z eig(Xi)

i=1

n

Z &f (Xi)

i=1

E sup
gesconv(F)

< kEsup
feF

)

where the Xj, ..., X, are independently distributed over X and ¢;,...,¢, are
independent Rademacher variables. See van der Vaart and Wellner (1996).

Norms of sums of random vectors

(METRIC ENTROPY OF UNIT BALLS) For p € [1,00], and positive integer d, let
B;Z be the unit ball of K;l. Prove that g-entropy of BZ under the E}‘f metric H (8, B;f)

satisfies
dl 1<H< Bd)<dl 142
- g, < +- ).
8= P °8 €

Hint: use a volume argument. Forany 0 < ¢ < 1, EZ balls of radius £/2 centered on
an g-net for B‘Z are disjoint and included in (1 + &/ Z)BZ‘ The volume of SBZ is &¢
times the volume of BZ. Meanwhile, BZ is included in the union of KZ balls of radius
& centered on a g-net for BZ.

(ON THE CONSTANTS IN NEMIROVSKI’S INEQUALITY) Recall the notation and
setup of Theorem 13.10 and let V.= ) 1| E||X,~||; denote the “strong variance.”
Prove that

E|S.I? < K(p,d)V,
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where

d¥rt ifl<p<2
K(P) d) = dl—Z/p if2 < P < o0.

(Nemirovski, 2000.)
(AN IMPROVEMENT) Using the notation of the previous exercise, prove that for
p > 2, one may choose

K(p,d) < inf (q-1)d”a%F
(r )_qe[g}JUR(q )

(see Duembgen et al. 2010).

(NEMIROVSKI’S INEQUALITY AND THE BANACH-MAZUR DISTANCE) Let B and
B’ denote two Banach spaces. The Banach-Mazur distance dy,,,(B, B’) between B
and B’ is defined as

inf{ | T|| - |T7"]| : T is an isomorphism between B and B/},

where || T|| = sup{||Tx|lz/llx|lp : x € B}. Prove that if X; are independent ran-
dom vectors from B, and S, = ) | X;, then

E”Sn”]zB < (dbm(B; H))2 \4

where H is any Hilbert space (Duembgen et al. 2010).

(DISTRIBUTION OF W;(a)? - Wi(a')?) Using the notation of Section 13.6
and assuming that (X;;)i<4j<p are independent standard Gaussian, prove that
Wi(a)? - Wi(e')?* is distributed like sin(6)Y; - sin(6)Y, where 6 is the angle
between ¢« and «’, and Y3, Y, are independent Xf-distributed random variables.
Deduce from this exact representation that for A < d/(8la - &’||),

MIW@P-Iwe)R) _ 4 (1 421 (a 0/>2)>

log Ee =5 log e

A28lla -’ ||*)/d
~2(1-8hlla-a'|l/d)’

(STAR SHAPING) Fori=1,...,n, let X; = (X,-,S)SET be independent identically
distributed centered random vectors. Forr > 0,1let 7, = {s : s € 7, E[st] <k
Let L be a function on 7 that satisfies E[X?]"> < L(s). Assume that for all
s € T, |X;s| < 1almost surely. Prove that the function

n

Y*(r)=E sup ZotX,-,S.
seT,ael0,1] ;—;
aL(s)<r
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defined for r > 01is sub-linear. Prove that for every r > 0,

Esup L(s)) Z is = (")

seT max(r;

The so-called “star-shaping” technique, originally used in asymptotic geometry, has
been successfully used in statistical learning theory (see Bartlett and Mendelson
(2006), Mendelson and Philips (2004), Mendelson (2003, 2002b, 2002a), Bartlett,
Bousquet, and Mendelson (2002b), and Bartlett and Mendelson (2002)).

(LIE PRODUCT FORMULA) Let A, Bbe n X n matrices (not necessarily symmetric
or Hermitian). The exponential of a matrix exp(A) is defined by the power series
expansion exp(A) = > o) A"/n!. Prove that

A B\"
exp(A +B) = lim (exp — exp —) .
m—>00 m m

Hint: first check that for any n X n matrices X, Y,

IX™ = Y™ < m(max([|X]], [Y]))" " I1X - Y.
Then apply this bound to X, = exp (A—:f) and Y, = exp % exp % to show that
IX" — Y|l = O(1/m). See Bhatia (1997, Chapter IX), and the references therein.
(GOLDEN-THOMPSON INEQUALITY) Let A and B be two n x n Hermitian
matrices. Prove that

trace(exp(A + B)) < trace(exp(A) exp(B)).

Hint: check first that for any two Hermitian positive semi-definite matrices X, Y, for
alm=1,2,...,

trace ((XY)Z'") < trace ((XzYZ)m).

Combine this inequality with the Lie product formula (Exercise 13.28) using
X = exp(A/m),Y = exp(B/m) with m = 2¥*1, take k to infinity and use the con-
tinuity of the trace to conclude. The Golden-Thompson inequality is a special case
of the following more general statement: if f is a complex-valued function over the
space of matrices that satisfies f(XY) = f(YX) and |f(X*")| < |f((XX*)™)], then
0 < f(exp(A + B)) < f(exp A exp B) for any Hermitian matrices A, B. See Bhatia
(1997, Chapter IX).

(RUDELSON’S INEQUALITY FOR RADEMACHER SUMS) Let A, ..., A, be sym-
metric d X d matrices. Let Xj, . . ., X, be independent Rademacher random vari-
ables. Let Z = || Z;’zl XA]|ando? = ”Z?:l Ai2 ” Prove that

Var(Z) <o® and EZ < ,/mlog(2d)o.
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Hint: the proof of the variance bound parallels the proof of the Gaussian case in
Theorem 13.8. Replace Exercise 3.24 by Example 3.6. The proof of the upper bound
on expectation follows from Theorem 13.8 by a general comparison argument (see
Exercise 11.14).

(MATRIX HOEFFDING INEQUALITIES) Let X, . . ., X,, be independent symmetric
d x dmatrices. Let Ay, . .., A, be deterministic symmetric d X d matrices. Let | - ||
denote the operator norm. Assume EX; = 0 and A? - X? is positive semi-definite
almost surely forall 1 <i <n.LetZ= |Y " X;| ando? = ||} I, A?|.Prove that

EZ < 2,/2logdo
Var (2) < o?
P{Z>EZ+t} <et/s

Hint: use results and methods from Section 13.4, symmetrization inequalities
(Lemma 11.4), and the bounded-differences inequality. See Tropp (2010a).
(SUMS OF POSITIVE SEMI-DEFINITE MATRICES) Let Xi,...,X, be inde-
pendent symmetric positive semi-definite d X d matrices. Let || - || denote the
operator norm. Assume that ||X;|| <1 almost surely for all 1 <i<n. Let
Z = || Y, Xill. Prove that Var (Z) < EZand that Z satisfies the following Bennett-
style inequalities:

P{Z>EZ+t} <exp (—EZh (Eiz»

fort > 0, while

P{Z<EZ-t} <exp (‘EZh <1;_;)>

for0 <t < EZ, where h(t) = (t + 1) log(t + 1) — t. Prove that EZ satisfies

i=1

EZ < 2./2logdvVEZ +

Hint: to prove the first part, verify that Z = || Y . X;|| is self-bounding and use
Theorem 6.12. The last relation entails EZ < 8logd + 2 ”E Z?zl X; ” It is imme-
diately seen that EZ > ”E Yo X ” On the other hand, letting n = d, and letting
all X; be uniformly distributed among the orthogonal projections on the lines gen-
erated by vectors of the canonical basis, it is not hard to verify that EZ is not
smaller than the maximum number of balls that fall into one bin when throwing
d balls into d bins at random. The latter is known to be tightly concentrated around
log(d)/ log(log(d)). Compare with matrix Chernoff bounds in Tropp (20104a) and
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in Ahlswede and Winter (2002). The latter upper bounds the probability that
Z is larger than p +t by dexp(-uh(t/1)) where pu = ”E > X,-“ . Obviously,
dexp(-ph(t/p)) > exp (-EZh (1)) -

(BENNETT— AND BERNSTEIN-TYPE INEQUALITIES FOR MATRICES) Let
Xj, ..., X, be independent symmetric random d X d matrices. Let || - || denote the
operator norm. Assume that EX; = 0 and || X;|| < 1 almost surely forall1 <i < n.
Let Z=|| Z?:l X;||. Prove that Var(Z) <v=||E Z?:l X12|| +2EZ and that Z
satisfies Bennett- and Bernstein-style inequalities with variance factor v and scale
factor 1. Hint: use Bousquet’s inequality. See Tropp (2010a).

Suprema of some classical processes

(LE CAM’S POISSONIZATION LEMMA) Let 7 be a finite index set. Let
X; = (Xis)seT,i=1,2,... be independently identically distributed and centered.
Let N, be a Poisson random variable with expectation #, independent of the X;.
Prove that

(1— —)EsupZX,s < EsupZXlS

seT g s€T

Hint: let (Y;);en be Poisson random variables with expectation 1 independent of the
X.. Use the fact that the left-hand side equals Esup . Y ., (E[Y; A 1])X; s (van der
Vaart and Wellner, 1996).

(VARIANCE OF THE SUPREMUM OF THE KAC PROCESS) Let 7 be a finite set. Let
X; = (Xis)se7, i =1,2,... be independently identically distributed and centered
random vectors with |X;| < 1. Let N, be a Poisson random variable with expect-
ation n, independent of the X;. Let N, be Poisson distributed with expectation n and

independent of the X;. Let Z; = sup__, Z:C:l X;s. The supremum of the Kac process
is defined by

—supZX,s =Zn,.

s€T i
Leto?® = sup, EXi .- Prove that

Var (Z) < EN,0* + 2EZ

N,+1 2
+EN,E ( |:sup ZX,S supZX,,s n:|>

s€T

E[Z s N,]\?
< ENyo? + 252+ EN.E |  EZmeiun|NaI N
max(N,, 1)
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13.36.

13.37.

13.38.

13.39.

Hint: use the Poisson Poincaré inequality (Exercise 3.21) and Theorem 11.10.
(VARIANCE OF THE SUPREMUM OF THE KAC PROCESS, CONTINUED) Using the
notation of Exercise 13.35, prove that

N,

Var (Z) < Esup ZX + EN, sup EX7 ,
s€T i s€T

See Reynaud-Bouret (2003, page 109).

(VARIANCE OF THE SUPREMUM OF THE KAC PROCESS INDEXED BY A VC-
CLASS) Use the notation of Theorem 13.7 and Exercise 13.35 to prove that the
variance of the Kac process indexed by a VC class with VC dimension V, where each
set has probability at most than 0%, is upper bounded by

/ e e
no’ + ko Vnlog — +KVOZIOg -,
o o

where k is a universal constant.
(CRAMER-VON MISES STATISTIC). The Cramér—von Mises statistis is defined as

= n'/(; (Pn([oyx]) _x)zdxr

where P,([0,x]) = Y %, Lx< is the empirical measure defined by Xj, ..., X,
that are independently distributed according to the uniform distribution. Show that
Z is the supremum of an empirical process. Derive an upper bound for EZ. Compute
the Efron-Stein upper bounds for Var (Z). Hint: use the Riesz-Fischer theorem to
represent Z as the supremum of an empirical process. Denoting by 7 the class of
rational sequences (s;);<ny with ), 57 = 1, prove that

= supi/ siv/2sin(2mix) (P, ([0, x]) - x)dx

s€T

(van der Vaart and Wellner, 1996, Chapter 2.13).
(ANDERSON-DARLING STATISTIC) The Anderson-Darling statistic is defined by

Z2 -n ! (Pn([oy x]) _x)Z dx

0 x(l -x)

Prove that Z is the supremum of an empirical process. Compute the Efron-Stein
upper bound on the variance of Z and compare it to EZ* = 1. Hint: proceed as in
the previous exercise.
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(HIGHER CRITICISM STATISTIC) Define the higher-criticism statistic by

S () B

se[1/v/m1-1//7] Vs(1-5)

where P, denotes the empirical distribution defined by a sample Xj,...,X,
drawn independently from the uniform distribution over [0, 1], Use the tools
of Section 13.7 to show that EZ < ,/2loglogn. Prove that the variance of Z is
bounded by a function of 1/(2 loglog n). Hint: it is known that

IOg /logl;;gn ;
P {./2loglogn | Z- \/210g10gn+# <ty —>e°,
oglogn

that is, that after centering and rescaling, Z converges in law to a Gumbel distri-
bution. See Donoho and Jin (2004), Jaeschke (1979), and de Haan and Ferreira
(2006).

(PROPERTIES OF SUB-LINEAR FUNCTIONS) Recall that ¥ : [0,00) — [0,00)
is sub-linear if it is non-decreasing, continuous, ¥ (x)/x is nonincreasing, and
¥ (1) > 1. Prove the following: (a) If ¥ and p are sub-linear then so are ¥ o p
and ¥ + p. (b) Forany o > (1), the equation ar* = 1 (r) has a unique solution
in (0, 1]. (¢) If ¥ is sub-linear, then ¥ (u + v) < ¥ (u) + ¥ (v). (d) If X is a positive
random variable, then Ey/ (X) < 2 (EX).

Let  and p denote non-trivial sub-linear functions. Let r, denote the unique
positive solution of the equation /nr* = ¥/ (o(r)). For some a, b, ¢ € [0, 00) with
a > 1,let u denote the unique solution of equation > = \/L; Y(p(r)) + %p(r) +c
Check that

<2 (a2 + bz) ri + 2c.

See Koltchinskii (2006), Massart and Nédélec (2006), and Massart (20005, 2006).
(JOHNSON-LINDENSTRAUSS THEOREM FOR SPARSE VECTORS) Consider the
notation of Lemma 13.13. For a subset A € RP, let conv(A) denote the convex hull
of Aandfork > 0,let AMA={ix:x € AlandA-A={x-y:xy € A}. Let Abe
the subset of unit vectors of R” whose components of index larger than k are zero.
For0 < ¢ < 1,let A, be an g-net for A. Prove that for 0 < & < 1, A C 2conv(A,).
Use this inclusion and the contraction principle (see Lemma 11.5 and Exercise
11.11) to establish that

Esup [W(a)| < 2E sup [W(a)ll.

aeA aeA,

Use this result to give another proof of Lemma 13.13. See Mendelson, Pajor, and
Tomczak-Jaegermann (2008).
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®-Entropies

In Chapter 3 we introduced a machinery that allows us to derive bounds for the variance
of a function of independent random variables. Then, in Chapters 5 and 6, with the help of
logarithmic Sobolev inequalities and their modifications, we were able to derive exponential
concentration inequalities, somewhat analogous to the Efron—Stein inequality. We call this
the entropy method because it is based on a crucial sub-additivity property of the entropy,
shown in Chapter 4. A necessary condition for the entropy method to work is the finiteness
of the moment-generating function of the random variable of interest.

The purpose of this chapter and the next is to introduce a methodology to bound higher
moments of functions of independent random variables. This method, though more tech-
nical than the entropy method, is at least as powerful and works for random variables that
are not necessarily exponentially integrable.

Our approach is based on a generalization of the entropy method. The basic pillar of
the method is the introduction of certain convex functionals of random variables that
we call ®-entropies. These functionals may be thought of as a common generalization of
the variance and the entropy of a random variable.

In Section 14.1 we start by investigating the sub-additivity properties of ®-entropies.
We establish a duality formula, generalizing the one proved for the “ordinary” entropy in
Section 4.9 and characterize ®-entropies that are sub-additive.

The next step in our program of extending the entropy method consists of deriving
inequalities that we name “®-Sobolev inequalities,” generalizing the modified logarithmic
Sobolev inequalities obtained in Sections 6.3 and 6.8. This is done in Section 14.2.

We close this chapter by deriving, in Section 14.3, sharp ®-Sobolev inequalities for
Bernoulli distributions. As a corollary, we obtain the optimal constant of the logarithmic
Sobolev inequality for unbalanced Bernoulli distributions.

14.1 ®-Entropy and its Sub-Additivity

Let @ : [0,00) — R be a convex function and assign, to every nonnegative integrable

random variable Z, the number
Ho(Z) = E®(Z) - ®(EZ).



®-ENTROPY AND ITS SUB-ADDITIVITY | 413

By Jensen’s inequality, Hp (Z) is always nonnegative. We call H (Z) the ®-entropy of Z.

Observe that with ®(x) = x?, the ®-entropy is just the variance of Z, while for
®(x) = xlogx, Hp(Z) reduces to the “ordinary” notion of entropy introduced in Chapter
4. In the next chapter we show that other choices of @, in particular, ®(x) = x* for
a € (1,2],yield interesting variants and an appropriate modification of the entropy method
based on such ®-entropies leads to non-trivial moment inequalities.

As before, we are interested in random variables Z that are functions of independ-
ent random variables. In particular, we consider Z = f(Xj, ..., X,) where Xy, ..., X, are
independent random variables taking values in a set X’ and f is a nonnegative function
on X",

The key property that we need is the following sub-additivity inequality of ®-entropies:

Ho(2) <BY 1 (2)

i=1

where Hg) (2) =EY®(Z) - ®(EWZ) is the conditional entropy and, as before,
E®  denotes conditional expectation conditioned on the n-1l-vector X =
(Xl; <. -;Xi—I;XHl; e an)-

When ®(x) = «?, this sub-additivity property is just the Efron-Stein inequality
(Theorem 3.1), while with ®(x) = xlogx it becomes the sub-additivity inequality of the
“ordinary” entropy (see Theorem 4.22).

Here we show that ®-entropies are sub-additive for a large class of convex functions ®.
In fact, we characterize the class of functions @ that give rise to entropy functionals with the
sub-additive property.

First we point out that sub-additivity is equivalent to a simple “Jensen-type” inequal-
ity. On the one hand, observe that for n = 2 and setting Z = f(X;, X, ), the sub-additivity
property reduces to

Ho ( / f<x,xz>dm<x)) < [ Ho (165 X it (9, (140

where (4; denotes the distribution of X;. On the other hand, (14.1) implies the sub-
additivity property. Indeed let Y; be distributed like X;, and let Y, be distributed like
the n - 1-tuple X5, ..., X,. Let t; and p, denote the corresponding distributions. Then
Z = f(Y1,Y,) is a measurable function of the two independent random variables Y; and Y;.
By the Tonelli-Fubini theorem,

1o(2) = [[ (@600~ ([ 50100

+@ (/f(y’pyz)dm(yi))
-0 ([ s0hs0 )00 ) st 0)
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- | ( / [¢<fu1,y2>> o ( / f<y1,yz>dma>) ]dm(yl)) ()
e [ (o ([ s6tmanon)

o ( / f<ya,y;>dma>dm;>) )dm(y»

= | Ho(f(Y1,52))du2(y2) + Ho fOL Ya)dua ()
/ (/ )
< f Ho (f(Yi,92))dia(y2) + / Ha (£, Y2)) din (),

where the last step follows from (14.1). In other words, we get
Ho(2) = BH (@) + [ Ho (/w1 X0, %) dis ().

Proceeding by induction, (14.1) leads to the sub-additivity property for every n.

Thus, the sub-additivity property of Hg is equivalent to what we could call the Jensen
property, that is, (14.1). This implies that in order to prove sub-additivity of a ®-entropy, it
suffices to show that it has the Jensen property.

We establish that the functional Hg satisfies the Jensen property by following the lines of
the proof of the sub-additivity property for the “usual” entropy shown in Section 4.13. The
key of this proof is a duality formula that expresses He as a supremum of affine functions.

Theorem 14.1 (SUB-ADDITIVITY OF ®-ENTROPY) Let C denote the class of functions
® : [0,00) — R that are continuous and convex on [0,00), twice differentiable on
(0,00), and such that cither ® is affine or ®” is strictly positive and 1/®" is concave.
For all ® € C, the entropy functional He is sub-additive.

As mentioned above, the main ingredient of the proof of Theorem 14.1 is a duality
formula for ®-entropy of the form

Hy (2) = ;UI;E (V1 (T)Z+ 4 (T)],

for convenient functions ¥; and v, and a suitable class of nonnegative variables 7.
Such a formula obviously implies that the functional He is convex. On the other hand,
it also implies the Jensen property and therefore the sub-additivity property for He by
the following simple argument: consider again Z = (Y7, Y;) as a function of Y; = X; and
Y2 = (Xl, e Yn) Then
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Ho ( / f(yl,mdm(yl))

- | [%(T@m [ v+ wmm»} A ()

TeT
(by Fubini’s theorem)

- | ( [ 00101+ 0a(1020)] dm») d ()

TeT

IA

/ <sup [ o003 + 4:(16)) dm(m) di(n)

TeT

= /Hd>(f()’1;Y2))dM1()’1)-

Thus, in order to complete the proof of Theorem 14.1, the following lemma is sufficient.
Denote the convex set of nonnegative and integrable random variables Z by IL;.

Lemma 14.2 (DUALITY FORMULA FOR ®-ENTROPIES) Let ® € CandZ € L. If ® (Z)
is integrable, then

He(Z) = sup {E[(CD/ (T)- @' (ET))(Z2-T) + dD(T)] - ® (ET) }

TeL!,T#0

Proof The case when  is affine is trivial: Ho equals zero, and so does the expression
defined by the duality formula.
Note that the expression within the brackets on the right-hand side equals He (Z)
for T = Z, so the proof of Lemma 14.2 amounts to checking that

Ho(Z) > E[(QD/(T) @' (ET))(Z-T) + cp(T)] - & (ET)

under the assumption that ®(Z) is integrable and T € L;.
Assume first that Z and T are bounded and bounded away from 0. For any
A e[0,1],wesetTy = (1-A)Z+ AT and

g(A) =E[(®'(T;) - ¥ (ET;)) (Z-T)] + Ho (T5.) .

Our aim is to show that the function g is nonincreasing on [0, 1]. Noticing that
Z - T, = AM(Z - T) and using our boundedness assumptions to differentiate under the
expectation, we have

g =-A(E[(z-T) " (T})] - (E[2-T])* ®" (ET:))
+E[(®'(T)) - ' (ET,.)) (2~ T)]
+E[®' (T3)(T-2)] - 9" (ET,)E[T - Z],



416 | ®-ENTROPIES

that is,
¢0) = -1 (E[(Z-T) ' (T))] - (E[Z-T])" ®' (ET)).

Now, by the Cauchy-Schwarz inequality,

(E[Z-T)) = ( [(z T)/®" (T) W])

i|E[(Z— T)* @" (T3)].

<E !
<25

Using the concavity of 1/®”, Jensen’s inequality implies that

E[cb” ;n)} < Sy

which leads to

(E[zZ E[(z-T)*®"(T))],

" = o)

which is equivalent to g’(A) < 0 and therefore g(1) < g(0) = Hy(Z). This means
that forany T, E [ (®'(T) - @' (ET)) (Z- T)] + Ho(T) < Ho (2).

In the general case we consider the sequences Z, = (ZV 1/n) An and T} =
(T Vv 1/k) A kand our purpose is to take the limit, as k,n — 00, in the inequality

Ho(Z,) = E[(®' (T1) - @' (ET4)) (Zy - Te) + @ (T) | - @ (ETw),
which we can also write as
E[Y(Z, Tv)] = -9’ (ETc) E[Z, - T] - ® (ETy) + ® (EZ,), (142)
where (2, t) = ®(2) — ®(t) - (z - £)®'(¢). Since we have to show that
E[V (2,T)] > -® (ET)E[Z-T] - ®(ET) + ®(EZ) (143)

with ¥ > 0, we can always assume ¥ (Z,T) to be integrable (since otherwise
(14.3) is trivially satisfied). Taking the limit when n and k go to infinity on
the right-hand side of (14.2) is easy, while the treatment of the left-hand side
requires some care. Note that 1/(z,t), as a function of t, decreases on (0,z) and
increases on (z,00). Similarly, as a function of z, ¥ (z,t) decreases on (0,t) and
increases on (t, +00). Hence, for every t, ¥ (Z,,t) < ¥ (1,t) + ¥ (Z,t) while for every
2, ¥ (2, Tr) < ¥ (2, 1) + ¥ (z, T). Hence, given k,

W(Zm Tk) =< lﬁ(l, Tk) + 17”(21 Tk);
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as ¥ ((zV 1/n) An,Ty) = ¥(z, Ti) for every z, we can apply the dominated
convergence theorem to conclude that Ey/(Z,, T) converges to EY/(Z, Ti) as
n — 00. Hence, we have

EY(Z,Ty) > - (ETy) E[Z - Ti] -  (ETy) + @ (EZ).

Now we also have ¥ (Z, T) < ¥ (Z,1) + ¥(Z, T) and we can apply the domin-
ated convergence theorem again to ensure that E (Z, T}.) converges to EY/(Z, T) as
k — oo. Taking the limit as k — oo implies that (14.3) holds for every T,Z € L}
such that ®(Z) is integrable and ET > 0. If Z # 0 a.s,, (14.3) is achieved for T = Z
while if Z = 0 a.s., it is achieved for T = 1 and the proof of the lemma is now complete
in its full generality. O

Remark 14.4 Note that since the supremum in the duality formula of Lemma 14.2
is achieved for T =Z (or T =1 if Z = 0), the duality formula remains true if the
supremum is restricted to the class 7g of variables T such that ®(T) is integrable.
Hence, we may also write the alternative formula

He(Z) = Tsqu {E[(®'(T) - @'(ET)) (- T)] + Ho(T)} .

Remark 14.5 Note that Lemma 14.2 generalizes the duality formula of Theorem 4.13 for
the “usual” entropy. Indeed, taking ®(x) = x logx, we get

Ent(Z) = sup {E[(log (T) - log (ET)) Z]}

where the supremum is extended to the set of nonnegative and integrable random vari-
ables T with ET > 0. Another case of interest is ®(x) = «”, with p € (1,2]. In this
case, one has, by the previous remark,

Ho(Z) = sup {pE[z (17" - (ET)" )] - (p - 1) Ho(T)},

where the supremum is extended to the set of nonnegative variables in IL,.

Remark 14.6 For the sake of simplicity we have focused on nonnegative variables and con-
vex functions @ on [0, 00). This restriction can be suppressed and one may consider
® that is a convex function on R and define the ®-entropy of a real-valued integrable
random variable Z by the same formula as in the nonnegative case. Assuming this time
that @ is differentiable on R and twice differentiable on R \ {0}, the proof of the dual-
ity formula above can be easily adapted to cover this case provided that 1/®” can be
extended to a concave function on R. In particular, if ®(x) = |x|’, where p € (1,2],
one gets

TP |ET|?

o) = sp {p | 2 (- 1) |- - v o (1)
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where the supremum is extended to L. Note that for p = 2 this formula reduces to the
classical one for the variance

Var (Z) = 51;p {2 Cov(Z, T) - Var (T)} ,

where the supremum is extended to the set of square integrable variables. This means
that the sub-additivity inequality for the ®-entropy also holds for convex functions ®
on R under the condition that 1/®" is the restriction to R \ {0} of a concave function
onR.

We close this section by pointing out that, provided that ®” is strictly positive, the con-
dition 1/®" concave is necessary for the sub-additivity property to hold. In fact, even more
is true: the concavity of 1/®” is necessary for the ®-entropy Ho to be convex on the set of
bounded and nonnegative random variables.

Proposition 14.3 Let ® : [0,00) — R be a strictly convex function which is twice differenti-
able on (0, 00). Let the probability space (2, A, P) be rich enough in the sense that P maps
A onto [0, 1]. If He is convex on the set of of bounded, nonnegative random variables, then
®"(x) > 0 foreveryx > 0and 1/P" is concave on (0, 00).

Proof Let6 € [0,1] andletx, «’,5,5 > 0.By the assumption on the probability space, we
may define a pair of random variables (X, Y) by

(x,y) with probability 6
(x/,y") with probability 1 - 6.

o - |
Then convexity of Hp means that
He (OX+(1-1)Y) < AHo(X) + (1 - A)Ho(Y)
for every A € (0, 1). Defining, for every u,v > 0,
Fi(u,v) = =@ (Au+ (1 = 2)v) + A@(u) + (1 - 1) D(v),
the inequality is equivalent to

F, (Q(x,y) + (1 - 9)(96/»)/)) = QFA(x;}’) + (1 —Q)Fx(x/;}/)-

Hence, Fj is convex on (0,00)% This implies, in particular, that the determin-
ant of the Hessian matrix of F; is nonnegative at each point (x,y). Thus, setting
X =Ax+ (1-1)y,

[ (x) - 20" ()] [®"() - (1= 2)®" ()] = 2(1-2) [®" ()],
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which means that
" (x)®"(y) = 20" () D" (x3.) + (1 = 1) D" (x) D" (xy).

If ®”(x) = 0 for some point x, we see that either ®”(y) = 0 for every y, which is
impossible because @ is assumed to be strictly convex, or there exists some y such
that ®”(y) > 0 and then ®” is identically equal to 0 on the nonempty open interval
with endpoints x and y, which also contradicts the assumption of strict convexity of ®.
Hence @ is strictly positive at each point of (0, 00) and the inequality above becomes

1 Lk, -
D" (hx+ (1-A)y) — @"(x)  @"(y)

which implies that 1/®” is concave. O

14.2 From ®-Entropies to ®-Sobolev Inequalities

Now we describe the next step in our program of deriving moment inequalities for func-
tions of independent random variables. The program follows the outline of the entropy
method for proving exponential concentration inequalities. Recall that, after establishing
the sub-additive property of the entropy, we used symmetrization and variational argu-
ments to derive modified logarithmic Sobolev inequalities (recall Theorems 6.6 and 6.15).
The following lemma generalizes these symmetrization and variational arguments.

Lemma 14.4 Let @ be a continuous and convex function on [0, 00). Then, denoting by @’ the
right derivative of ®, for every nonnegative and integrable random variable Z,

Ho(2) = uirzlgE [@(2) - D (u) - (Z-w)®' (w)].
Let Z' be an independent copy of Z. Then
Ho(2) < JE[(2-7) (¥(2) - ¥/(2))] = B[(2-2). (#/(2) - @'(2))].
1f, moreover, ¥ (x) = (®(x) - (0)) /at is concave on (0, 00), then

Ho(2) < E[(2-2) (¥ (2) -¥(Z2))] =E[(2-Z), (¥(2) -¥(2))].

0| =

Proof Without loss of generality, we assume that ®(0) = 0. By the convexity of ®, for all
u>0,

~O(EZ) < -@(u) - (EZ - u) @' (u),
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and therefore
Ho(2) < E[®(Z) - ®(u) - (Z - u)®'(u)].

Since the latter inequality becomes an equality when u = EZ, the variational formula is
proven. Further, since Z' is an independent copy of Z, we find that

Ho(2) < E[®(2)-®(Z) - (2-2) ¥ (Z)]
<-E[(z-Z)®'(Z)]

and by symmetry,
2He(2) <-E[(Z -2)®'(2)] -E[(2-Z) @'(Z)],

which leads to the second inequality of the lemma. To prove the third inequality, we
simply note that

SE[(2-2) (6(2) -y (@))] - Ho(2) = -BZEY(2) + D(E2).

But the concavity of ¥ implies that EY(Z) < ¥ (EZ) = ®(EZ)/EZ and the result
follows. .

The next lemma shows that we can apply the third inequality of the lemma whenever
® € C. In particular, for ®(x) = «*, with p € (1, 2], it improves on the second inequality
by a factor of p.

Lemma 14.5 If ® € C, then both @' and ¥ (x) = (P (x) — @ (0)) /x are concave on (0, 00).

Proof Without loss of generality we may assume that ®(0) = 0. If ® is strictly convex,

! > 1-4 ’\ (by th ity of 1/®")
+
D"(1-Nu+irix) — ©"(u) P"(x) y e concaviy e
A
> O] (since by the strict convexity of @, ®”(x) > 0).
x

In any case, the concavity of 1/®” implies that for every A € (0, 1) and every x,u > 0,
AD” ((1-Nu+rx) < @"(x),
that s, forall t > 0,

AD"(t+ Ax) < " (x).
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Letting A — 1, we see that ®” is nonincreasing, that is, ¢’ is concave. Setting

¥ (x) = ®(x)/x, one has
Y (x) = 2D (x) - 22D (x) + 2D (x).

The convexity of ® and its continuity at 0 imply that lim,_, o x®’(x) = 0. Also, by
concavity of ¥/,

0" (x) < 2 (P (x) - D' (x/2)),

so lim,—.o x*®"(x) = 0 and therefore lim,, x>/ (x) = 0. Denoting (abusively) by
®®) the right derivative of ®” (which is well defined since 1/®” is concave) and by y
the right derivative of x*¢” (x), we have y (x) = x*®3)(x). Then y (x) < 0 since &”
is nonincreasing. Thus, x*¥”(x) is nonincreasing. Since x*¥” («) tends to 0 at 0, this
means that x*y”(x) < 0 and therefore 9" (x) < 0, proving the concavityof Y. [

Now we are prepared to prove analogs of the “modified logarithmic Sobolev inequalities”
of Theorems 6.6 and 6.15. Analogous with this terminology, we may refer to the follow-

ing two theorems as modified ®-Sobolev inequalities. The purpose of these inequalities is to

upper bound the ®-entropy of a conveniently chosen convex function of the variable of
interest Z.

In the following, X, . . ., X,, denote independent random variables, taking values in some
space X and f : X" — 7 is a function mapping into a (possibly infinite) interval Z C R.
Let Z=f(Xy,...,X,) and let Z/ = f(Xy,...,X],...,X,) be obtained by replacing the
variable X; by an independent copy X .

As in Section 6.9, we introduce the random variables

V=2 Ez-2)]

and
V=) Elz-27],
i=1
where E’ denotes expectation with respect to the variables X7, . . ., X! only.

If f,: X"'— 7 are arbitrary measurable functions, we write Z; = fi(x®) =

ﬁ(Xlx oo ;Xi—l;Xi+1) e 1Xn) and

V= i(z -Z)%

Then we have the following “®-Sobolev” inequalities.
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Theorem 14.6 Let & € C and let 1) be a nondecreasing, nonnegative and differentiable convex
function onZ. Let yr (x) = (P (x) — ®(0)) /x. If the function {r o 1 is convex, then

Ho(n(2)) < E[v* (29 (n(2))].
On the other hand, if ®' o 1 is convex and Z; < Zforalli = 1,...,n, then

Ho(n(2) = SB[V (29" (n(2))].

Proof First fixx < y and assume that g = &’ o 7 is convex. Setting

(o) = S(n(y) - D(n(®)) - (n(y) : n(t))g(t),
we have

W(t) = -g'(t) (n(y) - n(t)).

But for every t < y, the monotonicity and convexity assumptions on 1 and g yield

0=g() =g () and 0=n()-n()=G-O7(),

hence
W) =G -)n' (g )
Integrating this inequality with respect to t on [« y], we obtain
2(n(y)) - 2(n(x)) - (n(y) - n(x)) ' (n(x)) S S -2 (n()).

Now sub-additivity of the ®-entropy (Theorem 14.1), combined with the variational
inequality of Lemma 14.4 and the inequality above lead to

Ho <n<z>><—ZE[<z 2y ()9 (n(2)) ]

and therefore to the second inequality of the theorem.
Under the assumption that ¥ o 7 is convex, we have

0<n(y)-nx) <@-xn'(y)

and

0=y -v¥(nx) = G-)1MY¥'1nk)
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which implies

(1) - 1) G - () < (x-y) GV ().

The first inequality of the theorem follows from here in a similar way, but using the last
inequality of Lemma 14.4. O

The case when 7 is nonincreasing is handled by the following theorem.

Theorem 14.7 Let ® € C and let 1) be a nonnegative, nonincreasing, and differentiable con-
vex function on Z. Let Y (x) = (®(x) — ®(0))/x. If Z is a random variable satisfying
Z < min; <<y, Z; and if ®' o 1 is convex, then

Ho(n(2)) < %E [vi* @ @' (1(2)],
while if r o 0 is convex, we have
Ho(n(2)) < B[V (2) ¥ (n (2)]
and
Ho(n(2) < E[V 0 (2)0'(1(2))].

The proof of Theorem 14.7 parallels the proof of Theorem 14.6 and it is left to the reader
as an exercise (see Exercise 14.1).

Observe that by taking 77(z) = exp (Az) and ®(x) = xlogx in Theorems 14.6 and 14.7,
we obtain

Ent(e?) < A’E [V+e)‘Z]
for A > 0, whileif A < 0, one has
Ent(e*?) < A’E[V-¢].

We have already derived these inequalities as consequences of the modified logarithmic
Sobolev inequalities of Theorem 6.15.

14.3 ®-Sobolev Inequalities for Bernoulli Random Variables

In this section we present ®-Sobolev inequalities for functions of Bernoulli random vari-
ables. In the first part of the section we consider symmetric Bernoulli random variables and
prove a ®-Sobolev inequality that contains the Efron-Stein (or Poincaré) inequality and
the logarithmic Sobolev inequality (Theorem S.1) as special cases for such distributions.
Also, we obtain a family of inequalities that “interpolate” between these extremes.
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In the second half of the section we extend these results to unbalanced Bernoulli distribu-
tions. As a special case, we obtain the logarithmic Sobolev inequality of Theorem 5.2 with
the optimal constants.

Suppose first that the random vector X is uniformly distributed over {-1,1}", and let
f :{-1,1}" — [0, 00) be defined on the n-dimensional binary hypercube.

In Chapter 5 we introduced the functional

£ = 1B (100 -, = LY (500 1)’

where the random binary vector )_((') = (Xy,..., X1, -X;, Xis1, - - -, X,,) is obtained by flip-
ping the i-th component of X while leaving the others unchanged. In Chapter S we proved
that Var (f) < £(f) and Ent(f*) < 2E(f). Both of these results may be regarded as
®-Sobolev inequalities with ®(x) = x> and ®(x) = xlog x, respectively.

The second inequality - the logarithmic Sobolev inequality for symmetric Bernoulli
distributions — allowed us to establish the Bonami-Beckner inequality (Theorem 5.18).
Here we show that the Bonami-Beckner inequality may, in turn, be used to deduce sharp
®-Sobolev inequalities for ®(z) = z/" for all r € [1,2). This collection of ®-Sobolev
inequalities “interpolate” between the two cases mentioned above, in a sense that we explain
below.

Theorem 14.8 (@-SOBOLEV INEQUALITIES FOR BALANCED BERNOULLI RANDOM
VARIABLES) Let f : {-1,1}" — [0, 00) and assume that X is uniformly distributed over
{=1,1}". Then for all r € [1,2), letting ®(z) = 2%,

Ho(f") = 2-1)E(f).

Proof If r=1, the result follows from the Efron-Stein inequality, so we may
assume 1 < r < 2. Recall the notation of Section 5.8: for any S C {1,...,n},
us(x) = [ [,cg % where x € {~1,1}". For y > 0, the operator T, maps a function

f=2scq,..m Astis to

Tyf = Z y Flasus.

Sc{l,..,n}
Ify = /r - 1, then by Theorem 5.18,

1Ty fll2 < IIf Il

By the definition of T, and the orthogonality of (ug)sco,1},

1T, f13 = E[((Ty)(X))*] = E[fCO(T2f)(X)] -
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Denoting by Id the identity operator (i.e. Idf = f), the statement of Theorem 5.18
may be rewritten as

E[f(x)*]-E[f(xX)]"" < E[f(X)(1d - T, )f(X)]
= Y a(1-(r-1F).

SC{l...,n}

We may further bound the right-hand side by noticing that 1 — (r - DBl < (2-7) S|
forall S C {1,...,n}. Indeed, it holds trivially for |S| = 0 and for |S| > 1 it follows by
the fact that (2 - r)|S| + (r - DS - 1is decreasing over [ 1,2] (it is convex over [1,2]
and has zero derivative at r = 2) and equals 0 for r = 2.

Thus,

E[f0)-E[f) ] <2-n Y adls|= 2-nE()

SC{l...,n}
where we use the fact that ) ¢, og|S| = E(f), as established in Section 9.4.  [J

Observe that one may recover the logarithmic Sobolev inequality of Theorem 5.1 from
Theorem 14.8. Indeed, letting r — 2,

1 B - BLFX)T) _ Ent(f?)

r—2° 2-r 2

Next we address the analog question for unbalanced Bernoulli distributions. We
derive directly a family of optimal ®-Sobolev inequalities for this case. Thus, let
pe(0,1),p#1/2. X=(Xy,...,X,) is a vector of independent random variables with
P{X; = 1} = p = 1 - P{X; = —1}. The functional £ is defined accordingly:

£ =p1-pEY () -f X))’

Theorem 14.9 (CD-SOBOLEV INEQUALITIES FOR UNBALANCED BERNOULLI RANDOM
VARIABLES) Let f : {~1,1}" — [0,00) and let ®(z) = 2*/". Then forall r € [1,2),

Ho(f") < G,y €(f),

where

_ p1—2/r _ (l _p)l—Z/r
pr (1 _p)pl—z/r —p(l _p)l-z/r'

The constant C,,, is optimal.




426 | ©-ENTROPIES

Proof Thanks to the sub-additivity of ®-entropies and to the definition of &, it suffices to
prove the inequality forn = 1.

First observe that for any x > 0 and f : {-1,1} — [0,00), if Ho (f") < kE(f),
then Ho ((Af)") < kE(Af) forall A > 0. Thus, without loss of generality, we may re-
scale f so that (p/"f(1) + (1 - p)"/"f(~1))/2 = 1. Thenf is entirely determined by the
numbery = (1 p)"f(-1) - pf(1))/2 € (-1,1).

Now consider the function fy : {~1,1} — [0, 00) determined by

(1 _p)l—l/r _p—l/r
Yo = (L—p)/r+pihr

Thenfy(1) = p/"(1 - o) = (1 = p)™"(1 + o) = fo(~1) and therefore f, is constant,
implying Ha (f5) = 0 = £( /o)

Both £(f) and H(f") may be written as functions of y. As £(f) is a quadratic
polynomial of y, the first step is to bound H( ") by a polynomial. Observe that

2/r

E[f(X)]"" = ((1=p) + (1))

Let p(z) = ((1- /)" + (1 + ﬁ)r)z/r for z € [0, 1]. The function p is convex and
differentiable over (0, 1) (see Exercise 14.4). Hence p(y*) > p(33) + o' (53) (5* - »3)
forally € (-1, 1). Noting that

(1 _p)l—l/r _pl—l/r
(1 _p)l/r _pl/r ’

o' () =2
we have

H(f") = H(f") - H(f;)
<P ((1-p) - (1=p)) + (1 =p)" (1 +)* = (L + 1))
-0'00) 0 - %)
="+ (- 6" - %)
2 -0-p)"") -)

B (1—P)H/7—P_l/r( 2_ 2
(1-p)Vr —pi/r Y =)o

_ 1-1/r ~1/r
= (" -(-p)?) (%l—ﬁj}i/,(yz -78) - 2(y -yo)>

_ (pl-z/r -1 _p)l—Z/r) (v —J’o)z'
Yo
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On the other hand,

(F(1) - F(-1))* = (f() - fo(1) = (F(-1) - fo(-1)))*
= -y (p + (1-p) V7).

We choose k to equate the two quadratic functions above, that is,

(pl—Z/r -Q1 _p)l—Z/r) 0 -2)°

Yo

=kE(f) = kp(1-p)y-y0)* (" + (1-p)/")".

This yields « = Cp,.
The optimality of C,, can be verified by choosing f(~1) = p*" and f(1) =
(1-p)¥". O

As in the case of balanced Bernoulli random variables, Theorem 14.9 may be used
to derive the optimal logarithmic Sobolev inequalities for unbalanced Bernoulli random
variables as announced in Theorem 5.2.

Corollary 14.10 (LOGARITHMIC SOBOLEV INEQUALITIES FOR UNBALANCED BER-
NOULLI RANDOM VARIABLES) For any function f : {-1,1}" — R,

Ent(f?) < c(p)E(f)
with
1 I 1-p
=2 og P

c(p) =

Proof By the remark following the proof of Theorem 14.8, the proof reduces to noting that

lim Cor =@
r—>22—r 2 =

14.4 Bibliographical Remarks

Early results on ®-entropies derive from (among others) Csiszar (1967, 1972) who defined
the related notion of ¢-divergence, see Brégman (1967), Hu (2000), and Arnold et al.
(2001).

The ®-Sobolev inequalities explored in this chapter, when used with ®(x) = x* with
a € (1,2], may be thought of as interpolation between Poincaré (when ®(x) = «*) and
logarithmic Sobolev (with ®(x) = xlogx) inequalities. Such interpolations go back to
Beckner (1989). The duality formula of Lemma 14.2 is due to Bobkov (see Ledoux 1997,
Latata and Oleszkiewicz 2000, Chafai 2002, and Boucheron et al. 2005b).The treatment



428 | ®-ENTROPIES

given in Section 14.2 follows Boucheron et al. (2005b). Chafai (2002) developed a related
framework for ®-entropies and ®-Sobolev inequalities.

It is shown by Latala and Oleszkiewicz (2000) (see also Ledoux 1997) that there is
a tight connection between the convexity of He and the sub-additivity property. Latala
and Oleszkiewicz (2000) show that ® € C implies the convexity of He. The ®-Sobolev
inequalities of Theorems 14.6 and 14.7 are from Boucheron et al. (2005b). Some methods
used to derive inequalities for ®-entropies rely on auxiliary assumptions on concerning ®
(see Chafai (2006); see also Exercise 14.2).

Section 14.3 is based on Latala and Oleszkiewicz (2000). Theorem 14.8 is a spe-
cial case of Theorem 2 in Latala and Oleszkiewicz (2000), but see also Kwapien,
Latata, and Oleszkiewicz (1996). Theorem 14.9 comes from Remark 2 in Latala and
Oleszkiewicz (2000). Chafai (2006) describes ®-Sobolev inequalities for binomial and
Poisson distributions.

14.5 EXERCISES

14.1. Prove Theorem 14.7. (Boucheron et al. 2005b).

14.2. Some inequalities for ®-entropies rely on assumptions on ®. Prove that the follow-
ing statements are equivalent:
i) convexity of (u,v) > A®(u,v) = P(u+v) - (u) - &' (u)v (the Brégman
divergence defined by ®);
i) convexity of (u, v) — B®(u,v) = (®'(u +v) - ®'(u))y;
iii) convexity of (u, v) > C®(u,v) = ®"(u)v?;
iv) ® is affine or ®” > 0 and ~1/®" is convex (the condition stated by Latata and
Oleszkiewicz (2000) and used in the statement of 14.1);
v) @ is affine or ®” > 0and ®""®” > 20"?;
vi) (a,b) > t®(a) + (1 - t)D(b) - ®(ta+ (1 -t)b) is convexforany 0 < t < 1;
See Chafai (2006) for a discussion.

14.3. (A FAMILY OF ®-ENTROPIES) Let X be an X-valued random variable and f a
nonnegative measurable function on X’. Prove that

E[f2(X)] - (E[f(X)])*"

2-r

0(r) =2r

is nondecreasing in r € [1,2) (Latala and Oleszkiewicz, 2000).

144. (caLcuLus) Let r € [1,2], and for z € [0,1], define p(z) = ((1 +./2)" +
(1 - /z)")*". Prove that p is differentiable and convex over [0, 1].

14.5. (®-SOBOLEV INEQUALITIES FOR GAUSSIAN DISTRIBUTIONS) Let f : R” — R
be a nonnegative differentiable function. Assume that X is a standard Gaussian
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vector. Then forall r € [1,2), letting ®(z) = 2,

Ho(f") = (2-nE[IVfI*].

Hint: start from Theorem 14.8 and proceed as in the proof of Theorem $.5.
(P-SOBOLEV INEQUALITIES FOR POISSON DISTRIBUTION) Let ®(x) = x*/" for
somer € (1,2).Let X be distributed according to a Poisson distribution. Prove that

forf : N — [0,00),
Ho(f(X)) = (EX)E[D(® o f)(X) - 2/rf(X)*""'Df (X)]
where Df(x) = f(x + 1) — f(x). See Chafai (2003, 2006). See also Exercises 3.21
and 6.12.
(KHINCHINE’S INEQUALITIES FOR UNBALANCED BERNOULLI RANDOM VARI-

ABLES) Let p € (0,1/2) and assume that Xj,...,X, are independent random
variables with P{X; = —-p} = 1 ~pand P{X; = 1 - p} = p. Forr > 2, let

[ < tog(1/p)
i > log(1/p).

Prove that there exists a universal constant x such that for all r > 2, for all
oy, ...,0, € R letting Z = ) 7 | o;X;, we have

E[|2]']" < «kC,,E[Z2]">.

Hint: use Theorem 14.9. (Oleszkiewicz 2003.)
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Moment Inequalities

This chapter is dedicated to upper bounds for higher centered moments of functions of
independent random variables. The bounds derived here may be regarded as generaliza-
tions of the Efron-Stein inequality.

As before, X = (X, ..., X,) denotes a vector of independent random variables taking
values in a set X and f : X" — R is a measurable function. We are interested in bounds
for the moments of the random variable Z = f(X).

Recall that in Section 6.9 we introduced the random variables V* and V™ as

vi=) E[(z-2)]

and
v =Y E[(z-2)],
i=1
where X},...,X/ are independent copies of Xj,...,X,, and the random variable

Z is obtained by replacing the variable X; by an independent copy X, that is,
Z =f(Xy,...,X],...,X,). (Here E'[-] = E[-|X] denotes expectation with respect to the
variables X/ only.)

Recall also that if f: X"! — R are measurable functions, we define Z; =
Fi(XD) = fi(Xy, ..., Xie1, Xis1) - - -, X,,) and

V= Zn:(z A

According to the Efron-Stein inequality, the variance of Z may be bounded by EV* = EV~,
and by EV. At the same time, by Theorem 6.16, the moment-generating function of Z may
be bounded in terms of the moment-generating function of V* and V. In this chapter we
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show that, even when the moment-generating function of V* (or Z) does not exist, we may
bound the moments of Z in terms of moments of V*, V-, or V).

Our approach is reminiscent of the entropy method that led us to the “exponential
Efron-Stein” inequalities of Theorem 6.16. However, instead of using modified logarithmic
Sobolev inequalities to obtain differential inequalities for the moment-generating function
of Z, here we use the ®-Sobolev inequalities of Section 14.2 to obtain recursive inequal-
ities for the moments of Z. Solving these recursions leads us to the main results of this
chapter.

In Section 15.1 we start by deriving inequalities that relate higher moments of Z to the
sum of a lower moment and another term that involves V (or V*). These bounds are then
used, by inductive arguments, in Sections 15.2 and 15.3, to establish the main results of this
chapter. The use of results are then illustrated in Sections 15.4, 15.5, and 15.6 by describing
moment inequalities for sums of independent random variables, empirical processes, and
conditional Rademacher averages.

15.1 Generalized Efron-Stein Inequalities
We start with simple corollaries of the ¢-Sobolev inequalities of Theorems 14.6 and 14.7.In

a sense, these bounds may be regarded as generalized versions of the Efron—Stein inequality
as they bound moments of Z by moments of lower order and functions of V*, V-, and V.

Lemma 15.1 Letq > 2 and let o satisfy q/2 < a < q— 1. Then

E[(z-E2)!] <E[(z-E2)°]"" + @E [V(Z - EZ)Z’Z],

E[(z-E2)!] <E[(z-E2)*]"" +a(q-a)E [V*(Z - Ez)i’z],
and
E[(z-E2)] <E[(z-B2)*]"" +a (9- ) E[V (2 - E2)"?].
Proof Letqanda besuchthat1 < q/2 < a < g - 1.Let(x) = x7/*. Applying Theorem
14.6 with n(z) = (z — EZ)“ leads to the first two inequalities. Finally, we may apply the

third inequality of Theorem 14.7 with 17(z) = (z — EZ) to obtain the third inequality
of the lemma. g

The nextlemma is a variant of Lemma 15.1 that works for nonnegative random variables.

Lemmal5.2 Letq>2andq/2 <a < q-1.Ifforalli=1,...,n

0 < Z; < Z almost surely,
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then
E[Z1] < E[Z2°]7* + —q(qz_ Dp [vzr?].

Proof The lemma follows by taking ¢(x) = x?® and applying Theorem 14.6 with
f(z) =2~ O

The third lemma bounds “left” moments in terms of V and V* and requires an additional
“bounded differences” condition.

Lemma 15.3 If the increments Z — Z; are bounded by a random variable M > 0 for all
i=1,...,n then

E[(z-E2)1] <E[(z-E2)*]"" + q(qz—_a)E [V (z-Ez-M)"?]
IfZ-Z < Mfori=1,...,nforarandom variable M > 0, then
E[(z-E2)1] <E[(z- Ez)‘j‘]q/“ +a(qg-a)E[V' (Z-EZ-M)"?]
Proof The proof follows from Theorem 14.7. O

The inequalities of the lemmas above may now be used by induction to obtain the
moment inequalities that are the principal results of this chapter.

15.2 Moments of Functions of Independent
Random Variables

We present the main moment inequalities in this section. For a random variable Y and
q > 0, introduce the notation

¥, = (E[¥]7)"".

In Section 3.6, we used Efron-Stein inequality, the simplest ®-Sobolev inequality in order
to show that if the Efron-Stein estimate V* of the variance of a function of many inde-
pendent random variables Z = f(Xj, . .., X,) is upper bounded by a constant ¢, then Z has
sub-exponential tails. As a warm-up illustration of how our inductive arguments work, we
re-prove this simple result, starting, once again, from the Efron—Stein inequality.

Recall from Theorem 2.1 the fact that the g-th moment is bounded by a constant multiple
of g forall g > 1is equivalent to sub-exponential tails.

We verify, by induction, that for all integers k> 1 and for all q € [kk+1),

|(z-E2).], < Vea.
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For q€[1,2], by Hélder’s inequality, ” (Z—EZ)+||q < “(Z—EZ)J,”2 while

|| (Z-EZ), ”2 < /c by the Efron-Stein’s inequality. For q =3, from the second
inequality of Lemma 15.1 with & = q/2, we obtain

IA

2
|(z- £2).]} < |2~ E2).]}, + % | 2 E2),
q 4 i

3/2 *
< (3/2)%/C.

CS/Z

4

IA

By Holder's inequality, for all g € [2,3], || (Z - EZ). ||q < |(z-Ez)., ||3 < g4/

Assume now that the moment bound holds for all integers smaller than some k > 3.
Then for g € [k + 1,k + 2), from the second inequality of Lemma 15.1 with & = q/2, and
the induction hypothesis, we obtain

2
|(z-E2).|! < | (z-E2).] % |(z-E2).|2;

q
/2 *

< 2V + L ((g-2)v)"

o)
< q'Jd

Even though this is our third and simplest proof of a sub-optimal result, it illustrates the
pattern of several proofs in this section. However, in order to obtain improved, sometimes
tight, bounds, we choose values of o close to q in Lemma 15.1, rather than o = q/2.

Before stating the most general results, we start with the following simple sub-Gaussian

bound.

Theorem 15.4 If V" < cfor some constant ¢ > 0, then for all integers q > 2,
l(z-£2).], < V&

where K =1/ (e — /e) < 0.93S.1If furthermore V= < c then for all integers q > 2,

I1ZIl, < EZ +2"1,/Kqe.

Recall from Theorem 2.1 that the fact that the g-th moment is bounded by a constant
multiple of /g for all g is equivalent to sub-Gaussian tails and therefore Theorem 15.4 is
essentially equivalent to Theorem 6.7. However, the proof is quite different and it illustrates
the essence of the techniques of the more general results below in a transparent way.
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Proof Define
m = |z~

From the second inequality of Lemma 15.1 with o = g - 1, we obtain, for q > 3,

q

1+c(g-1)mis. (15.1)

q
my <m
We use this inequality to show by induction that, forall ¢ > 2,
q a/2
mi < (Kqe)"*.

For g = 2 this holds since by the Efron-Stein inequality, m3 < EV* < c. The case
q = 3 follows from (15.1), since using m; < m, < \/c, we have

m < 3.
Consider now g > 4 and assume that
m; < /Kjc

for everyj < q - 1. Then, it follows from (15.1) and two applications of the induction
hypothesis that

-2

-1 K92
mZSKq/ZCq/2 q—l( q—l)q +7cq/2(q—1)(,/q—2)q
Z1\7? _1 _9\ (D)2
- (Kqd)"” <‘1_) L1 (‘1_>
q Kq q
_1\7? 1 _2\ @22
= (ch)q/2 (_q ) (1 +—= (—q ) .
q K\g-1

The first part of the theorem then follows from the fact that the factor multiplying
(ch)q/ 2 on the right-hand side is bounded by 1 for all g > 4 (Exercise 15.1).

To prove the second part, observe that if, in addition, V™ < ¢, then we may apply
the first inequality to —Z to obtain

Iz-52) |, < kv
The statement follows since

E|Z-EZ|' = E(Z- EZ)! + E(Z- E2)? <2 (K /q0)". 0
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Now we are ready for the main results of this chapter. The next theorem shows that the
g-th moment of Z may be bounded in terms of the q/2-th moment of V*, V7, and V, thus
generalizing the Efron-Stein inequality which only treats the case g = 2.

Let «; = 1 and for any integer g > 2, define

Theorem 15.5 Foranyrealq > 2

1
|(z-E2).], < \/(1 - a) 264q IV* 172
< J2qlIV¥ll, = V2kq H«/F

|(z-E2) |, < \/(1 - é) 209 V-4
< BT 36 |7

Proof 1t suffices to prove the first inequality, as the second follows from the first by
replacing Z by -Z.
We prove by induction on k that for all integers k > 1,and allq € (k k + 1],

’
1

and

I (Z‘EZ)+||q = VKqCq

where ¢; = 2 [|[V*]| /201 (1 - 1/9).
For k = 1 it follows from Holder’s inequality and the Efron-Stein inequality that

|2-E2).], = V21V = /260 1V v

Assume now that the property holds for all integers smaller than some k > 1, and
consider g € (k, k + 1]. By Holder’s inequality,
E [V*(z - EZ)TZ] <|v

2 1Z-E2). [,
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so using Lemma 15.1 with oz = g — 1, we get
q -
|z-E2). |} < |(z-E2). |}, + Je |(z- 2]}
Defining

5 = |2~ E2).]] (arge) ",

it suffices to prove that x, < 1. With this notation, the previous inequality becomes

/2 4/2,.9/2 q9/(g-1) /2 4/2 q/2
g Y < g (g - DT g +

1-2/q q/2 q/2,.9/2-1
q-1"g-1 Xg 4G Ky ’

1
2
from which, using ¢;.1 < ¢jand k41 < Ky, we have

/2
-1 1 1
xg < xg{‘i <1 - —) + —ala,

q 2Ky 1

1\? 1
xg<(1-=) +-—a?a
q 26, 1

q/2
Y e
q 26

is strictly concave on [0, 00) and positive at x = 0, f;(1) = 0 and f;(x,) > 0 imply that
xq < lasdesired. O

Assuming, by induction, that x,_; < 1, this implies that

Since the function

fq (x)

15.3 Some Variants and Corollaries

Next we present some variants of Theorem 15.5. The first result may be proved by an
argument essentially identical to the proof of Theorem 15.5. The details are left to the
reader.

Theorem 15.6 Assume that Z; < Z forall1 < i < n. Then for any real q > 2,

[(z-E2),], = \Jeaa IVl < \Jea Vil

Even though Theorem 15.5 provides some information concerning the growth of
moments of (Z — E[Z])_, this information may be difficult to extract in concrete cases. The
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following result relates the moments of (Z — E[Z])_ with ||V || o rather than with ||[V7|l, .
This requires certain boundedness assumptions on the increments of Z.

Theorem 15.7 Suppose that for everyi=1,...,n,
(Z - Z:)+ = M

for a random variable M. Then for every real number g > 2,

lz-E2) |, < \/Cq (1V* 1y v g IM12),
where C < 4.16.

Proof We use the notation m, = || (z-Ez).| ,+ Note that the continuous function

1
eV SR
X

-1/2

decreases from 00 to e/~ 1 < 0 on (0,00). Define C as the unique zero of this

function.
Since C > 1/2, it follows from Hoélder’s inequality and the Efron-Stein inequality
that forq € [1,2],

[(z-E2)_|, = V21V*1, < /260 1V lhvgpa-

Define

= [V gy v 2 IMIG.

Forq > 2,Lemma 15.3 (with @ = q - 1) implies
ml <mi_ +qE[V' ((Z-EZ)_+M)"]. (152)

We first deal with the case g € [2, 3). By the subadditivity of x9°% for q € [2, 3], we
have

(Z-EZ)_.+M)"> < MT?+ (Z-E[Z))**.
Using Hélder’s inequality we obtain from (15.2) that

ml < mi +qlIM[ |V

: +a Ve, mi

/2
Using the fact thatm,_, <, /¢;71 < NG this implies

9 < A2 L ;2-9/2.49/2
Hiq = Cq + q Cq

q-2
+qegmy .
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q
Letx, = < Jr&_%) . Then the preceding inequality becomes

1\ 1 a2
-2/
X9 = (C—Cq) + C ((\/Eq) + g q)

which in turn implies

since ¢ > 2and C > 1. The function

1 1 122/
gq(x)=E+E(1+x q)—x

is strictly concave on [0, 00) and positive at 0. Furthermore, g;(1) = 5/(2¢) -1 < 0,

since C > 5/2. Hence g;(x,) > Oonlyifx, < 1, which settles the case g € [2,3].
We now turn to the case ¢ > 3. We prove by induction on k > 2, that for all

g€ kk+1), mg < /qCk4cq. By the convexity of x72 we have, for every 6 € (0, 1),

Z-EZ M\
(z-E2). + )y = (9 CED- (g M
0 1-6
<M+ (1-0)"7 (z-E[2])1.
Using Holder’s inequality we obtain from (15.2) that

mi < mgfl +gH™1" ||M||Z’2 v ||q/2 +q(1-6)" v ||q/2 mg’z.

Now assume by induction that m,_; < \/C(q - 1) ¢;-1. Since ¢;.1 < ¢4, we have

/2 q/2 q/2 -q+2n-q+3 q/2 q/2 -q+3 -2
ml < CV5 (q -1+ 0™ q1 " + q (1-0)™ cqml ™.

Let x; = C7*mj (ch)iq/z. Then it suffices to show that x; <1 for all g > 2.
Observe that

1 q/2 1 —q+2
%y < (1 - E) te (9_‘“3 (\/Eq> R (1-6)" x;_z/q)

We choose 6 minimizing

8(@) =0 (VCq) "k (1-0) 1,
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thatis, 0 = 1/ (\/Eq + 1). Since for this value of 6,

() = (1 + Tq)qz,

the bound on x,; becomes

xg < (1— é)m ! <1+ %q)qz (1 (1 ;/:/q_q) <x1 */a 1))

Hence, using the elementary inequalities

q/2 q-2
(l - l) <% and (1 + L) < el/‘/E,
q «/E'q

we get

s el/ﬁ \/Eq 1 oy
xg =< e + — -1).
c \1+JCq

Since the function

el/VC JC
Z 2y, 9 2 _ “x
- < <l+ <1+«/5q>( 1))

is strictly concave on [0,00) and positive at 0 and C is defined in such a way that
f4(1) =0, f; can be nonnegative at x, only if x, < 1 which proves the theorem by
induction. O

The next corollary allows us to deal with “generalized” self-bounding functions.

Corollary 15.8 Assume that Z; < Zforalli=1,...,nand V. < WZ for a random variable
W > 0. Then for all real numbers q > 2,

1Zll, < 2BZ+kq W,

Also,

|(z-E2).|, = \J2xqIWIl, EZ + kq W],
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Proof Letq > 2. Then
-2,
kqIWZll 42 (by Theorem 15.6)
kq ||Z||q ||W||q (by Hélder’s inequality)

1
E IZIl, + 4 ||W|| since +/ab < (a+b)/2fora, b > 0.

Now Z>0 implies that |(Z-EZ).| <EZ and we have |Z|, <EZ+
|| (Zz-EZ), Hq. Hence,

12Il, < 2EZ + cq W1,
concluding the proof of the first statement. To prove the second inequality, note that

|(z-E2).],
kq ||WZ||q/2 (by Theorem 15.6)

Kq ||W||q ||Z||q (by Hélder’s inequality)

< \JxqIWll, (2EZ +cqIW1,) (by the firstinequality)

< J2cqIWI, EZ + kg W,

as desired. O

15.4 Sums of Random Variables

In this section we apply the results stated in Sections 15.2 and 15.3 for sums of independ-
ent random variables. As a result, we recover versions of some classical moment inequalities
such as the Khinchine-Kahane, Marcinkiewicz, and Rosenthal inequalities. We emphas-
ize that rather than offering an exhaustive account of moment inequalities for sums of
independent random variables, we illustrate how the machinery developed in the previous
sections may be used to obtain such inequalities. In all cases, the proof does not require
much further work. Also, we obtain explicit constants which only depend on g. These
constants are not optimal, though in some cases their dependence on q is of the right order.
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The simplest example is the case of the Khinchine’s inequality which states that for all
q > 2, there exists a B, such that forallay, ..., a, > 0,

where Xj, ..., X, are independent Rademacher variables. The inequality on the left-hand
side is a simple application of Jensen’s inequality, while the upper bound follows from
Theorem 15.4 as follows.

Theorem 15.9 (KHINCHINE'S INEQUALITY) Let ay,...,a, > 0 be constants and let
Xy, ..., X, be independent Rademacher variables (i.e. with P{X; = -1} = P{X; = 1} =
1/2).IfZ = Y| a;X; then for any integer q > 2,

|@-, = @-1, = v2Kq

n
2
2
i=1

and

n
IzIl, < 2V4/2Kq | ) a?
i=1

where K = 1/ (e - \/_e) < 0.935.

Proof We may use Theorem 15.4. Since

V= ZE [(ai(Xi -X); | Xi] =2 Z @ lyx-0 <2 Z a;,
i=1 i=1 i=1
the result follows. O

Note also that using a symmetrization argument (see Exercise 15.5), Khinchine’s
inequality above implies Marcinkiewicz’ inequality: if Xj, . . ., X, are independent centered
random variables then for any g > 2,

i=1

n

>

i=1

< 21+1/q /qu

q

a2

Another classical moment inequality for sums of independent random variables is
Rosenthal’s inequality that bounds the g-th moment of the sum in terms of the g-th moment
of the individual variables. The case of nonnegative and centered summands are usually
dealt with separately. Next we prove two such results that we obtain from our general
moment inequalities.
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Theorem 15.10 Define

Z= ix,»,
i=1

where Xy, . . ., X, are independent and nonnegative random variables. Then for all integers

q= 1,
” (Z—EZ)+Hq < \/ZKq rrllax XiH EZ +kq ‘ n11ax Xi| ,
i=1,...,n q i=1,..,n q
|(z-E2) |, = |Kq ;EXiZ.
Also,
||Z||q <2EZ+kq ‘ max X;

Proof To prove the first and the third inequalities, we may use Corollary 15.8. Simply

note that
n
V= ZX} < Wz
i=1
where
W = max X.
i=1,..,n

In order to obtain the second inequality, just observe that

n
V< Z E [X;Z] ,
i=1
and apply Theorem 15.4 to -Z. O

Note that Rosenthal’s inequality — and its variants — typically bound the moments of
Z:Ll X; in terms of Z:;l E|Xi|q and not in terms of || max;-;__, Xill; as in the theorem
above. However, by bounding E| max;;,_, X;|? < >/, E|X;|? we recover inequalities of
the usual form.

‘We may use the previous result to derive a Rosenthal-type inequality for sums of centered
variables.

Theorem 15.11 Let Xy, ..., X, be independent real-valued random variables with EX; = 0.
Define

i=1,..,n

Z= ZX o’ = Zn:EXf, Y = max |Xj|.
i=1 i=1
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Then for any integer q > 2,
1Z.1l, < o/org + a2 Y],

Proof Weuse Theorem 15.5. Note that V* (defined at the beginning of the chapter) equals

Vt= ZXZ + Xn:EXf.
i=1 i=1

Thus,

” (Z)+||q <./2«q ||V+||q/2 (by Theorem 15.5),

< J2kq (ZEX%>+
i=1

>
i=1

/2

<V2rq | Y EX?+2) EX?+2q V2|,
N =L i=1
(by Theorem 15.10)

V2Kkq |3 EXE +kqllY?],
AV

o\/6Kq +qr/2||Y1l,. O

IA

15.5 Suprema of Empirical Processes

Next we apply our general moment inequalities to derive bounds for the moments of
suprema of empirical processes. The arguments are no more difficult than those of the pre-
vious section for sums of independent random variables. As a first illustration, we point out
that the proof of Khinchine’s inequality in the previous section extends, in a straightfor-
ward way, to an analogous supremum. The basic notation and conventions for empirical
processes are introduced in Chapter 11.

Theorem 15.12 Let 7 C R" be a (countable) set of vectors t = (t1,...,t,) and let
Xi, ..., X, be independent Rademacher variables. If Z = sup,. Y ., t:X; then for any
integer q > 2,

n
|(z-E2).|, =< V2Kq sup o
te

i=1
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where K = 1/ (e— \/_e), and

|| (z —EZ),Hq < /2Cq su; Z v 2\/Eq sgtp |-
te =1 i

where C is defined as in Theorem 15.7.

Before stating the main result of the section, we mention the following consequence of
Corollary 15.8.

Theorem 15.13 Let X, ..., X, denote a collection of independent random vectors with
nonnegative coordinates indexed by the countable set T. Let Z = sup . ¥ ., X, and let

M = max sup Xj;.

i=1,..,n seT

Then, for all g > 2,
1ZIl, < 2EZ + q Ml .

Next we turn to the case of centered processes. Let 7 denote a countable index set. Let
Xj, ..., X, denote independent random vectors indexed by 7 such that for all s € 7 and
i=1,...,nEX;; =0.Let

n

Z Xi,s

i=1

Z = sup
s€T

Recall from Chapter 11 the definition of the weak variance X% and the wimpy variance o %:

n n
2 = Esup ZXI.ZS, o? = supEZst.
s€T i) ’ s€T
A third quantity appearing in the moment and tail bounds is

M = max Y;

i=1,..,n

where Y; = sup _; |X;;|- The random variable Y; is often called the envelope of the collection
of coordinates.

Before stating the main theorem, we recall the connection between the wimpy and the
weak variances established by Lemma 11.17:

»2 < 02 + 324/ EM2EZ + 8EM?.

The next theorem offers two upper bounds for the moments of suprema of centered
empirical processes.
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Theorem 15.14 Let X, . . ., X, denote independent random vectors indexed by T such that
forallse Tandi=1,...,n EX;; = 0.Let

n
Z Xi,s

i=1

Z = sup
seT

Then for allq > 2,
I (Z—EZ)+Hq <V2kq(Z+0)+ 2Kq(IIM||q + sup ”Xi,st)’
NS
i=1,..,n
and furthermore

1Zll, < 2EZ +20/2kq + 20k q M, + 4/kq [IM]l, .

Proof The proofis based on the Theorem 15.5 which states that

|(z-EB2).], < /26 1V*ypo.

We may bound V* as follows.

n
V' <sup Y E[(X - X, )| X}]
s€7 iy ’

n

sup )~ (EXZ, +X,)
s€T i

sup Xn: EXfS + sup Xn:st.

s€T i s€T i

A

IA

Thus, by Minkowski’s inequality and the Cauchy-Schwarz inequality,

VIV llg2

n n
< supg EXfS+ supE X,-%S
T T°
seT "] seT "] a2
<o+
q
n
=0 + ||sup sup E ;X
s€T a:llall, =172y q
n n
<o+X+ < sup E aX;s—E  sup E ot,-Xl-,S>
seT,a:llall,<1 seT,a:llall,<1 ;g +

q
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The last term may be upper bounded again by Theorem 15.5. Indeed, the correspond-
ing V* is not more than

max suprs + max supE[XfS],

i=1,..,n seT i=1,..,n seT
and thus
n n
‘ ( sup Z oX;—E sup Z ot,-Xl-,s)
seT,o:flell,<1 ;o) seT a:flell,<1 "oy +

q
2/<q<||MIIq + max sup ||Xf,s||2>-
i=l.n o7

This completes the proof of the first inequality of the theorem. The second
inequality follows because by nonnegativity of Z, || (Zz-EZ) H , SEZ and therefore

Izll, < EZ + l (Z—EZ)+‘|q and because by the first inequality, combined with
Lemma 11.17, we have

(Z-EZ).| < ./2kq( 0o +V32VEM2EZ + V8EM? + &
] q

+2/<q(||M||q + sup HXin”z)
iseT

< EZ +20/2kcq + 16k EM? + /16K gEM>
+2Kq(||M||q + sup HX,v7S ”2)
iseT
(using the inequality v/ab < a + b/4).
Using [MIl, < M, and sup. ez, [Xi], < IMl5, we obtain the desired

result. O

15.6 Conditional Rademacher Averages

As another easy application of the general moment bounds, we now study conditional
Rademacher averages. We have already met these functions in Section 3.3 but there we
assumed that the class F only contains bounded functions. When this is not the case, the
result below may be useful.
Let F be a countable class of measurable real-valued functions. The conditional
Rademacher average is defined by
N

where the ¢; are independent Rademacher random variables.

n

ZSJ(Xi)

feF | is1

Z=E |:sup
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Theorem 15.15 Let Z denote a conditional Rademacher average and let M = supijf(Xi).

Then
|(z-E2).|, < \J2€q Ml EZ + kq M,
|(z-E2) |, = V3G (\Jalmil, EZ + 2q 1M1,

where C, is the constant of Exercise 15.3.

and

Proof Define

Z =E|sup |y &f(X)| | X}
aar
Recall from Section 3.3 the self-bounding property of conditional Rademacher aver-

ages. In particular, even without the boundedness assumption, we still have that for
alli,Z-Z; > 0and

n

Z(Z -Z) < Z

i=1
Thus, we have
V<ZM,andZ-Z; < M.

The result now follows by Corollary 15.8, noting that M = W. O

15.7 Bibliographical Remarks

The material of this chapter is mostly based on Boucheron et al. (2005b).

Recall Burkholder’s inequalities from martingale theory. Burkholder’s inequalities may
be regarded as extensions of Marcinkiewicz’s inequalities to sums of martingale incre-
ments. They are natural candidates for deriving moment inequalities for a function
Z=f(Xy,...,X,) of many independent random variables. The approach mimics the
method of bounded differences (see Section 6.1) classically used to derive Bernstein- or
Hoeftding-like inequalities under similar circumstances. The method works as follows: let
Fi denote the o -algebra generated by the sequence (X} ). Then the sequence M; = E[Z|F;]
is an F;-adapted martingale (the Doob martingale associated with Z). Let (Z) denote the
associated quadratic variation

<Z) = Z(Mz —Mi-l)Z;

i=1
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let [Z] denote the predictable quadratic variation

n

(2] = ZE[(M;— -Mi1)? | f,-_l],

i=1

and let D be defined as D = max;_; _, |M; - M;_;|. Burkholder’s inequalities imply that for
q=2,

12-EZl, < (- /12,2 = (- |V@)| -
9

Note that the dependence on q in this inequality differs from the dependence in Theorem

15.5. The Burkholder-Rosenthal-Pinelis inequality (Pinelis, 1994, Theorem 4.1) implies

that there exists a universal constant C such that

1221, = (\Jal 1], +aDl,).

With some extra information on the sensitivity of Z with respect to its arguments, such
inequalities may be used to develop a strict analog of the method of bounded differences for
moment inequalities. In principle such an approach should provide tight results, but finding
good bounds on the moments of the quadratic variation process often proves quite difficult.

The inequalities introduced in this chapter have a form similar to those obtained by
Doob’s martingale representation and Burkholder’s inequality. But, instead of relying on
the quadratic variation process, they rely on a more tractable quantity. Indeed, in many
cases V* and V™ are easier to deal with than [Z] or (Z).

For more information on moment inequalities for sums of independent random vari-
ables, we refer to the de la Pefia and Giné (1999).

For some historical notes on Khinchine’s inequality, see the bibliographical remarks of
Chapter S. For Marcinkiewicz’ inequalities see, for example, de la Pefia and Giné (1999,
page 34).

There are numerous versions of Rosenthal’s inequality, the first dating back to Rosenthal
(1970).

Burkolder’s inequalities are described and surveyed in Burkholder (1988, 1989), but
see also Chow and Teicher (1978, page 384). It is known that for general martingales,
Burkholder’s inequality is essentially unimprovable (see Burkholder 1989, Theorem 3.3).
However, for the special case of Doob martingale associated with Z this bound is perhaps
improvable.

Theorem 15.14, may be regarded as an analog of Talagrand’s inequality (Talagrand,
1996b) for moments. Indeed, Talagrand’s exponential inequality may be easily deduced
from Theorem 15.14 by bounding the moment-generating function by moments.

Theorem 15.10 is similar to inequality (H,) in Giné, Latata, and Zinn (2000), which
follows from an improved Hoffmann-Jorgensen inequality by Kwapient and Woyczynsky
(1992).

The first inequality in Theorem 15.14 improves inequality (3) of Pinelis (1995). The
second inequality is a version of Proposition 3.1 of Gin¢, Latala and Zinn (2000).

Pinelis (1995) extends Theorem 15.11 for martingales.
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The paper by Boucheron et al. (2005b) contains applications to Rademacher chaos and

Boolean polynomials. Clémengon, Lugosi, and Vayatis (2008) apply these inequalities to
obtain moment inequalities for U-statistics.

Conditional Rademacher averages appeared at the core of the early concentration

inequalities used in the theory of probability in Banach spaces (see Ledoux and Talagrand
(1991)).

15.2.
15.3.

15.4.

15.5.

EXERCISES

. Prove that for all integers g > 4,

-1 a/2 1 -2 (q—2)/2
xqz(_q ) <1+_<_q ) <1
q K\gq-1

Also, limg, o0 x4 = 1.

Mimic the argument of Theorem 15.5 to prove Theorem 15.6.

Prove the following variant of Theorem 15.7. Suppose that for every
i=1...,n,0<Z-Z; <M. Then

|(z-E2)_|, < /Ca (VI V qIMIZ)
q q

where C, < 2.42.

Combine the previous exercise with the proof of Corollary 15.8 to show the fol-
lowing. Assume that Z; < Zforalli=1,...,nand V < WZ for a random variable
W > 0. Suppose also that forevery 1 < i < n,

0<Z-Z <M

for some random variable M. Then forallg > 2,

I(z-E2)|, < \/ Cag (||M||q (2EZ+2q W) v q ||M||3)

where C, < 2.42 is as in Exercise 15.3.

Use symmetrization and Theorem 15.9 to derive the following version of
Marcinkiewicz’ inequality: if Xj, . . . , X,, are independent centered random variables
then for any g > 2,

i=1 q/2
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15.6.

15.7.

15.8.

15.9.

15.10.

MOMENT INEQUALITIES

Let Xj,...,X, be independent standard Gaussian random variables. Let
w =EX} =3. Let aj,...,a, be real numbers. Let Z=Y " a;/(X}- ). Find
upper bounds for the variance of Z and || Z, ||, for g > 2.

Let X, ..., X, be symmetric exponentially distributed independent random vari-
ables such that P{|X;| > x} = ¢™ for x > 0. Let s € [0,00)" have nonincreasing
coordinates s; > s, > - -- > s,. Prove that there exists ¥ > 0 such that for all

Per
pVp

Let Xj,...,X, be independent standard Gaussian random variables. Let 7°
be a countable index set. Let ay,...,a, be vectors indexed by 7. Let Z =
sup. . D iy (X} - ). Find upper bounds for the variance of Z and || Z, ||, for
q=2.

Let Z satisfy Bernstein’s inequality with variance factor 0% + 2EZ and scale factor
1/3. Prove thatfor® > Oand A € [0, 1],

A (1-4)t
P{Z-EZ> 0EZ+t} <exp -~ ) Ve "2(1/3+2/0) )

n

Z 5 X;

i=1

Hint: verify that for all u,v >0 and all 0 <A <1, exp(-1/(u+v)) <
exp (-A/u) V exp (=(1 - A)/v). See Adamczak (2008).

Let Xj,...,X, be independent identically distributed random vectors indexed
by the countable set 7. Assume that for all i=1...,n, s € 7, EX;; = 0. For
i=1,...,n let Y; = sup s |X;;|. Assume that for some b > 0, Ee'/? < 2. Let
Z=sup 7 |> 0, X;| and 0% = sup ;Y| EX2. Prove that for all 0 < & < 1
and § > 0 there exists k = x(&,8) such that forall t > 0,

t2
P22 (1+)EZ+t) < exp <m) e (‘Kmogn>'

See Adamczak (2008).
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